String Algorithms and Data Structures
Z-values and the Z-algorithm
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Exact Pattern Matching

Pattern, P_ Text, T

N

Find [nstances ng inT

J
‘instances’: An exact, full length copy




Exact Pattern Matching

What's a simple algorithm for exact matching?

P: word

T: her-T would have been a time for such a word
word/word word word word word word word word
word word word word word word word word \One
word word word word word word word wonrd occurrence
word word word word word word word word
word word word word word word word word

Try all possible alignments. For each, check if it matches. This
is the naive algorithm.



Exact Pattern Matching

What is good about the naive solution?
G Very sy Yo <age! /

G T Collect
7 No paattocrssy  (eyingd

. Lllow / To &&7

What is bad?
O ?I‘OH'\/ S\Ov\/




Exact Pattern Matching

What is our time complexity? m=|P|, m=|T|)

E— Y




Exact Pattern Matching
What is our time complexity? m=|P|, m=|T|)

(# of alignments) x (cost of an alignment)
= — —
7

N=m  Ploposel

/l /M/) Propose J

N =Ml Profess




Exact Pattern Matching
What is our time complexity? m=|P|, m=|T|)

(# of alignments) x (cost of an alignment)

- \>E ‘T/D
P can fit at each "position’along T except the edge




Exact Pattern Matching

What is our time complexity? m=|P|,_ m=|T|)
U

) X (cost of an alignment)

P: aaaa

7 (Tl NI
. /dddddddddaadadaddddddddddddddddddddddddaddad | ouwof

dddd dddad dddd dddd dddd dddad dddd dddd \ddadd
dddd dddd dddd dddd dddd dddd dddd dddd

-

Thereare '~ ) positions which extend past the edge of T




Exact Pattern Matching
What is our time complexity? m=|P|, m=|T|)

(m-n+1) x (cost of an alignment)

&

P: aaaa /\
[: aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

dddd dddd dddd dddd dddd dddd dddd dddd ddadd
dddd dddad dddd dddd dddd dddd dddd dddd
dddd dddad dddd dddd dddd dddd dddd dddd
dddd dddad dddd dddd dddd dddd dddd dddd
dddd dddd dddd dddd dddd dddd dddd ddadd

/\

Each alignment compares characters.




Exact Pattern Matching

What is our time complexity? m=|P|, m=|T|)

O((m —n+1)xn)

2
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String Algorithms in Genomics

P: Read ( n = ~50-150)

CTCAAACTCCTGACCTTTGGTGATCCACCCGCCTAGGCCTTC

TX

T: Reference ( m = ~3 billion)

GATCACAGGTCTATCACCCTATTAACCACTCACGGGAGCTCTCCATGCATTTGGTATTTT
CGTCTGGGGGGTATGCACGCGATAGCATTGCGAGACGCTGGAGCCGGAGCACCCTATGTC
GCAGTATCTGTCTTTGATTCCTGCCTCATCCTATTATTTATCGCACCTACGTTCAATATT
ACAGGCGAACATACTTACTAAAGTGTGTTAATTAATTAATGCTTGTAGGACATAATAATA
ACAATTGAATGTCTGCACAGCCACTTTCCACACAGACATCATAACAAAAAATTTCCACCA
AACCCCCCCTCCCCCGCTTCTGGCCACAGCACTTAAACACATCTCTGCCAAACCCCAAAA
ACAAAGAACCCTAACACCAGCCTAACCAGATTTCAAATTTTATCTTTTGGCGGTATGCAC
TTTTAACAGTCACCCCCCAACTAACACATTATTTTCCCCTCCCACTCCCATACTACTAAT
CTCATCAATACAACCCCCGCCCATCCTACCCAGCACACACACACCGCTGCTAACCCCATA
CCCCGAACCAACCAAACCCCAAAGACACCCCCCACAGTTTATGTAGCTTACCTCCTCAAA
GCAATACACTGACCCGCTCAAACTCCTGGATTTTGGATCCACCCAGCGCCTTGGCCTAAA
CTAGCCTTTCTATTAGCTCTTAGTAAGATTACACATGCAAGCATCCCCGTTCCAGTGAGT
TCACCCTCTAAATCACCACGATCAAAAGGAACAAGCATCAAGCACGCAGCAATGCAGCTC
AAAACGCTTAGCCTAGCCACACCCCCACGGGAAACAGCAGTGATTAAL L " TAA
ACGAAAGTTTAACTAAGCTATACTAACCCCAGGGTTGGTCAATTT =
GGTCACACGATTAACCCAAGTCAATAGAAGCCGGCGTAAAGAG™ 1 |
TCCCCAATAAAGCTAAAACTCACCTGAGTTGTAAAAAACTCC/ STTGACACA.
TACGAAAGTGGCTTTAACATATCTGAACACACAATAGCTAAG, CCCAAACTGGGAT 1.
TACCCCACTATGCTTAGCCCTAAACCTCAACAGTTAAATCAAI AAAACTGCTCGCCAGA-
CACTACGAGCCACAGCTTAAAACTCAAAGGACCTGGCGGTGCT 'L "TATCCCTCTAGAGG
AGCCTGTTCTGTAATCGATAAACCCCGATCAACCTCACCACCTCTICCTCAGCCTATA
CCGCCATCTTCAGCAAACCCTGATGAAGGCTACAAAGTAAGCGC
ACGTTAGGTCAAGGTGTAGCCCATGAGGTGGCAAGAAATGGGCTACAT
AAAACTACGATAGCCCTTATGAAACTTAAGGGTCGAAGGTGGATTTAGCAGTAAACTAAG
AGTAGAGTGCTTAGTTGAACAGGGCCCTGAAGCGCGTACACACCGCCCGTCACCCTCCTC
AAGTATACTTCAAAGGACATTTAACTAAAACCCCTACGCATTTATATAGAGGAGACAAGT
CGTAACCTCAAACTCCTGCCTTTGGTGATCCACCCGCCTTGGCCTACCTGCATAATGAAG

