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Form pair with your neighbor and

get the sum of
the die of your

individual roll and write on
the

paper co
submit through the student

The number of each roll
collectors . is he Missing number of

the

down face .
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Expected*value*
� The!expected'value!(or!expecta,on)!
of!a!random!variable!X!is!

The!expected!value!is!a!weighted!sum!
of!the!values!X!can!take!

!

!

!

E[X] =
∑

x

xP (x)
q
-



Linearity*of*Expectation*
� For!random!variables!X!and!Y!
and!constants!k,c!
� Scaling!property!
!
� Addi:vity!

� And!!

!

!

E[X + Y ] = E[X] + E[Y ]

E[kX] = kE[X]

E[kX + c] = kE[X] + c

*



Expected*value*of*a*function*of*X 

� If!f!is!a!func:on!of!a!random!
variable!X!,!then!Y!=!f!(X)!is!a!
random!variable!too!

� The!expected!value!of!Y!=!f!(X)!is!

!

!

!

!

E[Y ] = E[f(X)] =
∑

x

f(x)P (x)
It



Q:*

What!is!E[E[X]]?!!!
!
A.  E[X]!
B.  0!
C.  Can’t!be!sure!

0



Q:*

What!is!E[E[X]]?!!!
!
A.  E[X]!
B.  0!
C.  Can’t!be!sure!



Probability*distribution*
� Given!the!random!variable!X,(what!is!!

E[2|X|!+1]?'

X 1!

1/2!

0!

p(x) P (X = x)

=1!

A. !!0!
B. !!1!
C. !!2!
D. !!3!
E. !!5!

Effy )
- fix, -_ 21×1-11

P(Efx,
if x=-1

it tix) -- 3
Elfcxll ↳ it # I
= -24×1191×1 y
=3xE-13×4=3 -gtCxs=3he



Q.#!
� Given&the&random&variable&X,"what&is&&

E[2|X|&+1]?!

X 1&

1/2&

0&

p(x) P (X = x)

<1&

A. &&0&
B. &&1&
C. &&2&
D. &&3&
E. &&5&



Q.#!
� Given&the&random&variable&X,"what&is&&

E[2|X|&+1]?!

E[|X|] = 1×
1

2
+ 1×

1

2
= 1

E[X2] = 1×
1

2
+ 1×

1

2
= 1

E[2|X|+ 1] = 2E[|X|] + 1 = 3
&&&&&&&&&&&&&&

Efaxtb ]
=9Efx7-#

EllxD
= txt - If
+HI -

- I



Q.#!
� Give&the&random&variable&S#in"the"4)
sided"die,"whose"range"is"{2,3,4,5,6,7,8},&
probability&distribuNon&of&S.#

S#

2& 3& 4& 5& 6& 7& 8&

p(s)

1/16&

What&is&E[S]&?&

A. &4&
B. &5&
C. &6&

I
zxtfft - -

-

z
'6

3
Tb Tb TFT z

✓
I T6 I
16 16
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A*neater*expression*for*variance 

!

!

var[X] = E[X2]− E[X]2

var[X] = E[(X − E[X])2]

� Variance!of!Random!Variable!X!is!
defined!as:!!

� It’s!the!same!as:!

fix, = CX- ECxD~



Q.!
� Given&the&random&variable&X,"what&is&&

var[2|X|&+1]?!

X 1&

1/2&

0&

p(x) P (X = x)

<1&

A. &&0&
B. &&1&
C. &&2&
D. &&3&
E. &&<1&



Q.#!
� Given&the&random&variable&X,"what&is&&

var[2|X|&+1]?!

X 1&

1/2&

0&

p(x) P (X = x)

<1&

A. &&0&
B. &&1&
C. &&2&
D. &&3&
E. &&<1&



Q.!
� Given&the&random&variable&X,"what&is&&

var[2|X|&+1]?!
E[|X|] = 1×

1

2
+ 1×

1

2
= 1

E[X2] = 1×
1

2
+ 1×

1

2
= 1

E[2|X|+ 1] = 2E[|X|] + 1 = 3

var[2|X|+ 1] = E[(2|X|+ 1)2]− (E[2|X|+ 1])2

= E[4X2 + 4|X|+ 1]− 32

= 4× 1 + 4× 1 + 1− 9 = 0



Q.!
� Given&the&random&variable&X,"what&is&&

var[2|X|&+1]?&&Let&Y&=&2|X|+1!

