Probability and Statistics 2

for Computer Science

“The weak law of large
number gives us a very
valuable way of thinking
about expectations.” ---Prof.
Forsythe

Credit: wikipedia
e
Hongye Liu, Teaching Assistant Prof, CS361, UIUC, 02.18.2020
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Random Variable
% Expected value

* Variance & covariance
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Random Variable
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% The weak law of large numbers






Expected value

The expected value (or expectation)
of a random variable X'is

E[X] = zP()

I

The expected value is a weighted sum
of the values X can take



Linearity of Expectation

For random variables X and Y
and constants k,c

* Scaling property

*And FEkEX + ¢ =kFE|X]+c



Expected value of a function of X

If fis a function of a random
variable X, then Y=f(X) is a
random variable too

The expected value of Y = f(X) is

EY] = E[f(X) = 3 f(z)Pfx)
w




What is E[E[X]]?

A._EX]L

B. O
C. Can’t be sure



What is E[E[X]]?

[A. E[X] ]
B. O
C. Can’t be sure




Probability distribution

Given the random variable X, what is
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Given the random variable X, what is
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Give the random variable S in the 4-
sided die, whose range is {2,3,4,5,6,7,8},
probability distribution of S.  \what s g[s] ?
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A neater expression for variance

Variance of Random Variable X is

defined as: fixy= O ES)
var| X| = B|(X — E[X])"]
It’s the same as:

var[X| = E[X?] — E[X]?

— @




Given the random variable X, what is

var[2 | X]| +1]?

P(T) a P(X = ) A. O
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Given the random variable X, what is

var[2 | X]| +1]?

p(T) g P(X = 2) _ A0
B. 1
C. 2
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Given the random variable X, what is

var[2 | X]| +1]?
1

_ 1
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| X 12+ 12

FXl=1x-41x~-=1

ER2|X|+1] = 2E[|X[[+1 =3

var2| X| + 1] = E[(2|X| + 1)?2] — (E[2|X]| + 1])?
= B4X? +4|X|+ 1] — 3°
=4x14+4x14+1-9=0



Given the random variable X, what is
var[2|X]| +1]? LetY=2|X|+1
Pyl Py =y)




Give the random variable S in the 4-
sided die, whose range is {2,3,4,5,6,7,8},
probability distribution of S.
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Which of the following is NOT generally
true about two independent random
varialiesXand Y? =

= SH4
” A. E[X+Y] = E[X] +E[Y] Ve

— . var[X+Y] = var[X]+var[Y]
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0

/' D. corr(X,Y) =
cwl'x'T)-
~ \ (E] std[X+Y] = std[X]+std[Y] --cwoets= EILY %err)




Which of the following is NOT generally

true about two independent random
variables X and Y?

A. E[X+Y] = E[X] +E[Y]
B. var[X+Y] = var[X]+var[Y]
C. E[XY] = E[X]E[Y]
D. corr(X,Y)=0
[ E. std[X+Y] = std[X]+std[Y] }




Random Variable
* Review with questions
% The weak law of large numbers



Towards the weak law of large

numbers

The weak law says that if we repeat an experiment
many times, the average of the observations will
“converge” to the expected value

For example, if you repeat the profit example, the
average earning will “converge” to E[X]=20p-10

The weak law justifies using simulations (instead of
calculation) to estimate the expected values of
random variables
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Markov inequality

The inequality that was
the foundation of many
probabilistic theories

Discovered by Andrei
Markov who also
invented Markov Chain
model ( U 1u)

Andrei Markov
1856 - 1922



Indicator functions

An indicator function for an event A4 is a
function of x such that

(

(z) = <_l event occurs for the value x
41710 otherwise
" g contdl be o rimyr ¢

r’"’:"‘"' vatduwts
The expected value of the indicator function

is the probability of event 4
E[T, )= \xP(A)+0-(I-P(M)= p(A)



Indicator functions

An indicator function for an event A4 is a
function of x such that

(z) = <(1 event occurs for the value x
ZIN O N otherwise

\

The expected value of the indicator function
is the probability of event 4

ELT, ()] = 1xPLA)OX(1-P(A) = PLA)




