Probability and Statistics 2

for Computer Science

"Statistical thinking will one day
be as necessary for efficient
citizenship as the ability to read
and write." H. G. Wells

Credit: wikipedia
e
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Review of statistical inference

Inferring probability model from
data (fe €/

% Maximum likeliho estimate?/

% Confidence interval for MLE




Review of Maximum likelihood
Estimation (MLE)

Bayesian Inference




Maximum likelihood estimation (MLE)

We write the probability of seeing the data D

given parameter 0 15 probebilitng
L(§) = P(D|6 ] “Femerm
| L(9) = P(D]o) T

The likelihood function L(#) isnota &« ve«s™ <t
of e o . . vbW%
probability distribution

The maximum likelihood estimate (MLE) of
Ois A d

e | O=ar L6
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Likelihood function: binomial example

Suppose we have a coin with unknown probability of 6

coming up heads pModet: biromiad T
NN o Likelihood L(6)
We toss it 10 times ani) g
‘/K./ g

observe 7 heads

O

The likelihood function is:

. ;
L(§=p(D|f) = ( 70) 07(1— 9)>
— . JL‘O)- o -

The MLE is /do

§=0.7 G =0-) W‘ $oia.k e.l,'7m
N 7o




Q. What is the MLE of binomial N=12, k=7

A.121/71/5!

@7/12 A IK # head
C. 5/12 0 =N wtmis
D.12/7 a



Q. What is the MLE of binomial N=12, k=7

A. C(12,7)

[ B. 7/12 ]

C.5/12
D.12/7




Q. What is the MLE of geometric k=7




Q. What is the MLE of geometric k=7

A.7

s

C. other




Q. What is the MLE of Poisson ki=5, k2=7,

s + ' rad
C.12 W& il
D. other M(E 6; ZNK‘.
a S+ 7



Q. What is the MLE of Poisson ki=5, k2=7,

n=2

“hs ]

B. 35/2
C.12

D. other



MLE Example

You find a 5-sided die and want to estimate its
probability 6 of coming up 5, you decided to roll it 12
times and then roll it until it comes up 5. You roIIed 15
times altogether and found there were 3 times when the
die came up 5. Write down the likelihood function L(6).
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MLE Example

You find a 5-sided die and want to estimate its
probability 8 of coming up 5, you decided to roll it 12
times and then roll it until it comes up 5. You rolled 15
times altogether and found there were 3 times when the
die came up 5. Write down the likelihood function L(8).
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Drawbacks of MLE

Maximizing some likelihood or log-likelihood
function is mathematically hard

If there are few data items, the MLE
estimate maybe very unreliable

% If we observe 3 heads in 10 coin tosses, should we
accept that p(heads)=0.3 ?

% If we observe O heads in 2 coin tosses, should we
accept that p(heads)=0"7?



Bayesian inference

In MLE, we maximized the likelihood function

A
(L) =P | 0O
Wy 2 o Forye oL ©
In Baye5|an inference, we will maximize the posterior,
which is the probability of the parameters 0 given the’”

observed data D. {,J_-u; J i] _l\_‘_

(g

Unlike L(0), the posterior is a probability distribution

The value of 8 that maximizes P(#|D) is called the

maximum a posterior (MAP) estimate 7
How are thess Tn? r‘(/W‘J?



The components of Bayesian Inference

From Bayes rU|67’7w) P(o[p)_._ P v(6). (o)
P Po) !

P(6]D) = ~ P(D|6)P(6)
1 7@ No)
/* Prior, assumed\distribution of © before
seeing data D 9

* Total Probability seeing D --- P(D) Pl ¢ /p)
Posterlor,@strlbutlg_zﬁ)of O given D

\i% Likelihood function of @ seeing D wamx.



The usefulness of Bayesian inference

From Bayes rule

pop) - PLOPO)

P(D)
Bayesian inference allows us to include prior
beliefs about 6 in the prior P(0), which is useful

~ P(D|0)P(0)

% When we have reasonable beliefs, such as a
coin can not have P(heads) =0

¥ When there isn’t much data
T ————————————

* We get a distribution of the posterior, not |
cpemaxima _




Bayesian Inference: a discrete prior

Suppose we have a coin of unknown
probability 8 of heads o [, ')

* We see 7 heads in 10 tosses (D)

Ve disorete prior-
* We assume the prior about 6.

2 if =05
% We have this likelihood: Binomiad || O otherwise

MeodeA

P(D|§) = (170) 0’ (1 —6)°
% What is the posterior P(@‘D) ?



Bayesian Inference: a discrete prior

% We see 7 heads in 10 tosses (D)

% We assume the prior about 6.

