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Learning Objectives

Finalize the use cases behind sketching

Observe how Minhash identifies set similarity using sketches

Review all CS 225 material! é’/ B




Big Picture of Sketching

If you can't store or analyze a data collection using exact approaches...

Bloom Filter Sketch Query  plesence

S ——
1) Hash every item one at a time

B . D) Store in a bloom filter

=L F Cardinality Sketch
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1) Hash every item one at a time
2) Store the k-th minimum hash value
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Similarity Sketches

Claim: Under SUHA, set similarity can be estimated by sketch similarity!

Image inspired by: Ondov B, Starrett G, Sappington A, Kostic A, Koren S, Buck CB, Phillippy AM. Mash Screen:
high-throughput sequence containment estimation for genome discovery. Genome Biol 20, 232 (2019)




MinHash Construction

$={16,8,4,13, 15} Algorithm is trivial:
h(x) =x% 7 1. Hash each item
k=3 2. Keep the k-minimum values in memory

(Ignore collisions / duplicates)

16%7=2
89%7=1 o|
4%7=4 2
13%7=6

15%7=1 2| 4




MinHash Jaccard Estimation

Given sets A and B sampled uniformly from [0, 100], store the

bottom-8 MinHash: —
. — E————
gl Sketch A Sketch B
BoMen 2 3 |15 > | 9
wia et 7 |17 3 | 11
Uo\bles
8 | 22 6 | 17
11 | 23 7 | 23
0 8 16 24

A 3 7 8 11 15 17 2223
B 2 3 67 9 11 17 23



MinHash Jaccard Estimation

We want to estimate the Jaccard Coefficient:

Sketch A

3

15

14

17

8

22

11

23

15

16

AUB
ANB
Sketch B
2 9
3 | 11
6 | 17
7 | 23

17
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24
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MinHash Jaccard Estimation

B
What do we know about A U B? S [¢ake L O
Sketch A / Sketch B /L) \
2 € | P
3 | 15 2 9
L 3 | 11 39 |2
—— s D N T PP
11 | 23 7 | 23
7 l';\
16 24 \
3 11 15 17 5093

17

23




MinHash Jaccard Estimation

We dont know A U B, but we can make a sketch!

— SketchA U B

Sketch A Sketch B 5 o
3 |15 2 |9

7 |17 U 3 (11| 3 | 1

8 |22 6 17| 6 15
11 | 23 7 | 23

7 17

0 8 16 24

A 3 7 8 11 15 17 2223
B 2 3 67 9 11 17 23




MinHash Jaccard Estimation @

Estimate | A U B| (the cardinality of the union) from sketch:

SketchA U B Oursets sampled from [0, 100].

2 8
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MinHash Jaccard Estimation

Can we build a 8-Minhash of A N B?

SketchANB
Sketch A Sketch B
(3] 15 2 | 9 S
@@ P ) | 7] 23
8 | 22 6 A7) 7 N4
D @) 23}
miT=a X
0 8 16 24




MinHash Jaccard Estimation

Not guaranteed to be able to get a full sketch of the intersection!

Sketch A Sketch B SketchA N B
3 | 15 2 9 3 | 23
7 |17 3 | 11 !
N p—
8 | 22 6 | 17 11
11 | 23 [/ | 23 17
0 8 16 24

A 3 7 8 11 15 17 2223
B 2 3 67 9 11 17 23




MinHash Jaccard Estimation

Using MinHash sketches, we can estimate |A|, | B|,and |A U B]|
/

/_—/"\

Is this enough to estimate the Jaccard?




Inclusion-Exclusion Principle

AnB| = 6+ (B 1 8




MinHash Indirect Jaccard Estimation
|Aln|B| |Al+|B|-|AUB| k = 8MinHash sketches

|AlU|B| |AU B| Our sets sampled from [0, 100]
Sketch of
SketchA ~ SketchB [AUB|  (800/23-1)+ (800/23~1) — (800/15-1)
3 |15 2 |9 2 | 8 _7 800/15—1
7 |17 3 | 11 3 | 9 /
8 | 22 6 |17 6
m m 34.782 +34.782 — 53.333 — |

53.333 -1 —_—

(]

g



MinHash Direct Jaccard Estimate

We can also estimate cardinality directly using our sketches!

Sketch A Sketch B Intersection Union
3 |15 2 o)
7 |17 3 | 11
8 | 22 6 | 17

11 ] 23 7 | 23




MinHash Sketch @

We can convert any hashable dataset into a MinHash sketch

“ * @36}5) v (A8 ]

We lose WL but we can still estimate two things:
1. (Oré‘:nq(\l\,}

Lo
2. Seb Swilal,




Alternative MinHash Sketch Approaches

Rather than use one single hashes and take bottom-k, we can also use k
hashes — if you have access to that many independent hashes!




S,: CATGGACCGACCAG GCAGTACCGATCGT : S,

CAT GAC GAC GTA CGA CGT

1) Sequence decomposed ATG ACC ACC AGT CCG TCG
into kmers TGG CCG CCA CAG ACC ATC
GGA CGA CAG GCA TAC GAT

Assembling large genomes with single-molecule sequencing and locality-sensitive hashing
Berlin et al (2015) Nature Biotechnology