Markov's inequality

For any random varlable X and constant a >0

E[X]
P(X|za)< ==
So, a random variable is unlikely to have the

absolute value much larger than the mean of
its absolute value

For example, if a =10 E[|X]]
P(X| > 10£]X]]) <




Proof of Markov's inequality

1 if [X|=>a

0 otherwise aze




Proof of Markov's inequality

_ 1 Zf ’X‘ > @ Q >o
[|X]>al (X) = {O otherwise

Xl
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Proof of Markov's inequality

1 if | X|>a az>o
[IX]> X =0 otherwi
_a] OLNETWISE
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Proof of Markov's inequality

_J1 if |X[>a
[|X]>al (X) = {O otherwise
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Proof of Markov's inequality

_J1 if |X[>a
[|X]>al (X) = {O otherwise

_Ix]
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Proof of Markov's inequality

_J1 if |X[>a
[|X]>al (X) = {O otherwise
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Standard deviation: Chebyshev’s

inequality (15t look

At most % items are k standard

deviations (o) away from the mean

N ) %
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Chebyshev's inequality

If we let a = ko where o = std[.X] \
1 var(x]

PIX-ElXl|zko)< 5 =gz
In words, the probability that X is greater than
k standard deviation away from the mean is
small



Proof of Chebyshev's inequality

Given Markov inequality, a>0

ElIX]]

P(X|>a) < =1

P(lulzw) < eV
“J
ve (X-Ex1)*



Proof of Chebyshev's inequality

¢ Given Markov inequality, a>0

ElX
P(X]2 ) < P20
( )
% We can write P(\U| > w) < EHUH
9 O

w >0
/



Proof of Chebyshev's inequality

Given Markov inequality, a>0

ElX
P(X]2 ) < P20
We can write P(\U\ > w) < EHUH
w

w>0, Let U = (X — E[X])

——




Proof of Chebyshev's inequality

Apply Markov inequality to U = (X — E[X])?

P(U| > w) < - T lul;u




Proof of Chebyshev's inequality

Apply Markov inequality to U = (X — E[X])?

/\/\

P(|U| > w) < E[U]] _ % _ var|X]

90 o >

?VMEX]



Proof of Chebyshev's inequality

Apply Markov inequality to U = (X — E[X])?

U
E|lU|] FEU|] wvar|X]

PWKT "
v

Substitute U = (X — E[X])? and w = a°




Proof of Chebyshev's inequality

Apply Markov inequality to U = (X — E[X])?

U
E|lU|] FEU|] wvar|X]

PWKT "
}\\\

Substitute U = (X — E[X])? and w = a*

S var| X| a > o
e Vae X}




Proof of Chebyshev's inequality

Apply Markov inequality to U = (X — E[X])?

) N\
P(|U| > w) < E(U]] _ EU| _ var|X|

Substitute U = (X — E[X])? and w = a*

var| X|
S 3 Assumea > 0
v <R
g \ var[X] vir (X1




Now we are closer to the law of large

numbers




Sample mean and IID samples

We define the sample mean X of N random
variables X, ..., X to be their average.

It X, ..., X\yare independent and have
identical probability function P(z)] 11 |
!

| 1 ):)
then the numbers randomly generated from X

them are called IID samples

The sample mean is a random variable






Sample mean and IID samples

Assume we have a set of IID samples from N
random variables X, ..., X, that have
probability function P(x)

We use X to denote the sample mean of
these IID samples

y:fﬁ\i1 Xz‘
N

X =




Expected value of sample mean of

IID random variables

By linearity of expected value

N S
BIX) = E[&=51] = LY B
/T 1=1 1\
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Expected value of sample mean

riables

By linearity of expected value

BIX]| = £ = 23

i=1
Given each X has identical P /
a
Z E X]/X




Variance of sample mean of I[ID

By the scaling property of variance
var[X| = var[— ZX @UW ZXZ]
'J\
vmf kX])= K'ZVMVXJ
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Variance of sample mean of I[ID

