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LSR5 ()bj ectives Introduction

Use the up-tree data structure to model disjoint sets
Use union by size to keep the trees shallow

Use path compression to make this structure very efficient



OS5 225 Properties Introduction

Properties of Disjoint Sets

Let s(a,b) indicate that a and b are in the same set.
- If s(a,b) then Vz.s(a,x) — s(b, ).



OS5 225 Properties Introduction

Properties of Disjoint Sets

Let s(a,b) indicate that a and b are in the same set.
- If s(a,b) then Vz.s(a,z) — s(b, x).

Operations

- Declare that a and b are in the same set
- Check if @ and b are in the same set
- Count how many elements are in a set



(£S225 Representatives Introduction

What do these groups have in common?

- Lutherans

- Jacobites

- Marxists

- Platonists

- Dumbledore’s Army



Up Trees



CS 225 Representation Up Trees

Use an integer vector ds to record the representatives

- ds[i] == -1 means 7 is a root
- ds[i] == n, n > 0 means ?’s parent is n
- ds[i] == n, n < 0 means 7 is root

. and that the set contains |n| elements



O 225
Find(n)

- Keep tollowing parents until you reach a root.

Find

/f"

1 int find(vector<int> &ds, int n) {

1f (ds[n] < 0)
return n;
else
return find(ds,ds[n]);

N

Up Trees
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Find

Find(n)

Keep tfollowing parents until you reach a root.

~
e

1 int find(vector<int> &ds, int n) {

if (ds[n] < 0)
return n;
else
return find(ds,ds[n]):

N

Up Trees

Returns the representative



CS 225 Find
Find(n)

Keep tfollowing parents until you reach a root.

o,
&
o

/...
L int find(vector<int> &ds, int n) {

if (ds[n] < 0)
return n;
else
return find(ds,ds[n]);

N

Up Trees

Returns the representative
Negative means root...
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Find(n)

Up Trees

Keep tfollowing parents until you reach a root.

~
e

1 int find(vector<int> &ds, int n) {
2 1f (ds[n] < 0)
3 return n:
/ else
return find(ds,ds[n]):

N

Returns the representative
Negative means root...

...S0 N 1S its own rep
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Find(n)

Keep tfollowing parents until you reach a root.

OYUl &= WWN) =

~
e

int find(vector<int> &ds, int n) {
1f (ds[n] < 0)
return n;
else
return find(ds,ds[n]):

N

Up Trees

Returns the representative
Negative means root...

...S0 N 1S 1ts own rep

Otherwise ask the parent
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Same Set?

(000
1 a rep = find(ds,a);
2 b rep = find(ds,b);

3 1f (a_rep == b rep)
E cout << "Same!" << endl;
g else

cout << "Not Same!" << endl;

>

Up Trees



CS 225 Union Up Trees

f.oo i
l int unite(vector<int> &ds, int a, int b) {
2 int ar = find(ds.a):

3 mEier = Tindias b

; if (ar==br) return ds[ar];
7 1f (ds[ar] < ds[br])

_f swap(ar,br);
10 ds[br] += ds[ar]:

11 gslar] = br;
?é return ds[br];

14 }




CS 225 Union Up Trees

f.oo K
1 int unite(vector<int> &ds, int a, int b) { _ ,
5 int ar = find(ds,a): Find both representatives
3 InttebrT=ftind(ds.b):
5 1f (ar==br) return ds[ar];
6
7 if (ds[ar] < ds[br])
; swap(ar,br);
10 ds[br] += ds[ar];
1] dslar] = br;
12
13 return ds[br];
12 }




CS 225 Union Up Trees

f.oo i
1 int unite(vector<int> &ds, int a, int b) { _ _
5 int ar = find(ds,a): Find both representatives
3 imnt br = tind{ds.b);
5 if (ar==br) return ds[ar]; Already the same set
7 if (dsf[ar] < ds[br])
8 swap(ar,br);
10 ds[br] += ds[ar];
il dslar] = br:
12
13 return ds[br];
14 }




CS 225 Union Up Trees

(000 i
1 int unite(vector<int> &ds, int a, int b) { _ _
> int ar = find(ds,a): Find both representatives
3 int br = find(ds,b);
é if (ar==br) return ds[ar]; Already the same set
7 if (ds[ar] < ds[br]) ds[r] is -size: br is now bigger
8 swap(ar,br);
10 ds[br] += ds[ar]:
il dslar] = br:
12
13 return ds[br];
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Union

-

Y
1 int unite(vector<int> &ds, int a, int b) {

2 int ar = find(ds,a);

3 int br = find{ds,b):

% 1f (ar==br) return ds[ar];
7 if (ds[ar] < ds[br])

; swap(ar,br);

10 ds[br] += ds[ar]:

1} ds[ar] = br;

ig return ds[br];

14 }

Up Trees

Find both representatives

Already the same set

ds[r] is -size: br is now bigger

Add sizes; small points to big



CS 225 Union Up Trees

o i
1 int unite(vector<int> &ds, int a, int b) { _ _
> int ar = find(ds,a): Find both representatives
3 int br = find(ds,b);
if (ar==br) return ds[ar]; Already the same set
, if (ds[ar] < ds[br]) ds[r] is -size: br is now bigger
: swap(ar,br);
1( ds[br] += ds[ar]: Add sizes; small points to big
ds[ar] = br;
13 return ds[br]; Return -(new size)




Example Run
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union(1,3)
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union(1,3)
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union(1,3)

ORONONORORONOGRORO
D

union(1,4)

Predict: which root
ends up on top?
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union(1,4)
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union(1,3)
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union(1,4)
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CS 225 Demo 1 Example Run

Predict: what will
ds look like?