X 3&

1&

0&

P (Y = y)p(y)

@Y



Q.!
� Give&the&random&variable&S#in"the"4)
sided"die,"whose"range"is"{2,3,4,5,6,7,8},&
probability&distribuNon&of&S.#

S#
2& 3& 4& 5& 6& 7& 8&

p(s)

1/16&

What&is&var[S]&?&
4
Tb
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16 16
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Q:*
� Which!of!the!following!is!NOT!generally!
true!about!two!independent!random!
variables!X!and!Y?!

!A.!E[X+Y]!=!E[X]!+E[Y]!

!B.!var[X+Y]!=!var[X]+var[Y]!

!C.!E[XY]!=!E[X]E[Y]!

!D.!corr(X,Y)!=!0!

!E.!std[X+Y]!=!std[X]+std[Y]!

÷ vase stat

- ✓
#ar Ext)€-mm =umcxHunIYzwy,
- core 1=0

- Ef -aux.4s=E ETT)



Q:*
� Which!of!the!following!is!NOT!generally!
true!about!two!independent!random!
variables!X!and!Y?!

!A.!E[X+Y]!=!E[X]!+E[Y]!

!B.!var[X+Y]!=!var[X]+var[Y]!

!C.!E[XY]!=!E[X]E[Y]!

!D.!corr(X,Y)!=!0!

!E.!std[X+Y]!=!std[X]+std[Y]!



Content*

� Random!Variable!!
� Review(with(ques8ons(
� The&weak&law&of&large&numbers&



Towards*the*weak*law*of*large*
numbers*
�  The!weak!law!says!that!if!we!repeat!an!experiment!

many!:mes,!the!average!of!the!observa:ons!will!
“converge”!to!the!expected!value!

�  For!example,!if!you!repeat!the!profit!example,!the!
average!earning!will!“converge”!to!E[X]=20p=10!!

�  The!weak!law!jus:fies!using!simula:ons!(instead!of!
calcula:on)!!to!es:mate!the!expected!values!of!
random!variables!



* Indicator function

* Markov Inequality

* Chebyshev Inequality

* The weak
law of large

numbers



Markov'inequality'
�  The$inequality$that$was$
the$founda5on$of$many$
probabilis5c$theories$

�  Discovered$by$Andrei$
Markov$who$also$
invented$Markov$Chain$
model$

Andrei$Markov$
1856$B$1922$

( ch 14)



Indicator'functions'
�  An$indicator$func5on$for$an$event$A$is$a$
func5on$of$x$such$that$

�  The$expected$value$of$the$indicator$func5on$
is$the$probability$of$event$A$

[A]$(x) =

{

1 event occurs for the value x
0 otherwise
-

-

K could be a range of
possible values

E- ( Ica,'M) = Ix PLA) -10.11- RAI) =p CA )-



Indicator'functions'
�  An$indicator$func5on$for$an$event$A$is$a$
func5on$of$x$such$that$

�  The$expected$value$of$the$indicator$func5on$
is$the$probability$of$event$A$

[A]$(x) =

{

1 event occurs for the value x
0 otherwise

E[$$$$$$$(x)]$=$1×P(A)+0×(1BP(A))$=$P(A)$[A]$



Markov’s'inequality'
�  For$any$random$variable$X$and$constant$a">0$

$

�  So,$a$random$variable$is$unlikely$to$have$the$
absolute$value$much$larger$than$the$mean$of$
its$absolute$value$$$

�  For$example,$if$a$=$10$E[|X|]$$
$$

$$

P (|X| ≥ a) ≤
E[|X|]

a

P (|X| ≥ 10E[|X|]) ≤ 0.1



Proof'of'Markov’s'inequality'

[|X|≥a]$
(X) =

{

1 if |X| ≥ a
0 otherwise

a-

- a> o⇐ k
-

'

.