By the scaling property of variance

N
var[X| = var[— Z X;] var[z X;]
i=1

And by mdependence of these IID random

variables {
var[X] = N2
thb] MX]

J’ N Ver [X]

- 5 umfx]



Variance of sample mean of I[ID

var[X| = var[i[ ;X var ZX
And by independence of these IID random
variables |
var| X| = N2 Zvar[Xi]
=1 dist: T
Given eachX has |dent|caIP(:c) vm’[Xz-]_? var| X
var[X] = N2 Zvar UCLZ\EX]
\_ 1=1 y




Expected value and variance of sample

mean of IID random variables

The expected value of sample mean is the
same as the expected value of the distribution

CEX|=E[X] | USles

The variance of sample mean is the
distribution’s variance divided by the sample
size N

e ~ \rwcsj-’f
var| X | = 2-
k X] N

|
S
S
=
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Weak law of large numbers

Given a random variable X with finite variance,
probability distribution function P(x) and the
sample mean X of size N.

For any positive number ¢ > 0
lim P(|X — E[X]|| >¢€) =0
N —00

That is: the value of the mean of IID samples is very
close with high probability to the expected value of the

W V‘\'l‘hﬁlz a?mple ?IZG is very large
A PO e oy X



Proof of Weak law of large numbers

Apply Chebyshev’s inequality

e[ 5] var (%)
eCs J=elx

var|g)=% ysr(x7)




Proof of Weak law of large numbers

Apply Chebyshev’s inequality
X
P(X - BX]| > o) < "X

var| X]

Substitute E[X| = E[X] and ”UQ,’]"[X] = —



Proof of Weak law of large numbers

Apply Chebyshev’s mequaht ) [ o
—

P(|X @ >€) < v tls)=¢

Substitute E and Ua,’]" var X]




Proof of Weak law of large numbers

Apply Chebyshev’s inequality

P(X - E[X]| > ¢ < 205
Substitute E[X] = E[X] and var[X] = Um]“\[fX]
~ var|X] N
P(X — ElX][ 2 €) < Ne2 N — oo 0



Proof of Weak law of large numbers

Apply Chebyshev’s inequality - AL

PR - ER]|> o < WX vsrl=3

Substitute E[X] = B[X] and var[X] va7]~V[X]
~ var| X N
PIX - B[X]| 2 ) < 057 ~——>0
! coml | B

lim P(|X — E[X]|| > ¢€) = gar 1%)
\N—>oo \y ’D




Weak law of large numbers

The law of large numbers justifies using
simulations (instead of calculation) to estimate
the expected values of random variables

lim P(|X — E[X]|| >¢€) =0
N—00

The law of large numbers also justifies using
histogram of large random samples to
approximate the probability distribution
function P(x), see proof on

Pg. 353 of the textbook by DeGroot, et al.




Histogram of large random IID samples

approximates the probability distribution

The law of large numbers justifies using
histograms to approximate the probability
distribution. Given N IID random variables X,
ey Xy
% Let c, <c, be two constants, Define ¥
Y_{l ifcngz-<cg
10 otherwise

* As we know for indicator function

E[Y;] — P(Cl < X, < CQ)



Histogram of large random IID samples

approximates the probability distribution

The law of large numbers justifies using
histograms to approximate the probability
distribution. Given N IID random variables X,
ey Xy
% Let c, <c, be two constants, Define ¥
Y_{l ifcngz-<cg
10 otherwise

* As we know for indicator function

E[}/;]:P(ClSXi<CQ):P(61§X<CQ)



Histogram of large random IID samples

approximates the probability distribution

The law of large numbers justifies using
histograms to approximate the probability
distribution. Given N IID random variables X,
ey Xy

% According to the law of large numbers
ZN Y; N — o0
— 1=1 > E[)./;]
N

* As we know for indicator function

E[}/;]:P(ClSXi<CQ):P(61§X<CQ)

Y




Simulation of the sum of two-dice

- http://www.randomservices.org/
random/apps/DiceExperiment.html



Finish Chapter 4 of the textbook

Next time: Continuous random
variable, classic known probability
distributions



Additional References

Charles M. Grinstead and J. Laurie Snell
"Introduction to Probability”

Morris H. Degroot and Mark J. Schervish
"Probability and Statistics”



See you next time




Simulation of airline overbooking

An airline has a flight with 7 seats. They

always sell 12 tickets for this flight. If ticket
holders show up independently with
probability p, estimate the following values

% Expected value of the number of ticket
holders who show up

% Probability that the flight being overbooked

% Expected value of the number of ticket
holders who can’t fly due to the flight is
overbooked.