S,: CATGGACCGACCAG GCAGTACCGATCGT : S,

CAT GAC GAC GTA CGA CGT
1) Sequence decomposed ATG ACC ACC AGT CCG TCG
into kmers TGG CCG CCA CAG ACC ATC
GGA CGA CAG GCA TAC GAT
_ _ r, r, r T, \ / r, r, r T,
2) Multiple hash functions 19 14 57 36 CAT GcA 36 19 14 57
14 57 36 19 ATG CAG 18 13 56 39
(') map kmers to values. 58 37 16 15 TGG AGT 11 54 33 28
40 23 2 061 Gcca GTA 44 27 6 49
33 28 11 54 cAC TAC 49 44 27 6
5 48 47 26 ACC ACC 5 48 47 26
22 1 60 43 cCcCaG CCG 22 1 60 43
24 7 50 45 cGa CGA 24 7 50 45
33 28 11 54 GAC GAT 35 30 9 B2
5 48 47 26 ACC ATC 13 56 39 18
20 3 62 41 cca TCG 54 33 28 11
18 13 56 39 CAG CGT 27 6 49 44

Assembling large genomes with single-molecule sequencing and locality-sensitive hashing
Berlin et al (2015) Nature Biotechnology




S,: CATGGACCGACCAG GCAGTACCGATCGT : S,

CAT GAC GAC GTA CGA CGT
1) Sequence decomposed ATG ACC ACC AGT CCG TCG
into kmers TGG CCG CCA CAG ACC ATC
GGA CGA CAG GCA TAC GAT
_ _ r, r, r T, \ / r, r, r T,
2) Multiple hash functions 19 14 57 36 CAT GCA 36 19 14 57
14 57 36 19 ATG CAG 18 13 56 39
(') map kmers to values. 58 37 16 15 TGG AGT 11 54 33 28
40 23 2 61 cea GTA 44 27 6 49
33 28 11 54 GAC TAC 49 44 27 6
5 48 47 26 ACC ACC 5 48 47 26
22 {1 60 43 ccG cce 22 1 60 43
24 7 50 45 CGA CGA 24 7 50 45
33 28 11 54 GAC GAT 35 30 9 52
5 48 47 26 ACC ATC 13 56 39 18
20 3 62 41 cca TCG 54 33 28 11
18 13 56 39 CAG CGT 27 6 49 44
3) The smallest values for (5. 1 2 15] (5 1 6 6]
each hash function is chosen Sketch (S;) Sketch (S,)

Assembling large genomes with single-molecule sequencing and locality-sensitive hashing
Berlin et al (2015) Nature Biotechnology




S,: CATGGACCGACCAG GCAGTACCGATCGT : S,

CAT GAC GAC GTA CGA CGT
1) Sequence decomposed ATG ACC ACC AGT CCG TCG
into kmers TGG CCG CCA CAG ACC ATC
GGA CGA CAG GCA TAC GAT
. . r, r, r T, \ / r, r, r T,
2) Multiple hash functions 19 14 57 36 CAT GcA 36 19 14 57
14 57 36 19 ATG CAG 18 13 56 39
(') map kmers to values. 58 37 16 15 TGG AGT 11 54 33 28
40 23 2 061 Gcca GTA 44 27 6 49
33 28 11 54 cAC TAC 49 44 27 6
5 48 47 26 ACC ACC 5 48 47 26
22 1 60 43 cCcCaG CCG 22 1 60 43
24 7 50 45 cGa CGA 24 7 50 45
33 28 11 54 GAC GAT 35 30 9 B2
5 48 47 26 ACC ATC 13 56 39 18
20 3 62 41 cca TCG 54 33 28 11
18 13 56 39 CaAG CGT 27 6 49 44

3) The smallest values for 2, 5] @@ 6 6]
ketch

each hash function is chosen (S;) Sketch (S,)

A : J(S,,S,)=2/4=05
4) The Jaccard similarity can (S1. S) =2/

be estimated by the overlap Sy CATTGﬁ%TCTAG
iIn the Minimum Hashes S,: GCAGTACCGATCGT
(Min HaSh) Assembling large genomes with single-molecule sequencing and locality-sensitive hashing

Berlin et al (2015) Nature Biotechnology



MinHash in practlce
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Mash: fast genome and metagenome distance estimation using MinHash
Ondov et al (2016) Genome Biology




Alternative MinHash Sketch Approaches

What if | have a dataset which is much larger than another?

$1={1,3,40,59,82,101}
$:={1,2,3,4,5,6,7,...59,82,101, ... }







Alternative MinHash sketches

Bottom-k minhash has low accuracy if the cardinality of sets are skewed

0 Hash space 2b 0 Hash space 2b

Ondov, Brian D., Gabriel J. Starrett, Anna Sappington, Aleksandra Kostic, Sergey Koren,
Christopher B. Buck, and Adam M. Phillippy. Mash Screen: High-throughput sequence
containment estimation for genome discovery. Genome biology 20.1 (2019): 1-13.




Alternative MinHash Sketch Approaches

If there is a large cardinality difference, use k-partitions!




K-Partition Minhash

>

1010110101
00011116016
1101101011
1011010110
0101100000
00160001101

00
011110160
10001101

01
01100000

10
10110101

110101160

11
01101011



Probabilistic Data Structures @

Probabilistic data structures trade accuracy for efficiency
‘@;Q

—_—

Most can maintain surprisingly good accuracy

“Cheat”Big O limitations on conventional data analysis

/\/\//




CS 225 Review Material
Monday (and Wednesday to finish slide deck)

L7 NO Now Md“Qr;\‘ll
Q 4~




Material covered here is not only material in class!

Represents only an attempt to provide some helpful resources.

Brad’s suggested review strateqgies:

1) Go through Iecture content (focus on|review sllde} @

If there's material you don’t remember fully, rewatch lecture
Many slides have dates to make this easier!