' 1×13 a

→ ELI
,> six'T E 't] I 0¥20

LHS Ipllxlza) E E I -q,
=L Eflxl) =t



Proof'of'Markov’s'inequality'

[|X|≥a]$
(X) =

{

1 if |X| ≥ a
0 otherwise

≤
|X|

a

A > o



Proof'of'Markov’s'inequality'

[|X|≥a]$

E[$$$$$$$$$$$$(X)]$
[|X|≥a]$

(X) =

{

1 if |X| ≥ a
0 otherwise

≤
|X|

a

≤
E[|X|]

a

970



Proof'of'Markov’s'inequality'

[|X|≥a]$

E[$$$$$$$$$$$$(X)]$
[|X|≥a]$

LHS$=$$

(X) =

{

1 if |X| ≥ a
0 otherwise

≤
|X|

a

≤
E[|X|]

a



Proof'of'Markov’s'inequality'

[|X|≥a]$

E[$$$$$$$$$$$$(X)]$
[|X|≥a]$

LHS$=$$

(X) =

{

1 if |X| ≥ a
0 otherwise

≤
|X|

a

≤
E[|X|]

a

P (|X| ≥ a)



Proof'of'Markov’s'inequality'

[|X|≥a]$

E[$$$$$$$$$$$$(X)]$
[|X|≥a]$

LHS$=$$

(X) =

{

1 if |X| ≥ a
0 otherwise

≤
|X|

a

≤
E[|X|]

a

P (|X| ≥ a) ≤
E[|X|]

a



Standard'deviation:'Chebyshev’s'
inequality'(1st'look)'
� At#most######items#are#k#standard#
deviaAons#(σ)#away#from#the#mean#

� Rough#jusAficaAon:#Assume#mean#=0#

N

k2

0#

N −

N

K2
0.5N

K2

0.5N

K2

−kσ kσ

std =

√

1

N
[(N −

N

k
)02 +

N

k2
(kσ)2] = σ

Recall

¥
Tv =¥



Chebyshev’s'inequality'
�  For$any$random$variable$X$and$constant$a">0$

$

�  If$we$let$a$=$kσ$where$σ$=$std[X]$

�  In$words,$the$probability$that$X$is$greater$than$
k$standard$devia5on$away$from$the$mean$is$
small$$
$$

$$

P (|X − E[X]| ≥ kσ) ≤
1

k2

P (|X − E[X]| ≥ a) ≤
var[X]

a2→ an:S .
varix}z



Proof%of%Chebyshev’s%inequality%
�  Given&Markov&inequality,&a>0&

&
P (|X| ≥ a) ≤

E[|X|]

a

PIN 13W) E EEL
U = (X - ECXI) 2



Proof%of%Chebyshev’s%inequality%
�  Given&Markov&inequality,&a>0&

&

�  We&can&write&

ω&>&0&

P (|X| ≥ a) ≤
E[|X|]

a

P (|U | ≥ w) ≤
E[|U |]

w

-

-



Proof%of%Chebyshev’s%inequality%
�  Given&Markov&inequality,&a>0&

&

�  We&can&write&

ω&>&0,&&Let&&

P (|X| ≥ a) ≤
E[|X|]

a

P (|U | ≥ w) ≤
E[|U |]

w
U = (X − E[X])2
-



Proof%of%Chebyshev’s%inequality%
�  Apply&Markov&inequality&to&&

&

U = (X − E[X])2

P (|U | ≥ w) ≤
E[|U |]

w
=

E[U ]

w

U 30

-

14=0



Proof%of%Chebyshev’s%inequality%
�  Apply&Markov&inequality&to&&

&

U = (X − E[X])2

P (|U | ≥ w) ≤
E[|U |]

w
=

E[U ]

w
=

var[X]

w

ECU f- ECCX - ECXI)
' )
#

=Var (x )



Proof%of%Chebyshev’s%inequality%
�  Apply&Markov&inequality&to&&

�  Subs:tute&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&and&&

&

U = (X − E[X])2

P (|U | ≥ w) ≤
E[|U |]

w
=

E[U ]

w
=

var[X]

w

U = (X − E[X])2 w = a
2=



Proof%of%Chebyshev’s%inequality%
�  Apply&Markov&inequality&to&&

�  Subs:tute&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&and&&

&

U = (X − E[X])2

P (|U | ≥ w) ≤
E[|U |]

w
=

E[U ]

w
=

var[X]

w

U = (X − E[X])2 w = a
2

P ((X − E[X])2 ≥ a
2) ≤

var[X]

