String Algorithms and Data Structures

The Z-algorithm

CS 199-225 February 9, 2026
Brad Solomon ||

N

UNIVERSITY OF RA R RA

ILLINOIS 7%, a0

URBANA-CHAMPAIGN (&uﬁ‘ ‘Fﬂ.’;\—>

Department of Computer Science




Exact Pattern Matching w/ Z-algorithm

Pattern, P Text T

N\

Naive ~ O(|P||T|)

Z-Algorithm ~ (| P| + | T|)

>

Find instancesof Pin T

‘instances’: An exact, full length copy




The Z-value [ Zi(S)

Given a string\S, Zi(S) is the length of the longest substring in S, starting
at position i > 0, that matches a prefix of S.
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The Z-value [ Zi(S) |

Given a string §, Zi(S) is the length of the longest substring in S, starting
at position i > 0, that matches a prefix of S.
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The Z-Algorithm
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We track our current knowledge of S using three values: i, 7, [
/

I gets updated every iteration (as we compute Z;)

r gets updated when Z; > OANDr,,,, > 1,

[ gets updated whenever r is updated (it stores the index of r's Z-value)



The Z- Algorlthm /
0 4,21 Q
0 1 2

0

3
R
1 1 O S |1 1o | 1| o0 | 1

Rl Pest frentier (r) dicec)

Start

AV

[, the current index =

r, the furthest match char = Al
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The Z-Algorithm
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The Z-Algorithm |
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Start End
1, the current index = 6 7
r, the furthest match char = G g
[, the furthest reaching Z-value = k‘ 6




The Z-Algorithm

We track our current knowledge of S using three values: i, 7, [

At a glance, there seems to be three distinct cases of calculation...

1)  know nothing (naive calculation needed)

/

T

2,

3) know some things (calculate only what is not known)

2) | know everything already (no work needed)

Lets break down how we can tell which case we are in!



The Z-Algorithm
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The values of i, 1, [ tell us how much work we need to do to compute Z,

Case 1:1>r

We must compute Z: explicitly!
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The values of i, 1, [ tell us how much work we need to do to compute Z,

éseki>r )

Ex:i=5r=2,1=1
P —

We must compute Z explicitly!
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The values of i, 1, [ tell us how much work we need to do to compute Z,
Case2:1 <r

Ex:i=6,r=7,1=5

Z)

To ﬁndzyz\/e can save time by looking up the value




The Z-Algorithm
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The values of i, 1, [ tell us how much work we need to do to compute Z,
Case2:1 <r
Exxi=5r=6[=4

To find Zs, we can save time by looking up the value < |
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The values of i, 1, [ tell us how much work we need to do to compute Z,
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To find Z,, we can save time by looking up the value the. cogl-




The Z-Algorithm @
let/=0,r=0,fori =11, ..., |S|—1]:

Compute Z. using irl: N

Case 1 (i > r): Compute explicitly; update ir/ [if a match]

e —

Case2 (1 < 1)
Use previous Z-values to avoid work

‘% g\,ﬁ» (M §l§
Explicitly computew /

How can we tell the difference between cases? \




The Z-Algorithm 6,r=71=5
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The amount of work required depends on two pieces of information

1. # of characters at or after ; that we hgv/emalched_bginte\
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2.The Z-value that matches part or all of the string starting at:
7 - e —
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The Z-Algorithm | ci=6r=T1=5
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The amount of work required depends on two pieces of information

1. # of characters at or after ; that we have matched before

Call this value | #|. Whatis | f| intermsof i, r, [?
\E(t c- «tl




TheZAIgorltV \' i=6r=17,1
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The amount of work required depends on two pieces of information
2.The Z-value that matches part or all of the string starting at :
Call this value Z;,. What is kin terms of i, r, [ ?
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The amount of work required depends on two pieces of information
1. # of characters at or after : that we have matched before
1fl=T—-6+1=2

2.The Z-value that matches part or all of the string starting at:

Ol ) =153 = 3¢
k=6—5=1/ - —
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The Z-Algorithm

Case2a:i <r, 7, < |p]

Z, (defined by r, [) tells us that ff matches earlier.
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Case2a:i <r, 7, < |p]

| X
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Same (lquack,

Z, tells us that ff matches earlier. Z, tells us how much matches the prefix.
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Case2a:i <r, 7, < |p]

Z, tells us that ff matches earlier. Z, tells us how much matches the prefix.

Because Z,

<|pl.Z;= Z'k.
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The Z-Algorithm i=4,r
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The Z-Algorithm
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Case2b:i <r,7Z, = |f|

Z, (defined by r, [) tells us that f matches earlier.

Ol = 3



The Z-Algorithm i=4,r=4,1=73
by O = 9, I—T'L 2 LR (v mytchg) g’
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Case2b:i <r,7Z, = |f| 2 77
Z, (defined by r, [) tells us that f matches earlier.

Z; tells us how much matches the prefix... but not everything!
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The Z-Algorithm _ _ y

Case2c:i <r, 7, > ||

Z, tells us how much matches the prefix.



The Z-Algorithm
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Case2c:i < 1,7, > | f]

Z, tells us that our entire range (ff included) matches earlier



The Z-Algorithm  ..; i=3,r=51=1

S —
Case2c:i <r, 7, > | s 4T =231=0l3

Z, tells us that ff matches earlier. Z, tells us how much matches the prefix.

Dees & muth T 00 F
What do we know about yellow?




The Z-Algorithm i=3,r=51=1
: O3y = 12398

Case2c:i <r /, > —

Z, tells us that our entire range (ff included) matches earlier ~ “/e

= X

... and that it failed to match the next character.
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Case2c:i < 1,7, > | f]
Z, tells us that ff matches earlier. Z, tells us how much matches the prefix.

Z; also tells us that yellow and green can’t be equal!

c—




The Z-Algorithm i=3,r=5I1=1 @

Case2c:i < 1,7, > | f]
Z, tells us that f is our prefix. Z, is also a previously computed prefix.

Because Z, > |f|,Z, =




The Z-Algorithm @
let/=0,r=0,fori =11, ..., |S|—1]:

Compute Z; using irl:

)4’?/ (\ &’ L

: .. R PTAVER.

Case 1 (i > r): Compute explicitly; update irl " ‘L non-zer

< e ' <

Case2 (i < 1): Z ~value
T

2a:(Z, < | B1):Z; =Z, No wort

—_— % s

2b: (Z, = |/ |): Z, =@ explicit(indices r + 1 vs Z); update irl
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Assignment 3: a_zalg

Learning Objective:
Construct the full Z-algorithm and measure its efficiency

Demonstrate use of Z-algorithm in pattern matching

& TT—

Consider: Our goalis@(| P | + | T| ). Does Z-alg search match this?
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Next week:

If | gave you the pattern | was interested in ahead of time, what could
you pre-compufe to speed up search?

Ex: I'm going to try to look up the word ‘arrays’ — but you don’t know
what text I'm going to search through.