¥ We have this likelihood:

% What is the posterior P(0|D)?

—

P(9)

P(D|f) = (170) 67(1 — )

: P(D|0)P(6 A
prp) - 2P
. ,

O WIFWI|N

of 6 =0.5
1 f 6 =0.6
otherwise



Bayesian Inference: a discrete prior

% We see 7 heads in 10 tosses (D)

% We assume the prior about 6.

¥ We have this likelihood:

—

2 if0=0.5
PO)=< < if 0=0.6
0 otherwise

zxpwyz(gvﬂqy—mS

% What is the posterior P(0|D)?

: P(D|O)P(6)
Pwmyz(A&J)
\ /

P(D) = ZP(DW@)P(@')
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Bayesian Inference: a discrete prior

% We see 7 heads in 10 tosses (D)

% We assume the prior about8. (2 if 6 =0.5
PO)=< < if 0=0.6
% We have this likelihood: 0 otherwise

P(D|f) = (170) 67(1 — )
% What is the posterior P(0|D)?
0.52 if 0=05 MAP estimate="?
PO|D) =048 if 6 =0.6

0 otherwise



Bayesian Inference: a discrete prior

% We see 7 heads in 10 tosses (D)

% We assume the prior about8. (2 if 6 =0.5
PO)=< < if 0=0.6
% We have this likelihood: 0 otherwise
10
Pl = ()91 - oy mLE &eo’

% What is the posterior P(0|D)?

0.52 if =05 MAP [ =0.5
PO|D) =4 048 if 0 =06

0 otherwise Biased by the prior



Bayesian Inference: a continuous prior

Suppose we have a coin of unknown
probability 0 of heads

P(0
We see 7 heads in 10 tosses (D) 4 (9)

)
We assume @‘
P(6) = {5 if 0€1[0.4,0.6 V//I

0 if 6¢[04,0.6 0 04 06 0
What is the posterior Pg@ D) ?




Bayesian Inference: a continuous prior

What is the posterior P(Q‘D)
§ PgD 9) Likelihood L(6) AP(H)

0 04 06 @
(5 if 0€[04,0.6
P(e)—{o if 004,006
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Bayesian Inference: a continuous prior

What is the posterior P(Q‘D) ?
P(D‘Q) Likelihood L(6) A P(@)

[ 1,

0 04 06 0
P(e):{5 if 0 €[0.4,0.6]

- 0 if 6¢1[0.4,0.6
0 G 19 '
) G = ",
P(0|D) < P(D|0)P(0)



Bayesian Inference: a continuous prior

What is the posterlor P(Q‘D)

P(DIf) oo AP0
i 1T M.
0 04 06 (
(5 if 0€[0.4,0.6]
- P(@)—{o if 004,006
e os s 10 \et kg

: Shn
P(0|D) < P(D|0)P(0) MAP @ =0.6 ¢



The constant in the Bayesian inference

P(D) = /9 P(D|0)P(6)df

P(D|0) = Likelihood

It’s not always
possible to
calculating P(D) in
closed form.

Scale by 5

for this
\ example
O!B 1!0

There are a lot of

approximation -
methods. RV

Y
7



Drawbacks of Bayesian inference

Maximizing some posteriors P(0|D) is difficult

Some choices of prior P(6) can overwhelm any
data observed.

It’s hard to justify a choice of prior



The concept of conjugacy

For a given likelihood function P(D|6), a prior P(0) is its
conjugate prior if it has the followfhg properties:

% P(60) belongs to a family of distributions that are
'e'xpressixg,r -
* The posterior P(0|D) oc P(D|0)P(#) belongs to the same

E\mily of distribution as the prior P(6)

* The posterior P(0|D) is easy to maximize

For example, a conjugate prior for binomial likelihood
function is Beta distribution

e

—



Beta distribution

A dlstrlzutlon |iBVeta distribution if it has the following
df: )‘I”‘” <’
P 1)90‘ L1 -6t  peler]

pdf of Beta - distributio 9‘70(8’0
<a+ﬁ

M@ - ﬂ

Is an expressive family of

Beta(1,1)
Beta(5,5)
50,50

Beta(50,50)
Beta(70,70)
eta(20,50)

K(a,B) =

ERECOOE

>
=

distributions K1, 1)=1 .
Beta(o = 1,8 = 1) is unifor . k / \ J
- "

Y\ Koo)' ® e
C .‘, . < & “) q g) 00 02 0.4 6 08 1.0




Q. Beta dlstrlbutlon is a continuous

A. TRUE]

B. FALSE




Q. Is this true?

/ T K, 8)0° (1 — 0)1dg = 1

A. YES | i p
— S (((0(76) 9@ C(r-6) 0=
B. No ©




Beta dlstrlbutlon as the conjugate prior

The likelihood isﬁinomial (N, k) p, [ = MTGer
<D\e>=( ) (1 - 6fF ol iadtnd
i< MK
The Beta distribution is used as the prior > C-o)