a2
a > o

Ttf> a) shift
#



Proof%of%Chebyshev’s%inequality%
�  Apply&Markov&inequality&to&&

�  Subs:tute&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&and&&

&

U = (X − E[X])2

P (|U | ≥ w) ≤
E[|U |]

w
=

E[U ]

w
=

var[X]

w

U = (X − E[X])2 w = a
2

P ((X − E[X])2 ≥ a
2) ≤

var[X]

a2
a > 0Assume&&

⇒ P (|X − E[X]| ≥ a) ≤
var[X]

a2

✓an CX) < is

✓



Now%we%are%closer%to%the%law%of%large%
numbers%



Sample%mean%and%IID%samples%%
�  We&define&the&sample&mean&&&&&of&N&random&

variables&X1, …, XN&to&be&their&average.&&

�  If&X1, …, XN are&independent&and&have&
iden,cal&probability&func:on&&

&&&&&then&the&numbers&randomly&generated&from&
&them&are&called&IID&samples&

�  The&sample)mean&is&a&random&variable&

P (x)

X
-

Tiz



X i → S i

E CXi 7 = 5

Ei Xi ) = so ×5
→
EGi ]

E txtT 7 = ECx7t E
TY)

E f I = Foo E f xi 7

E (tf ) = E C Xi ) = E Cx) = 5



Sample%mean%and%IID%samples%%
�  Assume&we&have&a&set&of&IID)samples&from&N&

random&variables&X1, …, XN&that&have&
probability&func:on&

�  We&use&&&&&&&&to&denote&the&sample)mean)of&
these&IID&samples)

P (x)

X =

∑
N

i=1
Xi

N

X

-



Expected%value%of%sample%mean%of%
IID%random%variables%
�  By&linearity&of&expected&value&

E[X] = E[

∑
N

i=1
Xi

N
] =

1

N

N∑

i=1

E[Xi]

Si

-

g
t

Xi → iid samples .

N E- ( x: ) =ECxj] i # i
-2 Efx) =ECx)
i
= iv. Efx] ⇒ EC-xt-fu.N.EC ecg



Expected%value%of%sample%mean%
of%IID%random%variables%
�  By&linearity&of&expected&value&

�  Given&each&Xi&has&iden:cal&&P (x)

E[X] = E[

∑
N

i=1
Xi

N
] =

1

N

N∑

i=1

E[Xi]

E[X] =
1

N

N∑

i=1

E[X] = E[X]



Variance%of%sample%mean%of%IID%
random%variables%
�  By&the&scaling&property&of&variance&

var[X] = var[
1

N

N∑

i=1

Xi] =
1

N2
var[

N∑

i=1

Xi]

- F
var ( K X ) = ITVarcx)

Xi
, Xy

'

ii d iwdepenrt random Egg
✓ ar Ext Y ) Ivar toasty )
✓arc Exit E var Cxi )

T
-



Variance%of%sample%mean%of%IID%
random%variables%
�  By&the&scaling&property&of&variance&

�  And&by&independence&of&these&IID&random&
variables&

var[X] = var[
1

N

N∑

i=1

Xi] =
1

N2
var[

N∑

i=1

Xi]

var[X] =
1

N2

N∑

i=1

var[Xi]Qatar
= ¥2 N . var Ix]
= Nt varEx]



Variance%of%sample%mean%of%IID%
random%variables%
�  By&the&scaling&property&of&variance&

�  And&by&independence&of&these&IID&random&
variables&

�  Given&each&Xi&has&iden:cal&&&&&&&&&&,&&

var[X] = var[
1

N

N∑

i=1

Xi] =
1

N2
var[

N∑

i=1

Xi]

var[X] =
1

N2

N∑

i=1

var[Xi]

P (x) var[Xi] = var[X]

var[X] =
1

N2

N∑

i=1

var[X] =
var[X]

N

distribution



Expected%value%and%variance%%of%sample%
mean%of%IID%random%variables%

�  The&expected&value&of&sample&mean&is&the&
same&as&the&expected&value&of&the&distribu:on&

�  The&variance&of&sample&mean&is&the&
distribu:on’s&variance&divided&by&the&sample&
size&N,

var[X] =
var[X]

N

E[X] = E[X]

-

Els1=5
→

-

var CS ) --I



Weak%law%of%large%numbers%

�  Given&a&random&variable&X&with&finite&variance,&
probability&distribu:on&func:on&&&&&&&&&&&and&the&
sample&mean&&&&&&of&size&N.#

