Problem Set 2

Fall 09
Due: Thursday Oct 1 at 11:00 AM in class (i.e., Room 103 Talbot Lab)
Please follow the homework format guidelines posted on the class web page:
http://www.cs.uiuc.edu/class/fa09/cs373/

1. Pumping Lemma. [Points: 10|
Prove that these languages are not regular:

A={0" | n>0}
B ={0"1"0F |0 <n<m<k}

Solution:

For A: we use contradiction, assume A is regular and p is its pumping length. Consider w, = 0" € A.
Assume w, = zyz = 0?" and |zy| < p, |y| # 0. Now we have p* < |zy2z| < p® + p < (p + 1)® which implies
ry?z ¢ A, which contradicts the pumping lemma.

For B: we use contradiction, assume B is regular and p is its pumping length. Consider w, = 0170 € B.
Assume w, = zyz = 0P1P0” and |zy| < p, |y| # 0. Now xy is a substring of the p zeros to the left of
wy, so zy*z will start with at least p + 1 zeros followed by exactly p ones, which means zy*z ¢ B. This
contradicts the pumping lemma.

2. Pumping Lemma. |Points: 10|
Is the following language regular? Prove or disprove.

A= {0l > 1y

where |x] is the largest integer not greater than x; and lg x is logarithm of x to the base 2.

Solution:

First we see that lim, . 2 WFT _ 9% — 400 (there is more than one way to see this, you may want
to use your calculus knowledge to see it fast, our your general knowledge about how exponential function
grows). This means that there is a fixed Y such that for all y > Y, we can find an integer x such that
2'V¥ < g < 2"V which implies y < 1g'2 < y + 1, which implies ngloo xJ = y. In other words
for all y > Y, we have 0Y € A. Let A; be the set of all strings in A of length less than Y. We have
A= A;U{0Y | y > Y}. Both of these two sets is regular and the union of two regular sets remains regular,
therefore A is a regular language.


http://www.cs.uiuc.edu/class/fa09/cs373/

3. Regular Expression. |Points: 10|
Write regular expressions generating the following languages:

A ={w € {0,1}" | w has no substring 011}
B ={w € {0,1}" | |w]| is a multiple of 3}
C ={w € {0,1}" | w has at least two 0 or at most one 1}

Solution:

A =L(1*(0* + 0*01))
B=L(((0+1)(0+1)(0+ 1))
C =L(1*01*0(0 + 1)* + 0*10* + 0 + ¢)

4. Regular Expression. |Points: 10|
Prove or disprove: For languages A and B of the same alphabet X, if AB and B are regular, then A
must be regular.

Solution:
This is wrong. Consider A = {0"1™ | m < n}, B = L(1*) and observe that AB = L(0*1*).

5. e-closure [Points: 10]
Compute the e-closure for the following NFAs

(a) ¥ ={a,b,c}:

Oa,b
(@) /




Solution:

We give the transition function for the new NFA with the same states. Note that the ¢ function is highly
symmetric.

1) a b C

qo {90, 01, 43} {90, 91, 2,03} | {90,015 @25 a3}

0 {90, 01, 43} {90, 91, 2,03} | {90,015 @25 a3}

0@ {90, 01, 43} {90, 91, 2,03} | {90,015 @25 @3}

q3 {QO7QI7Q3} {QO7QI7Q27Q3} {QO7QI7Q27Q3}
(b) ¥ = {0,1}:

Solution:
We give the transition function for the new NFA with the same states.