2) Go through practice exams once e_\

If there’s material you are struggling with, focus efforts here
<

3) Review course assignments ) ﬁ

Don’t look at your solution until after attempting it from scratch
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0 X
Llstlmplementatlon "+ S L February2 @

(Array List)
Look up arbitrary location O /)
Insert after given element )
Q7 a 18\/\ . O (l )
R
Remove after given element ) ( )
(?P”“""V o P (‘ O /)

« f

Insert at arbitrary location oA T"‘ ( A1) wA
1 (1) (ﬁoh" O A vert O(")

Remove at arbitrary location
O(n) d(n)

Search for an input value ® (”) O(/I)

' 5 Fgor) r Tusert [Reaie Rt R ¥
X Specd (sl . (Q“S"&? e ol) ok fall




Lists %@%

The not-so-secret underlying implementation for many things

Look up arbitrary location O(n) 0(1)
Insert after given element 0(1) o(n)
Remove after given element 0(1) O(n)
Insert at arbitrary location o(n) O(n)
Remove at arbitrary location O(n) O(n)
Search for an input value O(n) O(n

Special Cases:

insertBack (not full)




Stack and Queue February 6 (Review Lecture)

Taking advantage of special cases in lists / arrays
o) insertBack O(1)

AN

/‘-\ {
E L le, q/WI/Q /) @,“t"{
insertFront O(1) insertBack O(1)

"’Q

Fead tail
=N N

cl & sl & |26 216 |5 &
c




Stack ADT February 6 (Quacks Lecture) N hea)
. O
e [Order]: (,/@&L n fugt oub | ("\@ S

. [Implementation]: Tnlvial as cl@y & Vg 1
e pELY
bad = Top ‘,\m\: op

e [Runti :
me O )* ()

Qagl’ .
00 PO dlless cllay

T/CQCOP‘?L all aqess  (wks dre O(‘)/



Stack ADT NVt
o [Order]: LIFO (Last in first out) m
)

 [Implementation]: Array (such as std::vector)

Linked List also works using insert / remove Front

e [Runtime]: O(1) Push and Pop )

If using array, O(1)* if we need to resize.

— —




Queue ADT @
[Order]: T iy ' First oul

e [Implementation]: T(‘:v"'\l\/ as LL
W/ (\.f(u\a/ %\H\M’ as C(((:y

Runtimel:( 1 &
[Runtlme].@(l) Wl"‘ln atay  dmerke) O

February 6 (Review Lecture)



Queue ADT o eosO
o [Order]: FIFO (First In First Out) 0

 [Implementation]: Circular Queue as Array

Linked List also works using removeFront / insertBack

e [Runtime]: O(1)* (wherlLesizing), O(1) if not resizing!

x\

.—_‘f




lterators February 6 (Iterator/Review Lecture)
The actual iterator is defined as a class inside the outer class:

1.1t must be of base class std: :iterator

2. It must implement at least the following operations:

.
Iterator& operator ++() — /¢ o Aot ?"s\ CM |
W a SYgirmedic W4y,

const T & operator *() — It
- P () C\Pfe&rg,\q Ope or

bool operator !=(const Iterator &)

¢~ Compre tho tertor
/‘\} (D\bJe(\‘s




Iterators (225 Webpage Resources)

o m

ol 1123 o123 (123

Y s|\6 7 Y| s|5 7 S|6 |7

:&ﬂ:ou gl a0 ﬁﬂ:ou

1213141 12/ 131415 12/ 03[ 1415
end end

https://courses.grainger.illinois.edu/cs225/resources/iterators/



https://courses.grainger.illinois.edu/cs225/resources/iterators/

Trees

Labs in this section great for reviewing fundamentals
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Tree Traversals

(00N

Pre-order:& > S ¢
lobt to ci —

In-order: \ A Qg 70 3 o
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Tree Traversals (1) @
(2 (1,

ORSONR OO
ORRONOIO

Pre-order: 1,2,3,5,4,6,11,8,7,10,9
In-order:3,2,4,5,6,1,8,7,11,9,10

Post-order:3,4,6,5,2,7,8,9,10, 11, 1




Depth First Search Max size of stack = Height of Tree

Explore as far along one path as possible before backtracking

Make a stack initialized with root

While stack isn't empty:
= ——ay
Pop top element (as tmp)

Print tmp
| ~%
Push tmp->right to stack

Push tmp->1eft to stack
——

Stack: 1,11, 2,5,3,6,4,10,8, 7,9
Print: 1,2,3,5,4,6,11,8,7,10,9




Breadth First Search Max size of queue = Width of Tree
Fully explore depth i before exploring depth i+1

Make a queue initialized with root
-—

While gueue isn't empty:
Dequeue front element (as tmp)
Print tmp

Enqueue tmp->left

Enqueue tmp->right

4
Queue: 1[2, 11' 3,5,8, 10*4, 6,7,9

Print: 1,2, 3,5,4,6,11,8,7,10,9




BST Find find (66)

A recursive function based around value of root:

1 :
Base Case: If rootis null, return root S t’/y rgbt
Let tmp = root->key()

tmp == query, return root
Recursion:

tmp < query, recurse right
tmp > query, recurse left
Combining:

Return the recursive value back up the tree |
P Vgt hetght by vt @
gd(n)



OooodJouldkd WDNBE

template<typename K, typename V>

TreeNode| *& _find(TreeNode *& root, const K & key) {

S~
// Base Case — Po‘t/'"" K (@p

if (root == nullptr || root->key == key) {

return root; \/S l/h\MQ

}

// Recursive Step (“Combining step” is ‘return’)
if (root->key > key) {

return find(root->left, key);
}

return find(root->right, key); °
} (3,

RY

O
9



1| template<typename K, typename V>
2
3|void insert(const K & key, const V & val) {
4
5 return insert(root, key, val);
6|}
7
1| template<typename K, typename V>
2
3|void insert(TreeNode *& root, const K & key, const V & val) {
4
* — 1 y - ALln
2 TreeNode *& tmp _find(root, key); Referen to puu Itcr _
7
8| tmp = new treeNode (key, wval);
9
10
11
12
13|}
14
15
: OO