AR, PORACCCARCTTA.ARA, TTAS, A, ARATTTCAAA, T TAA, T T AT TrRARC CTARRARCC,T R




String Algorithms in Genomics
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String Algorithms in Genomics
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Improving exact pattern matching

How can we do better than the naive algorithm?

... If we have infinite space?
—

... If I tell you the pattern ahead of time?

—

... If I tell you the text ahead of time?
[




Exact Pattern Matching w/ Z-algorithm

Pattern, P Text, T
Naive =~ O(|P||T|) Z-Algorithm ~ (| P| + | T|)

\ j
\ 4
Find instances of Pin T

‘instances’: An exact, full length copy




The Z-value [ Zi(S)

Given a string S, Zi(S) is the length of the longest sub»trig_'m S, starting
at position i, that matches a prefix of S.

_—

Ls
? ©1234567809
T, X
z. s: THCGTTAGCG
TCETTHECE

7<Zo(5) - 1O Z5(S) =

Z1(S) = j_ Z4(S) =
Z>(S) = Zs5(S) =




The Z-value [ Zi(S)

Given a string S, Zi(S) is the length of the longest substring in S, starting
at position i, that matches a prefix of S.

0123456789
s: @CG@AGCG
I UR

Zo(S) = 10 zy5)= ()
Zi(S) =1 Z4(S)= O

7:(S)=0 Z5(S) = j_




The Z-value [ Zi(S)

Given a string S, Zi(S) is the

ength of the longest substring in S, starting

at position i > 0, that matches a prefix of S.

0123456789

S:

Zo(S)=10
Zi(S)=1
Z>(S)=0

TTCGTTAGCG

Z3(5)=0
Z4(S) =2
Zs5(S)=1



Calculating the Z-values

Naive: Compute the Z-values by explicitly comparing characters (left-to-
right scan):

Zi= S
2 X "é
AAAABAACAABAA.. AAAABAACAABAA.
\ T I
s = a\
@&ABAACAABAA... AAAARKAKCAABAA..
/C

What is our time complexity?




Calculating the Z-values

Naive: Compute the Z-values by explicitly comparing characters (left-to-
right scan):
$:11011001
=

— —> \
H /}\ C at of @ ghowt
ot
o \ents Q \A/Of5}’ (a<e >
\V

What is our time complexity?




Calculating the Z-values @

Naive: Compute the Z-values by explicitly comparing characters (left-to-
right scan): < |
$:11011001 2 (
4 glpeds  1p11e@1 & 5/ ~
911001 & S-D \
S - 11091 < $-3
190 1
)Q 01 . >
91
1 /A

N \ |
What is our time complexity? O ( § > )




Pattern matching with the Z-value

Given a Z; value calculator, how do we solve pattern matching?

Pattern, P Text T

N

Calculate Z-values

Z-algorithm

Find instancesof Pin T




Z-value Pattern Matching

To solve pattern matching (given Pand 7), let S=PST

S =‘terminal character’, outside alphabet :
— i N Wl vy et

dmﬂk%}
P. AA TJ: AAAA
5:P$T<

S: AA$AAAA




Z-value Pattern Matching

To solve pattern matching (given Pand 7), let S=PST

S ="terminal character, outside alphabet

P AA T AAAA Thege
S:P$T< . J

o/Q Mq“(L( S{

S: AA$AAAA

Z-values




Z-value Pattern Matching

To solve pattern matching (given Pand 7), let S=PST
S ="terminal character, outside alphabet

P. AA . AAAA

©12B456
S: AA$SAAAA Z(5)=1-,1,0,2,2,2,1]

m‘ P
What Z; values are matches? . 3 Z /ZS' J > $
/ «

What are the matching indices in T? = | P\ — )