P)-K@pfda-of=

So P(9|D) o 211 — g)F+rN k- O Cr0)
A’z ik g'= pgInv-F

Then the posterior is Beta(a +k, 8+ N — k)

P(H‘D) — (cv +k B8+ N — k) 0‘+’“—1(1 _ 9)6+N—k—1

2 7o) o Ploro o =




The update of Bayesian posterior

Since the posterior is in the same family as the
conjugate prior, the posterior can be used as a new prior
if more data is observed. P (-ID.) — P (.(9*)

—

] 1T
Suppose we start with g(l?niform prior on the peeioy

- < | |
probability © of heads (2=} 3
%  Then we see §_H 9]’ 'Bc h !

%  Then we see 4H 3T for 7H 3T in total

%  Then we see 10H 10T for 17H 13T in total
¥

Then we see 55H 15T for 72H 28T in total
N

72H, 28T

17H, 13T

posterior on p(H)

— .




The update of Bayesian posterior

Since the posterior is in the same family as the
conjugate prior, the posterior can be used as a new prior

if more data is observed. |
Bea=( L 1) a‘ d- k
Suppose we start with a uniform eror on the P ﬁ'f'“ e

probability O of heads -
8_
N k o B =
1 1 = 6r
8 17H, 13T
= ,
2 U - v 5 4t
10 7 8 7 g
30 17 20 ol _
100 72 . . 0 — | |
0 0.2 0.4 0.6 0.8 |



Simulation of the update of Bayesian

vosterior

https://seeing-theory.brown.edu/bayesian-inference/
index.html



Maximize the Bayesian posterior (MAP)

The posterior of the previous example is

PO|D) = K(a+k,B+ N — kg 1(1 — )Pt —+1

ol Pt‘::v) _ o =
Differentiating and setting to O gives the Iyw\_l? estimate
b/XV:, é — & — 1 _I_ k ?h";
p) o —— 87 6 — 2+ N ’/$ /
L J v — —96\ o =)
t -V 4 :
Aagl normeh = — =67 =1

(41— 213



Conjugate prior for other likelihood

functions

If the likelihood is Bernoulli or geometric, the conjugate
prior is Beta N =1

If the likelihood is Poisson or Exponential, the conjugate

prioris Gamma

If the likelihood is normal with known variance, the
conjugate prior is normal

e ——

-






Finish Chapter 9 of the textbook
Next time: PCA



Additional References

Robert V. Hogg, Elliot A. Tanis and Dale L.
Zimmerman. “Probability and Statistical
Inference”

Morris H. Degroot and Mark J. Schervish
"Probability and Statistics”



See you next time




A spinner example for MLE

f I have a spinner that has been divided into
three sections, 1, 2 and 3. The probability of
the spin ending in these sections are p?, 2p(1-
p), (1-p)? respectively. Suppose | spin N times
and find it n, times in section 1, n, times in
section 2, and n, times in section 3. What is
the MLE estimate of p?




A spinner example

Find the Likelihood function: The probability of seeing
the data given 0O = p;

This is a multinomial distribution, k=3, p, = 62, p,=26 (1-6),
P3 = (1'9)2

P(X1=n1,Xo=n9,... X =ng) = " 'p?lpSQ...pk

where N =ni1+ng+ ... + ng



A spinner example

Find the Likelihood function: The probability of seeing
the data given 0O = p;

This is a multinomial distribution, k=3, p, = 62, p,=26 (1-6),
P3 = (1'9)2

L N' 2\n1 . no . 2\ns3
P(DIB) = — o (69" (20(1 = 0))"*(1 — 0)°)

n'2n2 ni+nso no+2ns

L(9) =P(DI|0) = nl!n2!n3!e2 12 (] g)nets

LogL(0) = logC + (2n1 + ns)logl + (no + 2n3)log(1 — 0)



A spinner example

Find the Likelihood function: The probability of seeing
the data given 0O = p;

This is a multinomial distribution, k=3, p, = 62, p,=26 (1-6),
P3 = (1'9)2

LogL(0) = logC + (2ny + no)logh + (ny + 2n3)log(1 — 0)

d 2n1—|—n2 n2+2n3
—L() = — =0
do () 0 0
j— 2n1 + no _2n1 +ng

2n1 + 2%2 + 2%3 N 2N
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L@ )=c (1-0) & “-(9)2“'"9
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