Singular Value Decomposition

(matrix factorization)
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Singular Value Decomposition
Mxm
The SVD is a factorization of a mXn mymnto mxn
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where U isa mXm orthogonal matrix, VT isanxn orthogonal matrix and X%

is a mXn diagonal matrix. \OJ
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Reduced SVD
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What happens W]}sn A isnota square matrix?
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Let’s take a look at the product 2T¥ where X has the singular values of a A,

a M XN matrix.
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Assume A with the singular value decomposition A=UZVT. Let’s take a

look at ;he eigenpairs :i)l:’l;espondmi to AT A: (X, )\) @f A X = p) ¥
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In a similar way, A
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How can we compute an SVD of a matrix A ?
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Evaluate the 1 eigenvectors V; and eigenvalues A; of A" A \ﬂ, 0;9

Make a matrix V from the normalized vectors V;. The columns are called

“right singular vectors’ .
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Make a diagonal matrix from the square roots of the eigenvalues.
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Find U: A=UZXV!I = UX = AV.The columns are called the “left
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smgular vectors’ .
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Singular values are always non- nega’uve

* A matrix is positive definite i 1 for VX # 0 0

* A matrix is positive semi- deflmte ifx'Bx > 0 for Vx # O
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Cost of SVD

The cost of an SVD is proportional to M N% + n3where the constant of

N\NANAAAN
proportionality constant ranging from 4 to 10 (or more) dependmg on the algorithm.
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SVD summary:

 The SVD is a factorization of a mXn matrix into A = U X VT where U is a mXm
orthogonal matrix, VT isanxn orthogonal matrix and X is a mXn diagonal matrix.

* Inreduced form: A = URZRVRT, where Up is a mXk matrix, X is a k Xk matrix,
and Vg is a nXk matrix, and kK = min(m, n).

* The columns of V are the eigenvectors of the matrix ATA, denoted the right singular

vectors.

* The columns of U are the eigenvectors of the matrix AAT, denoted the left singular

vectors.

* The diagonal entries of 22 are the eigenvalues of ATA. o i = +/A; are called the singular

values.

* The singular values are always non-negative (since ATAisa positive semi-definite matrix,

the eigenvalues are always 4 = 0)