BST Analysis — Running Time

BST Worst Case
Operation

find O(h)  O(n)
, O(h) # O(n)
insert
O(h) £ O(n)
remove
—
O(n)
traverse




AVL Rotations

Left Right LeftRight RightLeft
Root Balance: 2 -2 -2 2
Child Balance: 1 -1 T -1




AVL Rotations =

Four kinds of rotations: (L, R, LR, RL)

1. All rotations are local (other subtrees are not impacted)

[V

2. The running time of rotations are constant ?

S

3. The rotations maintain BST property

——

Goa’ AVLE Yee vl be  balan ced
G The wil  toke helght  boaded by

o (1)



AVL Tree Analysis

6’\/\0\ (614463 :
/

L

For an AVL tree of height h: 0 V/ee < Lq\oﬂ(ee)

Find runs in: O(l/)> . \

Insert runs in: O(M

Remove runs in: O( %> :

Claim: The height of the AVL tree with n nodes is: O ( ‘Oj /))




Nearest Neighbor: k-d tree

A k-d tree is similar but splits on points:

(7J2)) (534)) (9)6)J (4J7)J (2J3)J (8J1)J (9J8)

x-split (7,2)

"\

y'Sp“t (514) (916)

© = MWL NN E

ol 2% 4SS o+ %9 10



Nearest Neighbor: k-d tree

Search by comparing query and node in single alternating dimension

(3-,. 2)

(Sn‘;'{ (‘i (0)
25 @9 (8 ) @ 8)

©O = MWL O NNDDTS

o1l 23 4SS pPpF 9 10



Nearest Neighbor: k-d tree

Backtracking: start recursing backwards -- store “best” possibility as
you trace back

@y | |

- (S H) (4 (o) : T
%= 4
(2 by ‘-H) (8 ) (%) 1 1

Ol 2 %34S PbTt TG 10



Nearest Neighbor: k-d tree

May have to recursively check other branches of tree — why?

Potentially better point in this small area

/IR ar

©O = MWL VO NNDDS

Ol 2 %32 4SS pF+F TG 10



Nearest Neighbor: k-d tree @

(11 2)

}5:") (Q (0)

2% @7 (s 1) (q 8)

©O = MWL O NN TS

Ol 2 2 4SS pPbT+ 9 10



. n.| &
BTree Properties ﬂﬁ/i\%

A BTrees of order m is an m-ary tree and by definition# ,, ('Y,
- All keys within a node are ordered

- All nodes contain no more than m-1 keys.

- All internal nodes have exactly one more child than keys

o A ARVTN
O &

Root nodes can be a leaf or have La\ , C"] children.

i} T( St /'.“5) ’s ,‘(P)'s
E 15
All non-root, internal nodes have L > M] children. <t
, @"'—

All leaves in the tree are at the same level.



BTree Find

Base Case:

If root is empty, return

If leaf, do array find() and return

— e

-11

Recursive Step: A\
;

Array find() for match or first greater value

Recurse on appropriate child

Tip: Index of first greater value is index of child we want to visit!

42

55

25

31

43

60




BTree Insertion

When we hit M items, split into three nodes!

1) Create new parent node w/ median value

2) Split existing array into ~M/2 partitions

3
¢D¢

EEINSEIE

Insert (6)
Insert (7)
Insert (8)



BTree Recursive Insert Insert(56), M = 3 @

Insert always starts at a leaf but can propagate up repeatedly.

LI)

/

aa]) r\




Final thoughts on Trees

Trees have a large space of possible coding questions
We hit tree iterators multiple times...

You saw tree constr | shapes...

\
You've seen trees on previous exams...

=

.




B

1) lookup
1) swap
1)* insertBack

Heap

Taking advantage of special cases in lists / arrays

Array List (Pointer implementation)

T* Start T* Size T* Capacity

size_t Capacity

size t Start

Array List (Index implementation) size_t Size




(min)Heap

By storing as a complete tree, can avoid using pointers at all!

( Ohyl”[( 7[/06:

If index starts at 1: da

leftChild (i) : 21
=

rightChild (i) : 2;1/

parent (1) : floor(i/2)£ﬁf‘ 4| 5|6 15 9 7 20
il o 1 2 3 4 5 6 7
T q




Insert "
ol

1) Insert at end of array

2) Check if minHeap still valid

Insert (2)

3) Swap with parent if needed e e 0 0

Steps 2 and 3 are recursive!

o),

12

O(\\

(/VGF
N

4

{%\/ﬁ
6 15 9 | 7 20|16/ 251

4 5

11

8

S

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15




removeMin

1) Swap goot with last item

(and remove)

(and modify size)

2) HeapifyDown( ) root

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15




minHeap

1. Construction
O(n) )
—

2. Insert
O(log n)
3. RemoveMin

O(log n)

4 5 6 (15 9 7 | 20|16 | 25| 14 | 12 | 11

minHeap is a good example of tradeoffs:

—

Array memory locality Not intended for random access

Fast access of min item Some wasted space




Final thoughts on Heaps

Building a heap on different datasets is a useful exercise

S ——

You haven’t been tested on heaps yet...