Union by Size



€S 225 Why Bother? Union by Size

Naive: dsl[ar] = br Union by size

OROACRONORORORE BN OJOROROROCRONG



CS 225 Why Bother? Union by Size

Naive: ds[ar] = br | Union by size
union(0,1)

Q@@@@@ @@@@@
© O




CS 225 Why Bother? Union by Size

Naive: ds[ar] = br Union by size
union(0,2)

ONORORONO ﬁ ORORONO.
©




CS 225 Why Bother? Union by Size

Naive: ds[ar] = br Union by size
union(0,3)

g@@@ A@@@
X
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CS 225 Why Bother? Union by Size

Naive: ds[ar] = br Union by size

union(0,4)

D ©® © e O 0
ENOSONORO

S>>



€S 225 Why Bother? Union by Size

Naive: ds[ar] = br Union by size

union(0,5)
() (©
&

G0



CS 225 Why Bother? Union by Size

Naive: ds[ar] = br Union by size

union(0,6)
AL




CS 225 Why Bother? Union by Size

Naive: ds[ar] = br Union by size

union(0,6)

S\

find(0): 6 hops find(0): 1 hop



€S 225 Height Bound Union by Size

Claim: with union by size, height is at most log, n



€S 225 Height Bound Union by Size

Claim: with union by size, height is at most log, n
A node gets deeper only when its root gets a parent
- That only happens when its tree joins one at least as big

- So the size of its tree at least doubles



€S 225 Height Bound Union by Size

Claim: with union by size, height is at most log, n

A node gets deeper only when its root gets a parent
- That only happens when its tree joins one at least as big

- So the size of its tree at least doubles
Sizes can double at most log, n times

- So find is O(logn)



Path Compression
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The Problem Path Compression

tfsftjefsfefolaje]7

ORONO, O
3) ) ©



5225

The Problem Path Compression

-----ﬂ-
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The Problem Path Compression

tfoftjefofefofafo]7
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The Problem

Path Compression

-----n-

-

@0&

int find(vector<int> &ds,

int n) {
1T (ds[n] < 0)
return n;

else
return find(ds,ds[n]);
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The Problem Path Compression

-----n-

p
e

1 int find(vector<int> &ds, int n) {
1f (ds[n] < ©
(reiug-n n;) We already visit every

else node on the path...

5 return find(ds,ds[n]);
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The Problem Path Compression

-----n-

>
000

| int find(vector<int> &ds, int n) {
if (dsin] < @)
return n;
else
return ds[n] = find(ds,ds[n]);
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The Problem Path Compression

-----n-

/"'
e

] int find(vector<int> &ds, int n) {
it (ds[n] < 0)
return n;
else
return ds[n] = find(ds,ds[n]):

...S0 point each one
directly at the root




(Remember naive union?)
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(Remember naive union?)



(Remember naive union?) Next find(0): 1 hop



Demo 1 Again Path Compression

OXORORORORORORGRORO

Yellow = changed by compression



Demo 1 Again Path Compression

union(1,3)

OXORORORORORORGRORO

Yellow = changed by compression



Demo 1 Again Path Compression

union(1,3)

ORONONORORORGRORO,
()

Yellow = changed by compression



Demo 1 Again Path Compression

union(1,3)

union(1,4)

ORONONOROROROGRORO
D

Yellow = changed by compression



Demo 1 Again Path Compression

union(1,3)

union(1,4)

@@@@@@
D @

Yellow = changed by compression



CS 225 Demo 1 Again Path Compression

union(1,3)
union(1,4) @ @ e @ @ @ @
“ '%

union(5,9)

Yellow = changed by compression



CS 225 Demo 1 Again Path Compression

union(1,3)
union(1,4) @ @ ﬁ @ @ . @

union(5,9)

Yellow = changed by compression



CS 225 Demo 1 Again Path Compression

s s]sofajaja)-e

union(1,3)
union(1,4) @ @ ﬁ @ @ . @
unlon( j )

union

/‘"_"“\
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\-_.-*"

Yellow = changed by compression



CS 225 Demo 1 Again Path Compression

---ﬂ-

union(1,3)

union(1,4) @ @ @ @

union(5,9) o @ @ 5
| )

Yellow = changed by compression
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Demo 1 Again

ﬂ

Path Compression

© @

OROR)
® ©

Yellow = changed by compression



CS 225 Demo 1 Again Path Compression

----ﬂ-

Yellow = changed by compression
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s s]sofo]a]e]e

Yellow = changed by compression
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-----n-

Yellow = changed by compression
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-----n-

Yellow = changed by compression
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-----n-

Yellow = changed by compression
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-----n-

Yellow = changed by compression



CS 225 Demo 1 Again Path Compression

-----n-

Yellow = changed by compression
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Strategy Cost per operation

Nalve union
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Strategy Cost per operation

Nailve union

Union by size




0S 225 Summary Analysis

Strategy Cost per operation
Naive union O(n)

Union by size O(logn)

Size 4+ path compression O(a(n)) amortized




0S 225 Summary Analysis

Strategy Cost per operation
Naive union O(n)

Union by size O(logn)

Size 4+ path compression O(a(n)) amortized

« is the inverse Ackermann function: a(n) < 4 for any n you will ever use.
Next time: we’ll prove the slightly weaker O(log™ n) bound.
(Tarjan’s a(n) bound is beyond this course.)



