
� CS 373: Theory of Computation� Madhusudan ParthasarathyLe
ture 3: More on DFAs26 January 2010This le
ture 
ontinues with material from se
tion 1.1 of Sipser.1 JFLAP demoGo to http://www.jflap.org. Run the applet (�Try applet� near the bottom of the menuon the lefthand side). Constru
t some small DFA and run a few 
on
rete examples throughit.2 State ma
hines2.1 A simple automataHere is a simple state ma
hine (i.e., �nite automaton) M that a

epts all strings startingwith a.
q0 q1

qrej

6=
a

∗

∗a

Here ∗ represents any possible 
hara
ter.Noti
e key pie
es of this ma
hine: three states, q0 is the start state (arrow 
oming in),
q1 is the �nal state (double 
ir
le), transition ar
s.To run the ma
hine, we start at the start state. On ea
h input 
hara
ter, we follow the
orresponding ar
. When we run out of input 
hara
ters, we answer �yes� or �no�, dependingon whether we are in the �nal state.The language of a ma
hine M is the set of strings it a

epts, written L(M). In this 
ase
L(M) = {a, aa, ab, aaa, . . .}.2.2 Another automata(This se
tion is optional and 
an be skipped in the le
ture.)Here is a simple state ma
hine (i.e., �nite automaton) M that a

epts all ASCII stringsending with ing. 1
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q0 q1

0

0Noti
e key pie
es of this ma
hine: four states, q0 is the start state (arrow 
oming in), q3is the �nal state (double 
ir
le), transition ar
s.To run the ma
hine, we start at the start state. On ea
h input 
hara
ter, we follow the
orresponding ar
. When we run out of input 
hara
ters, we answer �yes� or �no�, dependingon whether we are in the �nal state.The language of a ma
hine M is the set of strings it a

epts, written L(M). In this 
ase
L(M) = {walking, flying, ing, . . .}.2.3 What automatas are good for?People use the te
hnology of automatas in real-world appli
ations:� Find all �les 
ontaining -ing (grep)� Translate ea
h -ing into -iG (�nite-state transdu
er)� How often do words in Chomsky's latest book end in -ing?2.4 DFA - deterministi
 �nite automataWe will start by studying deterministi
 �nite automata (DFA). Ea
h node in a determin-isti
 ma
hine has exa
tly one outgoing transition for ea
h 
hara
ter in the alphabet. Thatis, if the alphabet is {a, b}, then all nodes need to look like

q0 q1 q2

qrej

a

a b

b

b
a

a,bBoth of the following are bad, where q1 6= q2 and the right hand ma
hine has no outgoingtransition for the input 
hara
ter b.
q0 q1

a

aSo our -ing dete
tor would be redrawn as:
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q0 q1

q2

1/ǫ

0/2, 1/3

0/ǫ1/1, 0/0

3 More examples of DFAs3.1 Number of 
hara
ters is evenInput: Σ = {0}.A

ept: all strings in whi
h the number of 
hara
ters is even.
q0 q1

a

a

3.2 Number of 
hara
ters is divisible by 3Input: Σ = {0}.A

ept: all strings in whi
h the number of 
hara
ters is divisible by 3.
q0 q1 q2

a a

a3.3 Number of 
hara
ters is divisible by 6Input: Σ = {0}.A

ept: all strings in whi
h the number of 
hara
ters is divisible by 6.
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q0 q1 q2 q3 q4 q5
0 0 0 0 0

0This example is espe
ially interesting, be
ause we 
an a
hieve the same purpose, byobserving that n mod 6 = 0 if and only if n mod 2 = 0 and n mod 3 = 0 (i.e., to bedivisible by 6, a number has to be divisible by 2 and divisible by 3 [a generalization of thisidea is known as the Chinese remainder theorem℄). So, we 
ould run the two automatasof Se
tion 3.1 and Se
tion 3.2 in parallel (repli
ating ea
h input 
hara
ter to ea
h one ofthe two automatas), and a

ept only if both automatas are in an a

ept state. This ideawould be
ome more useful later in the 
ourse, as it provide a building operation to 
onstru
t
ompli
ated automatas from simple automatas.3.4 Number of ones is evenInput is a string over Σ = {0, 1}.A

ept: all strings in whi
h the number of ones is even.
q0 q1

0 0

1

13.5 Number of zero and ones is always within two of ea
h otherInput is a string over Σ = {0, 1}.A

ept: all strings in whi
h the di�eren
e between the number of ones and zeros in anypre�x of the string is in the range −2, . . . , 2. For example, the language 
ontains ǫ, 0, 001,and 1101. You even have an extended sequen
e of one 
hara
ter e.g. 001111, but it dependswhat pre
eded it. So 111100 isn't in the language.
q−2 q−1 q0 q1 q2

qrej

1 1 1 1

1

0

0 0

0

0 0, 1
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Noti
e that the names of the states re�e
t their role in the 
omputation. When you 
ometo analyze these ma
hines formally, good names for states often makes your life mu
h easier.BTW, the language of this DFA is
L(M) =