Disjoint Sets




I

(&
A dwll
O

Disjoint Set Implementation &

'\6
Taking advantage of array lookup operations

Store an UpTree as an array, canonical items store height / size

-

9\«'5 (ononte | wlue

Fmd(k). Repeatedly look up values until negative value \

o
Union(ki, k2): Update smaller canonical item to point to larger

OO) Update value of remaining canonical item

£ have Conalp)  ems —



Disjoint Sets - Smart Union  Height 2 -> Height 3 @

Two O(1) methods of combining two sets ﬁ
\@ L

Claim: Both limit height to: O(log n). @/
Before Union After Union Size 8 <- Slze 4
Union by height 4 .. 7 4 ... 7 |dea: Keep the height of the
= -3 -] 4 tree as small as possible.
Union by size S I 4 .. 7  |dea: Minimize the number of

4 -8 7 -12 nodes that increase in height



Disjoint Sets Path Compression \/

Minimizing number of O(1) operations

OoOJo U dWN R

int DisjointSets::find(int i) ({
if ( s[i] < 0 ) { return i; }
else {
int root = find( s[i] )
s[i] = root; N

return root;
) (10
}

@'@
@/b

@/@f‘@

Find (6)

Yet another benefit to array usage!

—

L |
ONONO

ol

Gt (Qnon\t,) lf'vi './)



Please fill out FLEX Evaluations

Always appreciate feedback on classes!

/




Graphs




Graph Implementation: Edge List 1VI= n, |[E|= m

The equivalent of an ‘unordered’ data structure

Q. Vertex Storage:
70X
© b @ d © An optional list of vertices
u u v a N
v Tw s ‘ Edge Storage:
" Tul. M Alist storing edges as (V1, V2, Weight)
z w z d L

______________________________

Most graphs are stored as just an edge list!




Graph Implementation: Adjacency Matrix

IVI= n,|E|=m
Vertex Storage:

/ \ A hash table of vertices

©) Implicitly or explicitly store index
<)(1 “‘*

N~ \
d | o - Edge Storage:
A |V| x |V| matrix of edges

b 0, Weightis stored at position (u, v)
d 1




Adjacency List Vertex Storage: @

A bidirectional linked list with size variable

(W
/ bx ; Each node is a pointer to edge in edge list
© @—Q

I'<t Edge Storage:

. Alist of (v1, v2, weight) edges

-~ Also store pointers back to nodes




Adijacency List a c
J y /b\ g M(JHQ_ (e move) €§ R ANS

|V|= n, |E|= m ©) W Q)
Adj List Node: . -
*Prev | *Edge | *Next gzz \‘\\ﬁ
i v ‘i" *a 4P| *b
|_d=2] g R SEEEREE
\\ . ] i i 1 .
Edge List: Wl -~ 2\
izik*b?ﬂ*cﬁ*d N
| d=1]! i
[ Vi V2 Weightl m— \ \? g__> [ [ w ]
/ -~ (w \_\ | Pd:l\\'} *d E N z ;
< *V1 *V2 > B Al crime




|IV|=n, |E|=m

Edge List Adjacency Matrix Adjacency List
Expressed as O(f)

Space @ (: n2

$,u¢4¢

insertVertex(v) 1* <ometr) n* 1*
glJa ?L\
removeVertex(v) n+m n deg(v)
insertEdge(u, v) 1 @ 1*
min( deg(u),
removeEdge(u, v m
gelu, v) @ deg(v) 7
incidentEdges(v) m n deg(v)
: min( deg(u),
areAdjacent(u, v m @
G deglv)) |




I )I (\\‘ ‘Cl \‘(—Q P}' A
Traversal: BFS oo i sric o) pIEH AN
7 Depta (Siw*vo) A Q — BC Cheek \F
e B S
v\l\n:\e qutwe nok e“«?L‘/ c N 7L ABDEF m‘a': Veay
& S_ 7 b Jpegd
Frp = Yequone () D [ ACEFH
G Pocess all  cnldiyn E > B BCG
SR8} 4o quoue F 2x C cpa
— D: 5(-0\;@/\ (l\,ﬂw \lff‘\\’)t, k7 Sek <\(’V\’L (+mp. depih *ﬂ-)
-- Clas s (“\8 v"/\?x) G g prov (o tmp) G 2 E EFH
HS D DG

Al &6(0\.0\’ (Ag-:( e st\ *o‘)?
Al cdges pa tn dable are <te%$

s aades  hove f\w’ﬂnhhec) A/ g (/ }é g.]: H - )

April 3 Lecture e | (q,ww> Ba( K




Traversal: BFS IVI= n, |E|= m @
Initialize queue / depth / predecessor v d | P | AdjacentEdges
0 -

BCD

While queue not empty: f’f, BC
ACE
Remove front vertex of queue
ABDEF

Check if edge connects to new vertex

Set dist / pred if new vertex ¥

_—
Add unvisited edges to quete

Every edge visited twice

Every vertex processed onc
FOCESSEd O

e pacesed one

Running time? O(n +m)



Traversal: DFS  Initialize dist/pred/stack H
All dist null (start node dist 0)
)
« )
G

All pred -1 (start node pred -1 /2/
®) Stack loaded with start node s

While stack not empty
1 > tmp=stack.peek() O 1op()
. A

Process one child of tmp

4 — D’E Add to stack /&/
/ f \\\ dist = tmp.dist+1 C
@ E\< F '\f) pred = tmp D
\N\ /Z If no unvisited children A

o T1der stack.pop() April 6 Lecture Stack



Efficiency: DFS vs BFS V= n, |E|= m
BES: O(n + m)

/\)’1 P’

MBCD”EFHG

> > 9 >>
LA/BCD F G E({H

é/ —




Space Efficiency: DFS vs BFS

570

V‘/°

ﬁ%@"

/i fg ) P¥ ° Le




Summary: DFS and BFS |IVI= n, |E|= m@

Both are O(n+m) traversals! They label every edge and every node

BFS DFS

Solves unweighted MST Solves unweighted MST
Eolves shortest pathj

S(glves cycle detection Solves cycle detection

Memory bounded by width Memory bounded by longest path




Krusgal’s Algorithm 1) Build a priority queue on edges

~o v/~ A minheap

((|E= :)) ll:/ o A sorted array
:g E;;:‘ e Q 2) Build a disjoint set on vertices
(G, E) v’\/ " All vertices start as their own set
(((I:,’ :)2)\,7 = 3) Loop through min edges

If edge connects two disjoint sets %

Union sets and record edge in MS Tw

4) Stop when: )
Sae €n
N-1 edges recorded \~ rded ¥ ) <o) /

Only a single disjoint set remains




|IV|=n, |E|]=m

Kruskal’'s Algorithm

What is the Big O?