0 0 1

qo {00, @2, a3, qu } {90, 01, @2, 43, 4}
¢ 190, 41, %2, 83, a} | {90, @1, @2, 43, G4}
Q2 {00, @2, a3, qu} {90, 01, @2, 43, 4}
43 i} {90, 01, @2, 43, 4}
q4 {QO7Q27Q37Q4} {QO7QI7Q27Q37Q4}




6. DFA minimization [Points: 10|

(a) Determine the minimal-size DFA M such that L(M) = L(My), M; = (%,0,Q, qo, F):

¥ ={0,1},

Q = {901, % 63,9, 95, G6, 7},
Qstart = 40,

F= {Q:s};

and ¢, the transition function

0 1
qo q1 qo
q1 q0 q2
q2 q3 q1
qs g3 do
q4 q3 gs
ds 9o q4
de qs de
qr de qs

Solution:
The new machine is basically the old one with ¢y, g5, ¢s, g7 removed.
M{ - (Za 57 Qa qo0, F)

¥ ={0,1},

Q = {quQ17Q2>q3}7
4start = 40,

F= {q3}7

and ¢, the transition function

0 1
qo0 q1 qo
q1 q0 q2
q2 q3 q1
qs g3 do




(b) Determine the minimal-size DFA M such that L(M) = L(M,), My = (3,0, Q, qo, F):

¥ ={0,1},

Q = {901, % 63,9, 95, G6, 7},
Qstart = 40,

F={g¢,q},

and ¢, the transition function

0 1
do i q
a1 qr7 qo
q2 44 gs
qs 44 gs
44 qs de
ds qs ds
de 9o ds
qr q2 q2

Solution:
Q0/q1,92/43, G5/ qs are equivalent. Take these as new combined states. We have

Mé = (2757Q7QO/Q17F):

¥ =4{0,1},

Q= {2/, %/, 41,95/, a7}
Jstart = 40,

F= {Q5,QG},

and ¢, the transition function

0 1
90/ Q1 qr7 q/ 0
@/ q3 g4 45/ 46
U 45/ g5/ 4o
Q5/Q6 %/% Q5/q6
qr q2 / q3 q2 / qs




7. NFA to DFA |Points: 10|
For each of the following NFAs: describe the language that it accepts, convert it to DFA and remove
unreachable states.

(a) Ml = (27627 57 QStaTt7F)7 Y= {07 1}7Q = {q17q27Q37Q4}7qstm‘t = q17F = {Q4}

0 0 1 €
q1 {CI1} {CI17 C_I2} {}
a2 {as} {as} i}
a3 {au} {aa} 1}
G {} {} {}

Solution:

M{ - (Za Q7 5) C_Istarta F) .

¥ ={0,1},

Q= {{Q1}7 {Ch,CIz}a {ChaCIs}a {Q17Q4}7 {Q17Q27Q3}7 {CI17Q27Q4}7 {Q17Q37Q4}7 {Q17Q27Q3,CI4}}7
Qstart = {Q1}7
F = {{q17 q4}7 {Qh q2, q4}7 {Qh qs, q4}7 {q17 42, 43, q4}}

) 0 1

{a} {a} {1, @2}
{Q17CI2} {Q17Q3} {Q1,Q27Q3}
{Q17Q3} {Q17Q4} {CI1,CI27Q4}
{Ch, Q4} {(h} {Ch, CI2}

{01, @2, 43} {a1, a3, 04} {q1, @2, a3, 94}
{01, @2, a4} {1, 43} {01, @2, 43}
{1, a3, 04} {a1, qu} {1, @2, a4}
{Q17Q27Q37Q4} {Q17Q37Q4} {Q1,Q27Q37Q4}

(b) M2 - (Zan 67 qstartaF)v Y= {aa b7 C}vQ - {q17q27q37q47q5}7QStart = {1, F = {C]4}

) a b c €

0 {q1, 2} {q1, a5} {ai} 1}
P 1} {qs} {a.} {}
s 1} {} {5} {}
@ 1} {} {} s
s 1} 1} {1} {aa}




Solution:

Mé = (27 Q,9, CIsmmF) :

¥ ={a,b,c},

Q= {{Q1}, {Q1,CI2}, {C_I1,C]3}> {Q1,Q4}> {Q1>Q4>Q5}},
Qstart = {Q1}>

F={a, el Aq @ 0}}

) a b ©

{Q1} {Ch,CIz} {Q17Q3} {(h}

{1, 2} {1, @2} {1, a3} {a1, aa}
{a1, 43} {1, @2} {1, 43} {q1, 4, g5}
{q1, g4} {1, @2} {1, a3} {1}

{Qh q4, Q5} {Ch, CI2} {CI17 Q3} {(h}

Note: States {qi1,q4} and {q1,q4, q5} are equivalent and can be merged together.

