Rounding errors
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Example

Show demo: “Waiting for 1”.

Determine the double—precision machine representation for 0.1

0.1 = (0.000110011 0011 ... ), = (1.100110011 ...),x2~*
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Machine floating point number

* Not all real numbers can be exactly represented as a machine ﬂoating—point

number.
* (Consider a real number in the normalized ﬂoating—point form:

X = i]. b1b2b3 bn e X Zm
* The real number X will be approximated by either X_ or X, the nearest two

machine ﬂoating point numbers.
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Exact number: X = 1.b1b2b3 bn X 2T
X_ = 1.b1b2b3 ...an 2m
Xy = 1.b1b2b3 ...an 2m+\0000 Ol}X 2m

|
€m

Gap between X4 and X_: [x; —x_| = €, X 2™

Examples for single precision:

X4 and X_ of the form q X 2-10
x4 and x_ of the form q X 2%:
X4 and X_ of the form q X 220;
X4 and X_ of the form q X 260:

The interval between successive ﬂoating point numbers is not uniform: the interval is smaller as the

magnitude of the numbers themselves is smaller, and it is bigger as the numbers get bigger.
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Gap between two successive machine floating point numbers

A ”toy” number system can be represented as X = +1. b b, x2™M
for m € [—4,4] and b; € {0,1}.

(1.00), x2° =1 (1.00), x2t =2 (1.00), x2% = 4.0

(1.01), x2° =125  (1.01), x2' = 2.5 (1.01), x22 = 5.0

(1.10), x2° = 1.5 (1.10), x21 = 3.0 (1.10), x22 = 6.0

(1.11), x2° =175  (1.11), x2! = 3.5 (1.11), x2%2 = 7.0

(1.00), x23 = 8.0 (1.00), x2* = 16.0 (1.00), x271 =0.5
(1.01), x23 = 10.0 (1.01), x2% = 20.0 (1.01), x271 = 0.625
(1.10), x2° = 12.0 (1.10), x2* = 24.0 (1.10), x2~1 = 0.75
(1.11), x23 = 14.0 (1.11), x2* = 28.0 (1.11), x2~1 = 0.875
(1.00); x272 = 0.25 (1.00), X273 = 0.125 (1.00), x2™% = 0.0625

(1.01); x272 = 0.3125  (1.01), x27% = 0.15625  (1.01), x2™* = 0.078125
(1.10), X272 =0.375  (1.10), X273 = 0.1875 (1.10), x27* = 0.09375
(1.11), X272 = 04375 (1.11), x273 = 0.21875  (1.11), x27* = 0.109375
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The process of replacing X by a nearby machine number is called

. . . eober : tOund
rounding, and the error involved is called roundoff error. s o™
220
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Round by chopping:
X is positive number X 1s negative number
Round up (ceil) muﬂd Howarde +00  |[round "'D\DO\"@ &0
£0(0) = et LA EN
Round down (floor) m\LY\O\ HOLWOaS 2D (*O\LM tounnds -
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Rounding (roundoff) errors = «

M) Z M) -
Consider rounding by chopping: \ <L N
® 9 9
* Absolute error: r_ * das
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e Relative error:
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Rounding (roundoff) errors er<6x ‘D |
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Single precision: Floating-point
math consistently introduces relative
errors of about 1077, Hence, single
precision gives you about@

(dec1mal) accurate dlglts

| Rule of s L

@ @ @
X_— x = 1. b1b2b3 bn e X Zm X+
Em
| — x| —23 ~7 | — x| j}52 -16
<27°= 1.2x10 < 2774= 2.2%X10
| x| | x|

<5x\0

Double precision: Floating-point
math consistently introduces
relative errors of about 10716,
Hence, double precision gives you

about|/16 k decimal) accurate
digits.
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X X Xy
Assume you are Working with IEEE single precision numbers. Find the smallest
number @ that satisfies f < 8@
28 + a #+ 28 2 +0 = Q
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Demo

Q_—;\O P:\O

whie  (aepd=> &

B= B/2
?riﬁl\/b (%)
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Mathematical properties of FP operations

Not necessarily associliative:

For some X , Y, Z the result below is possible:

x+y)+z £x+ (y+2)

Not necessarily distributive:

For some X , Y, Z the result below is possible:
z(x+y) #zx+zy

Not necessarily cumulative:

Repeatedly adding a very small number to a large number may do
nothing

Demo: FP—arithmetic/
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Floating point arithmetic

Consider a number system such that X = *1. by b, b3 Xx2™M
for m € [—4,4] and b; € {0,1}.