{

w
∣

∣

∣
w ∈ {0, 1}∗ and for every x that is a pre�x of w, |#1(x) − #0(x)| ≤ 2

}

.3.6 More 
omplex languageThe input is strings over Σ = {0, 1}.A

ept: all strings of the form 00w, where w 
ontains an even number of ones.
A B C D

qrej

0 0

0 0 1

1

1 1

0, 1

You 
an name states anything you want. Names of the form qX are often 
onvenient,be
ause they remind you of what's a state. And people often make the initial state q0. Butthis isn't obligatory.4 The pie
es of a DFATo spe
ify a DFA (deterministi
 �nite automata), we need to des
ribe� a (�nite) alphabet� a (�nite) set of states� whi
h state is the start state?� whi
h states are the �nal states?� what is the transition from ea
h state, on ea
h input 
hara
ter?5 Some spe
ial DFAsFor Σ = {a, b}, 
onsider the following DFA that a

epts Σ∗:5



S

a,b

The DFA that a

epts nothing, is just
S

a,b

6 Formal de�nition of a DFAConsider the following automata, that we saw in the previous le
ture:
q0 q1

0

0We saw last 
lass that the following 
omponents are needed to spe
ify a DFA:(i) a (�nite) alphabet(ii) a (�nite) set of states(iii) whi
h state is the start state?(iv) whi
h states are the �nal states?(v) what is the transition from ea
h state, on ea
h input 
hara
ter?Formally, a deterministi
 �nite automaton is a 5-tuple (Q, Σ, δ, q0, F ) where
• Q: A �nite set (the set of states).
• Σ: A �nite set (the alphabet)
• δ : Q × Σ → Q is the transition fun
tion .
• q0: The start state (belongs to Q).
• F : The set of a

epting (or �nal) states, where F ⊆ Q.For example, let Σ = {a, b} and 
onsider the following DFA M , whose language L(M)
ontains strings 
onsisting of one or more a's followed by one or more b's.

q0 q1 q2

qrej

a

a b

b

b
a

a,b6



Then M = (Q, Σ, δ, q0, F ), Q = {q0, q1, q2, qrej}, and F = {q2}. The transition fun
tion δis de�ned by
δ a b
q0 q1 qrej

q1 q1 q2

q2 qrej q2

qrej qrej qrejWe 
an also de�ne δ using a formula
δ(q0, a) = q1

δ(q1, a) = q1

δ(q1, b) = q2

δ(q2, b) = q2

δ(q, t) = qrej for all other values of q and t.Tables and state diagrams are most useful for small automata. Formulas are helpful forsummarizing a group of transitions that �t a 
ommon pattern. They are also helpful fordes
ribing algorithms that modify automatas.7 Formal de�nition of a

eptan
eWe've also seen informally how to run a DFA. Let us turn that into a formal de�nition.Suppose M = (Q, Σ, δ, q0, F ) is a given DFA and w = w1w2 . . . wk ∈ Σ∗ is the input string.Then M a

epts w i� there exists a sequen
e of states r0, r1, . . . rk in Q, su
h that1. r0 = q02. δ(ri, wi+1) = ri+1 for i = 0, . . . , k − 1.3. rk ∈ F .The language re
ognized by M , denoted by L(M), is the set {

w
∣

∣

∣
M a

epts w

}.For example, when our automaton above a

epts the string aabb, it uses the state se-quen
e q0q1q1q2q2. (Draw a pi
ture of the transitions.) That is r0 = q0, r1 = q1, r2 = q1,
r3 = q2, and r4 = q2.Note that the states do not have to o

ur in numeri
al order in this sequen
e, e.g. thefollowing DFA a

epts aaa using the state sequen
e q0q1q0q1.

q0 q1

a

aA language (i.e. set of strings) is regular if it is re
ognized by some DFA.7
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