�  For&any&posi:ve&number&&&

�  That&is:&the&value&of&the&mean&of&IID&samples&is&very&
close&with&high&probability&to&the&expected&value&of&the&
popula:on&when&sample&size&is&very&large&

P (x)
X

lim
N→∞

P (|X− E[X]| ≥ ε) = 0

ε > 0

-

meaning possiblevalues of Xi



Proof%of%Weak%law%of%large%numbers%

�  Apply&Chebyshev’s&inequality&

P (|X− E[X]| ≥ ε) ≤
var[X]

ε2EfnfI7
ECI I =ECx7
✓asfIT warCx)



Proof%of%Weak%law%of%large%numbers%

�  Apply&Chebyshev’s&inequality&

�  Subs:tute&&&&&&&&&&&&&&&&&&&&&&&&&&&&and&&E[X] = E[X] var[X] =
var[X]

N

P (|X− E[X]| ≥ ε) ≤
var[X]

ε2



Proof%of%Weak%law%of%large%numbers%

�  Apply&Chebyshev’s&inequality&

�  Subs:tute&&&&&&&&&&&&&&&&&&&&&&&&&&&&and&&E[X] = E[X] var[X] =
var[X]

N

P (|X− E[X]| ≥ ε) ≤
var[X]

Nε2

P (|X− E[X]| ≥ ε) ≤
var[X]

ε2
O O

'¥oi

O f :
'in::

uarex ) c-



Proof%of%Weak%law%of%large%numbers%

�  Apply&Chebyshev’s&inequality&

�  Subs:tute&&&&&&&&&&&&&&&&&&&&&&&&&&&&and&&E[X] = E[X] var[X] =
var[X]

N

P (|X− E[X]| ≥ ε) ≤
var[X]

Nε2

P (|X− E[X]| ≥ ε) ≤
var[X]

ε2

N → ∞

0&



Proof%of%Weak%law%of%large%numbers%

�  Apply&Chebyshev’s&inequality&

�  Subs:tute&&&&&&&&&&&&&&&&&&&&&&&&&&&&and&&E[X] = E[X] var[X] =
var[X]

N

P (|X− E[X]| ≥ ε) ≤
var[X]

Nε2

P (|X− E[X]| ≥ ε) ≤
var[X]

ε2

lim
N→∞

P (|X− E[X]| ≥ ε) = 0

N → ∞

0&

In our expt .

E-Ext -- 5

✓anCx) = Ez

[ small
ECI )
var II )

T T



Weak%law%of%large%numbers%

�  The&law&of&large&numbers&jus,fies,using,
simula,ons&(instead&of&calcula:on)&&to&es:mate&
the&expected&values&of&random&variables&&

�  The&law&of&large&numbers&also&jus,fies,using,
histogram&of&large&random&samples&to&
approximate&the&probability&distribu:on&
func:on&&&&&&&&&&&,&see&proof&on&
Pg.&353&of&the&textbook&by&DeGroot,&et&al.&

lim
N→∞

P (|X− E[X]| ≥ ε) = 0

P (x)



Histogram*of*large*random*IID*samples*
approximates*the*probability*distribution*

�  The$law$of$large$numbers$jus2fies$using$
histograms$to$approximate$the$probability$
distribu2on.$Given$N$IID$random$variables$X1, 
…, XN$
�  Let$c1$<$c2$be$two$constants,$Define$Yi 

�  As$we$know$for$indicator$func2on$
$

Yi =

{

1 if c1 ≤ Xi < c2
0 otherwise

E[Yi] = P (c1 ≤ Xi < c2)



Histogram*of*large*random*IID*samples*
approximates*the*probability*distribution*

�  The$law$of$large$numbers$jus2fies$using$
histograms$to$approximate$the$probability$
distribu2on.$Given$N$IID$random$variables$X1, 
…, XN$
�  Let$c1$<$c2$be$two$constants,$Define$Yi 

�  As$we$know$for$indicator$func2on$
$

Yi =

{

1 if c1 ≤ Xi < c2
0 otherwise

E[Yi] = P (c1 ≤ Xi < c2)= P (c1 ≤ X < c2)