1 | KruskalMST (G) :

2 DisjointSets forest

3 foreach (Vertex v : G.vertices()): 2 E— 4: O(n)

4 forest.makeSet (v)

5

6 PriorityQueue Q // min edge weight . Hea p: O(m)

7 Q.buildFromGraph (G.edges ()) — 7- —i———

g Sorted List: O(m log m)
9 Graph T = (V, {})
10
11 while |T.edges()| < n-1: 11:mx<12'17>
12 Vertex (u, v) = Q.removeMin ()
13 if forest.find(u) != forest.find(v): Heap: O(log m)
14 T .addEdge (u, v) 1 2_1 7: -
15 forest.union( forest.find (u), Sorted |_|St: O('])
16 forest.find(v) )
17
18 return T
19

Disjoint set we treat as O(1) b/c path compression w/ smart union




Kruskal’s Algorithm

Priority Queue:
Sorted Array

Buﬂdlng

O(m) O(m log m)

Each removeMin

12 O(m log m)

O(m)

Both resultinm + mlogm
Why is heap good?
If edge weights can change!

[ —

Why is sorted array good?

OWooOJoUldWN =

KruskalMST (G) :
DisjointSets forest
foreach (Vertex v :

forest.makeSet (v)

G.vertices()):

PriorityQueue Q // min edge weight
Q.buildFromGraph (G.edges ())

Graph T = (V, {})

while |T.edges ()| < n-1:
Vertex (u, v) = Q.removeMin ()
if forest.find(u) '= forest.find(v):

T .addEdge (u, v)
forest.union( forest.find(u),
forest.find(v) )

return T

Sorted array not destroyed and can be useful in other algorithms!




OWCoOoOJoUldWN =

PrimMST (G, s):
Input: G, Graph;
s, vertex in G, starting vertex
Output: T, a minimum spanning tree (MST) of G

foreach (Vertex v : G.vertices()):-w
d[v] = +inf
p[v] = NULL

d[s] =0 —_

PriorityQueue Q // min distance, defined by
Q.buildHeap (G.vertices())
Graph T // "labeled set"

epeat n times:ér’ &
Vertex m = Q.removeMin ()

T.add(m) € Ald Y vedn & My M<T

d[v]

foreach (Vertex v : neighbors of m:
*. if cost(v, m) < d[v]:

d[v] = cost(v, m & ts Th"“fl\ m s
plv] = m
d'st

Sl Hh, (Wife,

return T “Pd%k

€)e.




Prim’s Big O IVi=n,|El=m

6 | PrimMST (G, s):
7 foreach (Vertex v : G.vertices()):
7 — 9:0(n) 8 d[v] = +inf
9 pl[v] = NULL
10 d[s] = 0
11
12 LgriorityQueue Q // min distance, defined by d[v]
1 2_1 4: 13 .buildHeap (G.vertices())
14 Graph T // "labeled set"
I . 15
MInHeap' O(n) 16 repeat n times: &
17 Vertex m = Q.removeMin ()
Unsorted Array: O(1) 18 T.add(m)  ———— Z
19 foreach (Vertex v : neighbors of m not in T):
20 if cost(v, m) < d[v]: \
e Jo B : 21 d[v] = cost(v, m) I
16—22: Complicated! 21 alvl = e *
23

Depends on choice of PriorityQueue (MinHeap vs Unsorted Array)

-—

Depends on choice of Graph (Adjacency Matrix vs Adjacency List)
) T




. ) . 6 | PrimMST (G, s):
7 foreach (Vertex v : G.vertices()):
Prim’s Algorithm | 7| fezeae e
9 pl[v] = NULL
Sparse Graph: m ~ n 10| d[s] = 0
— 11
- 12 PriorityQueue Q // min distance, defined by d[v]
AdJ LISt Heap beSt 13 Q.buildHeap (G.vertices())
14 Graph T // "labeled set"
15
16 repeat n times:
17 Vertex m = Q.removeMin ()
Dense Graph: m ~ n2 18 T.add (m)
19 foreach (Vertex v : neighbors of m not in T):
20 if cost(v, m) < d[v]:
Unsorted Array best 2> ey e e
22 plvl] = m
23

_ AdiMatie  Adilst

Heap O(n2 + m Ig(n)) O(n Ig(n) + m Ig(n)) — los »
Unsorted —
ey o(n) <—— Al S 0(n?)




MST Algorithm Runtime:

Kruskal’s Algorithm: Prim’s Algorithm:
O(n+mlog(n)) C— — O(nlog(n) + mlog (n))

Sparse Graph: m ~ n

Both arenlogn

Dense Graph: m ~ n2

Both are n2log n
R




November 5th

Dijkstra’s Algorithm (SSSP) O(m.+ n log )

What is the running time of Dijkstra’s Algorithm? The same as Prim's!