Rough algorithm for addition and subtraction:
1. Bring both numbers onto a common exponent

2. Do “grade—school” operation
3. Round result

. Example 1: No rounding needed

@ a = (1.101), x21!

b = (1.001), x21 )
lO.\\Oxi‘ = LOHC)xiz - l.OlNx) v
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Floating point arithmetic

Consider a number system such that X = *1. by b, b3 Xx2™M
for m € [—4,4] and b; € {0,1}.

. Example 2: Require rounding

a = (1.101), x2°

(D b =(1.000), x2° ’
( )
10400 = \.()lolxi1 —Q>PPW\9 |.OIO X2

. Example 3:
a = (1.100), x21! . [
® b = (1.100), x271 —>O. 0110 2 %« =0.01100x7)

\
—  L\00ox2 |
+ O‘D\\OOXD.

\_ L1t x2 (no fownding NL@QA)/
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Floating point arithmetic

Consider a number system such that X = *1. by b, b3 byx2™
for m € [—4,4] and b; € {0,1}.

. Example 4:

a=(1.1011), x21 } N are’ Jou’ Ho

b = (1.1010), x21 eadn orr

\
C =0 -% \.\oil <2
\.\0\0O x 2!
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Cancellation
a = 1l.a;a,a3a4a50a¢ ... Ay .. X2™ lost ?rec(SCOV)
b = 1.byb,bybsbsbg .. b X 2m2 due +o
roundirgg
Suppose @ = b and single precision (without loss of generality)
a=1. A10720304050¢ ... a20a2110m L x2m
b = 1. A1A70304050¢ ... a20a2111b24b25b26b27 LLX2M
W
Wlo-) = 0.0000 ----0001 x 2 |
k (s Hvophic
— vormalizg Qoncaliakion

_ntwm

2 n \ \
lo-a) ¢ OOOOV, ' OO’X\ o s 1%}“1 Bt bits (spurious
N n bts 2010 g y
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Example of cancellation:

Aappot Q = \.)Oll0sGg0s - ,<2'

b = 1‘0\0 ‘%bcba- -—--
g A n=4 o.=\- \O\\xz
UbW% ol = b=\ »oxoxz
Q/\o s . 1O\ Sls Q¢ Oa -- - x 9
(D) ). 1010 b e by -
0.000)\ x9' e
mad(“ne \ kg_,\/\, dON'Q :j »,0: %=
Wit ccz Salguly
conca\\ OénQVL S%“ ooty %fa
,‘lrgm, 3
|. 0000 ><2 @to\;\;‘% .
3 si%)hr\(‘\\'w‘r 6“8'\;3

-




-

Cancellation

a = 1l.a;a,a3a4a50a¢ ... Ay .. X2™
b = 1. by b,bsbybsby ...b . x2m2

For example, assume single precision and m1 = m2 + 18 (without loss of
generality), i.e.a > b

fl(a) = 1.a,a,a30,a50¢ ... Ay ap3 X 2M18
fl(b) — 1.b1b2b3b4b5b6 ...b22b23>(2m

1.a10,0304050 ... AypQy3 X218

+ 0.0000...001bybyb3b,bsx2M+18

In this example, the result f l(a+b) only included 6 bits of precision from
fl(b). Lost precision!
' Y,
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Loss of Significance

How can we avoid this loss of significance? For example, consider the

function f(x) =Vx¢+1—-1

If we want to evaluate the function for values X near zero, there is a

potential loss of significance in the subtraction.
Lej g consider fve &LCLTTOD d.xa’:t arthmeh e and

evalote 6ok x= o>

S _ g.cz,UO (SSW\UL\?X“
W)= A=+ -4 = zero g‘;“ ine

Qp’\‘m Gn"' \D& )

how o We dotcun  lodHer results
ond  Ouotd cona\afiow 7
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Loss of Significance

2
X
ezt 11 (no subtractio

Re-write the function as f(x) = n!)

Re-orite b Funchion 4o "ol mipcle ' subhachen of-
s TADS  MULTNDACS

= L&) =(4xm‘»\)(5?j . 1>

Ix+l + 4
N 2
‘@xzirl)-\z e e ;( |
I T2 (@ +
A%l + 4 \Paalkd :‘*’Mt |
) u - Undr 0 is not 2¢ro, €.
) -2 (v i ot sroller +an UFL)

_6
Y 0 € €
S\0+\+\ 2 m
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Ifx = 0.3721448693 and y = 0.3720214371 what is the relative error in the computation of

(X — y) in a computer with five decimal digits of accuracy?
: « N
op o einle T ugm\a T U Ch%l‘fs xX=0339219
v 'g = 0.37202

_ |\ (- q) (- g)\ (m\o:h‘uemorof&ﬁerence)
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