Conditional expectation

Expected value of X conditioned on event A:

EX|Al= ) aP(X = z|A)

reD(X)

Expected value of the number of ticketholders
not flying

E[N Floverbooked] = »  (u—s) S (u)p(()lp_(f)—;)




Simulate the arrival

Expected value of the number of ticket
holders who show up

nt=100000, t= 12, s=7, p=0.1, 0.2, ... 1.0

> Num of trials (nt)

We generate a matrix of
random numbers from
uniform distribution in
[0,1],

Any number < p is
considered an arrival

<€

Num of tickets (t)




Simulate the arrival

Expected value of the number of ticket
holders who show up

numTrials <- 100000
numTickets <- 12
numSeats <- 7
n_in <-10
for (1 in 1l:n_in ){
p <- 1/10
m4<- matrix(runif(numTickets*numTrials,min=0,max=1), numTickets,numTrials)
arrivals <- apply(m4, 2, p=p, cnt)
numberArrivalExpec <- mean(arrivals)
df[i,] <- c(p,numberArrivalExpec)



Simulate the arrival

Expected value of the number of ticket
hOlderS Who ShOW up Expected value of the number of ticket holders who show up

nt=100000, t= 12, | e
s=7,p=0.1,0.2,..1.0 =

12

AN

Expected val
n\
=

0.2 0.4 0.6 0.8 1.0

Probability of arrival (p)



Simulate the expected

Expected probability of the flight being
overbooked

t= 12, s=7, p=0.1, 0.2, ... 1.0

Expected probability is equal to the expected
value of indicator function. Whenever we
have Num of arrival > Num of seats, we mark it
with an indicator function. Then estimate with
the sample mean of indicator functions.



Simulate the expected

Expected probability of the flight being
overbooked

numTrials <- 100000
numTickets <- 12
numSeats <- 7
n_in <-10
for (1 in 1:n_in ){
p <- 1/10
m4<- matrix(runif(numTickets*numTrials,min=0,max=1), numTickets,numTrials)
arrivals <- apply(m4, 2, p=p, cnt)
indicatorOverbooked <- ifelse(arrivals > numSeats,1,0)
df2[i,] <- c(p,mean(indicatorOverbooked))



Simulate the expected

Expected
probability of the

flight being ) /
overbooked

\

0.8

0.6
l\
»

nt=100000,
t=12, s=7,
p=0.1,0.2, ... 1.0

Expected value

0.4
!\

0.2

0.2 0.4 0.6 0.8 1.0

Probability of arrival (p)



Simulate the expected value of the number of

grounded ticket holders given overbooked

Expected value of the number of ticket holders
who can’t fly due to the flight being overbooked

numTrials <- 200000

numTickets <- 12

numSeats <- 7

n_in <-10

for (1 in 1:n_in ){
p <- 1/10
m4<- matrix(runif(numTickets*numTrials,min=0,max=1), numTickets,numTrials)
arrivals <- apply(m4, 2, p=p, cnt)
indicatorOverbooked <- ifelse(arrivals > numSeats,1,90)
numberGrd <- arrivals[which(indicatorOverbooked>®)]-numSeats
df3[1i,] <- c(p,mean(numberGrd))



Simulate the expected value of the number of

grounded ticket holders given overbooked

Expected value of

the number of ticket :
holders who can’t /
fly due to the flight ,
being overbooked /

Expected value of the number of ticket holder not flying given overbooke

4

Expected val
!\
»

Nt=200000,
t=12, s=7, " g
p=0.1,0.2, ... 1.0 —

"
-
e

0.2 0.4 0.6 0.8 1.0

Probability of arrival (p)