DijkstraSSSP (G, s):
6 foreach (Vertex v : G):
6-9: O(n) 7 d[v] = +inf
8 plv] = NULL
9 d[s] = 0
10
- . 11 PriorityQueue Q // min distance, defined by d[v]
1 1 12' O(n) 12 Q.buildHeap (G.vertices())
12 Graph T // "labeled set" m‘GS 1
15 repeat n times:
15: repeat be|OW N X 16 Vertex u = Q.removeMin ()
17 T.add (u)
18 foreach (Vertex v : neighbors of u not in T):
. 19 if cost(u, v) + d[u] < d[v]:
16-22: O(|Og n) 20 d[v] = cost(u, v) + d[u]
21 plv] = m (
! 22 ) ‘/>O(
[w/ Fib Heap O(1) updates] | 55| .eturn T 9\ A %
—




Dijkstra’s Algorithm (SSSP) @

DijkstraSSSP (G, s):

6 foreach (Vertex v : G.vertices()):
10 (B) 7 d[v] = +inf
8 p[v] = NULL
@D/S : B0
3 10
11 PriorityQueue Q // min distance, defined by d[v]
12 Q.buildHeap (G.vertices())
13 Graph T // "labeled set"
14
15 repeat n times:
16 Vertex u = Q.removeMin ()
4 17 T.add (u)
<E> 18 foreach (Vertex v : neighbors of u not in T):
19 if cost(u, v) + d[u] < d[v]:
20 d[v] = cost(u, v) + d[u]

“Ths 21 plvl = u N

A | 8 [ c | b [ E | F | 6| n |NISSEEEENIRRI
- A E B G A F C

0 10 16 15 10 7 8 20




Dijkstra’s Algorithm (SSSP) @

Dijkstras Algorithm works only on non-negative weights

Optimal implementation: D e vesten v G

6 foreach (Vertex v :
7 d[v] = +inf
. . 8 plv] = NULL
Fibonacci Heap o| dars] = o0
10
. . 11 PriorityQueue Q // min distance, defined by d[v]
If dense, unsorted list ties | 12| o.buildheap(c.vertices())
13 Graph T // "labeled set"
14
1 1 . 15 repeat n times:
optlmal runtlme' 16 Vertex u = Q.removeMin ()
17 T.add (u)
. 18 foreach (Vertex v : neighbors of u not in T):
Sparse‘ O(m +N Iog n) 19 if cost(u, v) + d[u] < d[v]:
20 d[v] = cost(u, v) + d[u]
21 plv] = m
Dense: O(n2) 22

23 return T




Floyd-Warshall Algorithm

Running time? O(n3)
Easy to code / multi-threadable
Can handle negative weights!

FloydWarshall (G) :

6 Let d be a adj. matrix initialized to +inf
7 foreach (Vertex v : G):

8 d[v][v] =0

9 foreach (Edge (u, v) : G):
10 d[u] [v] = cost(u, V)
11
12 foreach (Vertex u : G):
13 foreach (Vertex v : G):
14 foreach (Vertex w : G):
15 if d[u, v] > d[u, w] + d[w, Vv]:
16 d[u, v] = d[u, w] + d[w, V]




Final thoughts on Graphs

Graphs have a large space of possible coding questions

You've seen graph questions on other exams: /\

- Make sure you can use graphs to find all neighbors
- Make sure you can use graphs to solve path questions

Consider how these fundamental skills can be challengec

-W

nat if

-W

nat if

had

abels on nodes and

neec

to label nodes or ed

need to find specific ones?

ges with specific progerties?

- Can | handle weights? Directions?
—




Probability in CS




Fundamentals of Probability April 15th

Imagine you roll a pair of six-sided dice. What is the expected value?

A random variable is a function from events to numeric values.
Lc.\- D) & va\bc of (‘\\I(l

NS} d fee X
))9”
b\ —é ‘=l
The expectation of a (discrete) random varlable is: e

Q},O\, of Vi \§ AR (H)>“"~- .
36 sc

S GUo,\\' 2 &'
E[X]= Y Pr{X=ux}x Egt dell] X

— dle (ol :55
xe({l EEQ- « ’J ,

] _ +6
& al elmts = L Ly +2 4 %7
é S 5




Probabilistic Data Structures

Sometimes a data structure can be too ordered / too structured

[ S—

Randomized data structures rely on expected performance
e

Randomized data structures ‘cheat’ tradeoffs!




Randomized Algorithms

A randomized algorithm is one which uses a source of randomness
somewhere in its implementation.

Figure from Ondov et al 2016




A Hash Table based Dictionary

User Code (is a map):

1l |Dictionary<KeyType, ValueType> d;
2 |d[k] = v;

A Hash Table consists of three things: %

1. A hash function Assigns numeric (positive int) address to any key
Key -> Hash Value (Address)
_

2. A data storage structure Arra¥ — very good at lookup given index

Hash Value (Address) is an index!
\Y;
]
N

3. A method of addressing hash collisions X
ue

Two different keys, same hash val



Open vs Closed Hashing

Addressing hash collisions depends on your storage structure.

. . /1
e Open Hashing: store k,v pairs externally ol p
=
Such as a linked list 0 > — =
L . . 1le| 7 : .

Resolve collisions by adding to list Ali Alice Anna
3 Q.\ B+ A+ ,;-
4

¢ Closed Hashing: store k,v pairs in the hash table
Everything stored in one list 0

How to store collisions? Unclear! 1

Alice /
Anna



Simple Uniform Hashing Assumption

Given table of size m, a simple uniform hash, &, implies

1
Vkl,kz & UWhere kl # k2 ) Pl’(h[kl] — h[kz]) — —
m

Uniform: All keys equally likely to hash to any position

|
Pr(hlk]) = —

m

Independent: All key’s hash values are independent of other key




Separate Chaining Under SUHA @

Under SUHA, a hash table of size m and nelements: o =n/m
(/043 ‘Foalvr

——

Find runs in: O(1+a).