Histogram*of*large*random*IID*samples*
approximates*the*probability*distribution*

�  The$law$of$large$numbers$jus:fies$using$

histograms$to$approximate$the$probability$

distribu:on.$Given$N$IID$random$variables$X1, 
…, XN$

�  According$to$the$law$of$large$numbers 

�  As$we$know$for$indicator$func:on$
$E[Yi] = P (c1 ≤ Xi < c2)= P (c1 ≤ X < c2)

Y =

∑
N

i=1
Yi

N

N → ∞
E[Yi]



Simulation*of*the*sum*of*two:dice*

�  hrp://www.randomservices.org/

random/apps/DiceExperiment.html$



Assignments*

� Finish$Chapter$4$of$the$textbook$

� Next$:me:$Con:nuous$random$

variable,$classic$known$probability$

distribu:ons$

$



Additional*References*

�  Charles$M.$Grinstead$and$J.$Laurie$Snell$

"Introduc:on$to$Probability”$$

� Morris$H.$Degroot$and$Mark$J.$Schervish$

"Probability$and$Sta:s:cs”$



See*you*next*time*

See 
You! 



Simulation*of*airline*overbooking*

�  An$airline$has$a$flight$with$7$seats.$They$
always$sell$12$:ckets$for$this$flight.$If$:cket$

holders$show$up$independently$with$

probability$p,$es:mate$the$following$values$$

�  Expected$value$of$the$number$of$:cket$

holders$who$show$up$

�  Probability$that$the$flight$being$overbooked$
�  Expected$value$of$the$number$of$:cket$

holders$who$can’t$fly$due$to$the$flight$is$

overbooked.$



Conditional*expectation*

�  Expected$value$of$X$condi:oned$on$event$A:$

�  Expected$value$of$the$number$of$:cketholders$

not$flying$

E[X|A] =
∑

x∈D(X)

xP (X = x|A)

t
∑

u=s+1

(u− s)

(

t

u

)

p
u(1− p)t−u

∑

t

v=s+1

(

t

v

)

pv(1− p)t−v
E[NF |overbooked] =



Simulate*the*arrival*

�  Expected$value$of$the$number$of$:cket$

holders$who$show$up$

nt=100000,(t=(12,(s=7,(p=0.1,(0.2,(…(1.0(

.$

.$

.$

…$$

Num$of$trials$$(nt)$

N
u
m
$o
f$
:
ck
e
ts
$(
t)
$

We$generate$a$matrix$of$

random$numbers$from$

uniform$distribu:on$in$

[0,1],$$

Any$number$<$p$is$
considered$an$arrival$



Simulate*the*arrival*

�  Expected$value$of$the$number$of$:cket$

holders$who$show$up$



Simulate*the*arrival*

�  Expected$value$of$the$number$of$:cket$

holders$who$show$up$

nt=100000,(t=(12,(
(s=7,(p=0.1,(0.2,(…(1.0(
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Simulate*the*expected*
probability*of*overbooking*
�  Expected$probability$of$the$flight$being$

overbooked$

�  Expected$probability$is$equal$to$the$expected$
value$of$indicator$func,on.$Whenever$we$

have$Num$of$arrival$>$Num$of$seats,$we$mark$it$

with$an$indicator$func:on.$Then$es:mate$with$

the$sample$mean$of$indicator$func:ons.$

$

t=(12,(s=7,(p=0.1,(0.2,(…(1.0(



Simulate*the*expected*
probability*of*overbooking*
�  Expected$probability$of$the$flight$being$

overbooked$

$



Simulate*the*expected*
probability*of*overbooking*
�  Expected$

probability$of$the$

flight$being$

overbooked$

$

nt=100000,(
t=(12,(s=7,((
p=0.1,(0.2,(…(1.0(
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Simulate*the*expected*value*of*the*number*of*
grounded*ticket*holders*given*overbooked*

�  Expected$value$of$the$number$of$:cket$holders$

who$can’t$fly$due$to$the$flight$being$overbooked$



Simulate*the*expected*value*of*the*number*of*
grounded*ticket*holders*given*overbooked*

�  Expected$value$of$
the$number$of$:cket$

holders$who$can’t$

fly$due$to$the$flight$

being$overbooked$

Nt=200000,(
t=(12,(s=7,((
p=0.1,(0.2,(…(1.0(
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