8. DFA to regular expression [Points: 10]
Give a regular expression for each of the following DFAs:

(a) Ml = (27627 57 QStaTt7F)7 Y= {07 1}7Q = {q17q27Q37Q47q5}7QStm‘t = {1, F = {Q4}

) 0 1

a1 d3 a2
q2 g4 qs
qs q3 q4
44 qs ds
ds qs ds

Solution:

10U (0 U 11)0*1



(b) M2 - (EaQa67 QStartaF)a Y= {07 1}7@ - {Q1,Q2>Q3>Q4,Q5},qsmrt = {41, F= {Q4,CI5}

) 0 1

a1 q1 g2
q2 q1 qs
qs qs q4
q4 q1 q4
qs q1 q2

Solution:

0*1((eU 10U 11)0*1)*(11 + 10) or, equivalently, (0 U 1)*(111 U 110)
Note: use algorithm described in the class

9. Irregularity [Points: 10]
Let h be a homomorphism A : ¥ — ['*, we define inverse homomorphism as the following function:
For any w € T, let h™'(w) = {s € ¥* | h(s) = w} and h™'(B) = {s € ¥* | h(s) € B} for any
B CTI™.

Theorem1: The class of regular languages is closed under inverse homomorphism. That is, if B is
regular then so is h=(B).

Prove that the following languages are not regular using closure theorems, which were shown in the
class:

(a) B={0"1m0F | 0<n<m<k}

Solution:

Proof by contradiction. Let’s assume that B is a regular language. If B is regular, then A = {1™0* | 0 <
m < k} = BN1*0* has to be regular by the closure theorem (since 1*0* is a regular expression that describes
a regular language). Let’s define a homomorphism % to be h : {0,1} — {0,1}* with A(0) = 1,h(1) = 0,
then h(A) = {0m1% | 0 < m < k} has to be regular. We also know that by the closure theorem AR =
{0*1™ | 0 < m < k} has to be regular. A®NA(A) is a intersection of two regular languages and hence also
a regular language (by another closure theorem). But A% N A(A) = {0¥1™ | 0 < m < k}n{0m1F |0 <
m < k} ={0"1" | 0 < n} which is known to be not a regular language, contradiction. Hence, B is not a
regular language.



(b) C' ={a"ba"™ | n >0}

Solution:

Proof by contradiction. Let’s assume that C' is a regular language. Let’s define a homomorphism h to
be h : {0,1,b} — {a,b}* with h(0) = a,h(1) = a,h(b) = b then h~1(C) = {(OU1)"b(0U 1)" | n > 0},
which has to be regular by the Theorem1. 0*b1* is a regular language (since 0*b1* is a regular expression),
hence, by the closure theorem, h='(C) N 0*b1* = {0"b1" | n > 0} also has to be regular. Now let’s
define 1’ to be b’ : {0,1,b} — {0,1}* with h(0) = 0,h(1) = 1,h(b) = €. Since A’ is a homomorphism,
R (R=H(C) N 0*b1*) = K({0"b1" | n > 0}) = {0"1™ | n > 0} has to be regular. But we know that
{0™1™ | » > 0} is not a regular language. We got a contradition, hence C' is not a regular language.

Note: You may use the fact that {0"1" | n > 0}, ¥ = {0, 1} is not regular without proving it. For
part (b), you may find inverse homomorphism useful.