—

Insert runs in: O(1).

Remove runs in: O(1+a).
T

OO0 NOOUL B WN K- O

[ERY
o




(Example of closed hashing)

Collision Handling: Linear Probing

S={16,38,64,13,29,6 11,22} |S| =n
h(k,i)=(k+1i) % 7 |Array| = m
find (29)

0 22 j -

1 8 1) Hash the input key [ h(29)=1]

2 16 2) Look at hash value (address) position

3 29 If present, return (k, v)

4 4 If not look at next available space

> I \J Stop when:

6 & é_ 1) We find the object we are looking for

2) We have searched every position in the array
3) We find a blank space




Running Times (Expectation under SUHA) @
Open Hashing: () <o < o <Le,‘7¥k of  chan)

—————————
We Cadw\ d
insert: 1 : Observe:
- As a increases:
find/ remove: l+a QHL 900 (ae > w0
tact. CH2 b) 7 Cotbre ~
Closed Hashing: 0 <a < 1 (‘ppnf,“") L | fuiue 3 o0
— °
1 % - If ais constant:
insert:  1—a“ QM s Comglant o(F
1 CH ¢ (@nzhoy l )

v
~—/

find/ remove: 1| —a




Run ning Times (Don’t memorize these equations, no need.)
The expected number of probes for find(key) under SUHA

Linear Probing:
o Successful: %(1 + 1/(1-a))
e Unsuccessful: %(1 + 1/(1-a))2

(Ve

# Probes

Double Hashing:
. Sticcessful: 1/a * In(1/(1-a))

e Unsuccessful: 1/(1-a)

(w\‘:ml

# Probes

When do we resize?
L ‘neoyv "~ 0,7 {0.2>

Double ™07 —@




Running Times (Tradeoff Highlights) @

Expectation™®: O(1)***

;—_é—z
Find O(log n) O(n)
Worst Case: O(@
£ expr Clobi Expectation*: O(1)***
K Suip —_— —
Insert ¥ F%-derira) O(log n) 0(1)

Worst Case: O(n)
Separate Chaining: O(1)

Storage Space O(n) O(n) O(n)




Bloom Filter

o . H={h1,h2,...,hk}
A probabilistic data structure storing a set of values N

X

Built from a bit vector of length m and k hash functions

Insert / Find runs in: OUO /O (|>
7\ /

Delete is not possible (yet)!

O -0 - 0 0O -—= O O




Probabilistic Accuracy in a Bloom Filter

Bit Value =1 BitValue=0

Item Inserted

BF can’t have FN

& [ T

|
Item NOT inserted 0‘\\"\/‘():

False Positive True Negative



Bloom Filters @

A probabilistic data structure storing a set of values hi23,. k)

e

Has three key properties: | '

k, number of hash functions
n, expected number of insertions
m, filter size in bits

1\ ‘ k
Expected false positive rate: (1 _ (1 _ _) ) ~ <1 B e-;k)
m

m
Optimal accuracy when: k*=In2-—
n




Bloom Filter: Error Rate @

Not enough random trials min = 10 BF is too saturated
SR D NG

0120

0.0115}
0.0110}
0.0105}

k
(1 — e_n’;k> 0.0100}

0.0095}

k*=In2 .10 = 6.93

0.0090

0.0085}

0.0080
4

Figure by Ben Langmead



R : : 4z _ |
Cardinality Estimation o0 W @

Let min = 95. Can we estimate /V, the cardinality of the set? C\
[ 1002 = -] &
BERRRRI-
A
0 \ l 99 NY]
95 5=

Conceptually: If we scatter N points randomly across the interval, we
end up with N + 1 partitions, each about 1000/(N + 1) long

Assuming our first ‘partition’is about average: 95 ~ 1000/(N + 1)

N+1~10.5
N~ 9.5



Set Similarity Review

To measure similarity of A & B, we need both a measure of how
similar the sets are but als ize of both sets.

ANB
AUB

is the Jaccard coefficient




MinHash Sketch

Claim: Under SUHA, set similarity can be estimated by sketch similarity!

Image inspired by: Ondov B, Starrett G, Sappington A, Kostic A, Koren S, Buck CB, Phillippy AM. Mash Screen:
high-throughput sequence containment estimation for genome discovery. Genome Biol 20, 232 (2019)




MinHash Sketch @

We can convert any hashable dataset into a MinHash sketch

* {1,3,5}

We lose our original dataset, but we can still estimate two things:

1. Cardinality Estimation (Using the k-th minimum hash value)

__/ e

2. Set Similarity (Using all k-min hash values)

S—




Questions?




CS 225 — Course Goals

Understand foundational data structures and algorithms




74 /(4’»'{/

CS 225 — Course Goals /),
Justify appropriate algorithms for complex problems

Decompose problem into supporting data structures

Analyze efficiency of implementation choices

7

o

0000 oA

e ==
33806e

o

Sttt

Lt




the segmentation is not my fault

A -
) »
- ’ " - . ic”
Z I am boundless,
eternal
i y

S

4

CS 225 — Course Goals

Implement intermediate difficulty problems in C++

X [0]/4] test_invert()

ﬁ—\

Max points: 4

Earned points: 0

kR




CS 225 — Course Goals

Understand foundational data structures and algorithms

Justif appropriaglgorithms for complex problems

Implement intermediate difficulty problems in C++
c :mpc, 1’6«41’?

Improve your foundation of CS theo;/_\
I —_—




Good luck on your finals!