Z-value Pattern Matching

To solve pattern matching (given Pand 7), let S=PST
S ="terminal character, outside alphabet

P. AA . AAAA
0123456
S: AA$SAAAA Z(5)=1-,1,0,2,2,2,1]
0123

What Z; values are matches?  Any [P| value in Z(S)

What are the matching indicesin T? 0, 1, 2 which are (i - |P| -1)




Z-value Pattern Matching @

P TT T. CTTA Z-value search pseudo-code
- —
5: TT é{; C T/T/g— 1. Concatenate (S=PST)
— —
Z(S): (—, ’3,,0, O, ;I i} 'Q ) 2. Calculate Z-values for S
=
3.Fori>0, match if Z; = ‘ F)

Match is not at i, but instead at

¢ - 1P| -]




Assignment 2: a_zval

Learning Objective:
Construct a Z-value calculator and measure its efficiency

Demonstrate use of Z-values in pattern matching

~—

Consider: Our goal is (| P| + | T| ). Does Z-value search match this?
\ \ |
L/7 Z \/4[\/( (c(‘(l,,]q’r on  \S S\m)\/ e g)ow.

o [P
)]




End-of-class brainstorm

What information does a single Z-value tell us?

———

If | know Zi-1(S), can | use that information to help me compute Z;(S)?

Plesent
?46* (Al¢ :AJC)(




The Z-value (Take 2)

Given a string S, Z,(.S) is the length of the longest substring in S, starting
at position i, that matches a prefix of S.

What information does this give us?

S: . » . Z4=2
<0) £ 6L¢)
6 / 8 9

ﬁl\z 3 /1[5
IV DREE

N— \/\/




The Z-value (Take 2)

Given a string S, Z,(.S) is the length of the longest substring in S, starting
at position i, that matches a prefix of S.

What information does this give us?




The Z-value (Take 2)

Given a string S, Z,(.S) is the length of the longest substring in S, starting
at position i, that matches a prefix of S.

What information does this give us?

0123456789
SSTTCGTTIAGCG Z,=72




The Z-Algorithm

Assume we've computed Z;, ..., Z;_; and need to calculate Z,

WW\I\

Case 2: We know something about the characters at S[i]
© 1 2 3 4 5 6 7

ANV B [ B | B | B
A SN B | B | B




o
o
o

We track our current knowledge of S using three values: i, 7, [

\

}che current index position being calculated

r, the index of the rightmost character which has ever been matched

[, the index of Z-value which r belongs too
‘_’\




The Z-Algorithm

Start (7 End
——
1, the current index = l alay> S
r, the furthest matching char = O j.
\
[, the furthest reaching Z-value = C) j/
i i
%) 2 3 4 5 6 7/
® /5 B | B|A|A|[B/|A
AlMIBAB|IA]A[B]|A




The Z-Algorithm Join Code: 225 %7 ﬁ
af:
Start End

1, the current index = A S

r, the furthest matching char = d i

[, the furthest reaching Z-value = gl i
0 1 7 ? Z ? ? 7 new/ Chova des matdvs
A AlB]l Bl AlTA]TB] A —
ALl A]TGBKR B|IA|A]B]|A




The Z-Algorithm

Start End

1, the current index = ; Y
r, the furthest matching char = i 1
[, the furthest reaching Z-value = j, ]

%) % L

2 3 4 5 6 7/

B B A | A B A

B A A B A




Y

The Z-Algorithm Join Code: 225 Z¢ ﬁ
oF:
Start End
I, the current index = Y S
v, the furthest matching char = dl 9
¢
[, the furthest reaching Z-value = 1 /
- 1 e e |__ _— —\ _
o 1 2 3 [@ 5 D 7
DD I®][ B[ A]A][B]A
Al Al B [@ A) B | K




(ool! 1‘/ :D_?B J S &

The Z-Algorithm A
A bﬁ R
Start
1, the current index = ¢
r, the furthest matching char = C
. N
[, the furthest reaching Z-value = Ve 2473 T foan

D(PIwWw O

) Todex S motdus pex 1




The Z-Algorithm

1, the current index =
r, the furthest matching char =

[, the furthest reaching Z-value =

Start

= || =
W@V ®
W|m|w @
= (> E W

wn

(> |vl =

M
)
o

NN XY



The Z-Algorithm
Start End

1, the current index =
r, the furthest matching char =

[, the furthest reaching Z-value =

n

= || =
W@V ®
W|m|w @
= (> E W
= ||Vl
W@ ®




The Z-Algorithm <P7 $ &7
- O

Intuition: We can use the previous Z,, ..., Z; to compute Z;_ {!
Track ‘what we know’ using three integers: i, 7, [

s

Next week: Review how integers are updated to define specific cases.

\
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