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LSR5 ()bj ectives Introduction

Use the up-tree data structure to model disjoint sets

Examine the time complexity of find and union

Use rank to prove the O(log™ n) bound
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CS 225 ADT Introduction

Disjoint Sets

- makeSet (vector<T> items)
- £ind(T key)

- union(T keyl, T key2)

Key Ideas

- Bach item exists in exactly one set

- Each set has a different representative

. Items in the same set have the same representative



CS 225 Representation Up Trees

Use an integer vector ds to record the representatives

- ds[i] == -1 means 1 is a singleton
- ds[i] == n, n > 0 means 7’s parent is n
- ds[i] == n, n < 0 means ¢ is root

. and that the set contains [n| elements



CS 225 Find Up Trees
Find(n)

Keep tfollowing parents until you reach a root.

N

-
®OH

1 int find(vector<int> &ds, int n) {
if (ds[n] < 0)

return n;
else

return find(ds,ds[n]);




CS 225 Find Up Trees

Find(n)
Keep tfollowing parents until you reach a root.
/’ 2

XX

1 int find(vector<int> &ds, int n) {

if (ds[n] < 0O) n < 0 means we found the root
3 return n;

4 else

5 return find(ds,ds[n]):

6 }
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Find(n)
Keep tfollowing parents until you reach a root.
4 )

ce
1 int find(vector<int> &ds, int n) {
if (ds[n] < 0) n < 0 means we found the root _
3 return n: return the index of the representative
4 else
5 return find(ds,ds[n]):
6 }




CS 225 Find Up Trees

Find(n)
Keep tfollowing parents until you reach a root.
4 )

ce
1 int find(vector<int> &ds, int n) {
if (ds[n] < 0) n < 0 means we found the root _
3 return n: return the index of the representative
g glse
5 return find(ds,ds[n]); recurse...
0 }
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CS 225 Definition Rank

rank(x) = the height of = if we had never compressed

- Never stored: it only exists for the proot
. ds still holds sizes; size decides who links under whom

We can track it as we go: when root a links under root b,
- rank(b) = max(rank(b), rank(a) + 1)

Compression never changes rank
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CS 225 Demo 1, No Compression Rank

----“--

No compression: rank = height

(Gold number = rank
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Gold number = rank
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CS 225 Demo 1, With Compression Rank

----“--

(1,3)
(1,4)
(5,9)
(8,6)
(8,5)
union(8,1) 3 and 6: height 0, but rank 1
find(1) Rank is ’history’
find(4) Gold number = rank
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CS 225 Three Facts Rank

1. Rank only changes while x is a root

2. Ranks strictly increase along every path to the root

- Even after compression: the new parent was an old ancestor
3. At most n/2" nodes have rank r

. A rank-r node had > 2" nodes below it (doubling again)

- A rank-r node can’t have a rank-r parent or child

- ‘With $2B you can only have 2 billioniares.’
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4 rank 4 @ I =16/2 =1

rank 3 @ I = [6/2%=0

rank 2 2= 16/2 =
oo} oNoRvNe) o R
rank 1 @@@@ 1< 628 =&
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16 nodes, after 15 unions by size
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rank 3 @ 1= iy 22 =2

rank 2 @@ 2 < 16/2- =4
rank 1 @@@@ 1< 16/2' =8
rank 0 (0)2)@WE)(R)A0ADAY) 8 < 16/2° = 16

Why? Each rank-r node has > 2" nodes in its subtree,
and two rank-r subtrees never overlap.
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CS 225 How Many of Each Rank? Rank

rank 4 @ 1= 16/2¢ =1

rank 3 @ 1 = 1iG)/2° =2

rank 2 @@ 2= 16/2- =4
rank 1 @@@@ 4<16/2' =8
rank 0 (0)2)@WE)R)A0ADAY) 8 < 16/2° = 16

Node 0 is in a teal box and an orange box: __
that's allowed Why? Each rank-r node has > 2" nodes in its subtree,

and two rank-r subtrees never overlap.



CS 225 How Many of Each Rank? Rank

rank 4 @ 1= 16/2¢ =1

rank 3 @ 1h= Gy 2" =2

rank 2 @@ 2 < 16/2° =4
rank 1 @@@@ 1< 16/2' =28
rank 0 (0)Q)WG)®)ADI[(D) 8 < 16/2° = 16

Why? Each rank-r node has > 2" nodes in its subtree,
and two rank-r subtrees never overlap.
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®1

0/0)00/00/0/00V®EEBe®

all 15 leaves: rank 0O

16 nodes: union(0,1) for each ¢

rank 4

rank 3
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4<16/2! =8

8 < 16/2° = 16



CS 225 How Many of Each Rank?

0PWEHOO®OOOOOWE

all 15 leaves: rank 0O

16 nodes: union(0,1) for each 2

rank 4

rank 3

rank 2

rank 1

rank 0

Rank
= e 0 =1
U= 16/2° =2
0<16/2- =4
L=16/2" =8

15 < 16/2" = 16



CS 225 How Many of Each Rank? Rank

0PWEHOO®OOOOOBWVE

all 15 leaves: rank 0O

16 nodes: union(0,i) for each 2

rank 4

rank 3

rank 2

rank 1

rank 0

=16 = |
U< 162> —2
0<16/2° =4
1 <16/2" =8

15 < 16/2° = 16

The bound is a ceiling



Who Pays?
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Recall: Two-Array Queue  Who Pays?

1in

out

push / pop at the right end

moves so tar: 0 elements so ftar: (0



E5225

Recall: Two-Array Queue  Who Pays?

. . . . enqueue(1,2,3.4)

cost: 4

out

push / pop at the right end

moves so far: 0 elements so tar: 4
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Recall: Two-Array Queue  Who Pays?

1in dequeue( )

push / pop at the right end

cost: 4 moves + 1

out

moves so far: 4 elements so far: 4
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Recall: Two-Array Queue  Who Pays?

1in dequeue()

push / pop at the right end

cost: 1

out

moves so far: 4 elements so far: 4
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Recall: Two-Array Queue  Who Pays?

enqueue(H,6)

push / pop at the right end

cost: 2

out

moves so far: 4 elements so far: 6
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out

push / pop at the right end

moves so far: 4 elements so far: 6



CS 225 Recall: Two-Array Queue  Who Pays?
1in dequeue()
cost: 2 moves + 1
out

push / pop at the right end
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Recall: Two-Array Queue  Who Pays?

1in

out

push / pop at the right end One dequeue can cost n...

moves so far: 6 elements so far: 6



£5 225

Recall: Two-Array Queue  Who Pays?

1in

out

push / pop at the right end One dequeue can cost n...

...but every element is moved at most once.

moves so far: 6 elements so far: 6



CH 225

Where the Time Goes Who Pays?

A dequeue can be long: each extra step moves an element.
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A dequeue can be long: each extra step moves an element.

A find can be long: each extra step walks past a node.

Compression links that node to the root, so its parent’s rank goes up.



CH 225

Where the Time Goes Who Pays?

A dequeue can be long: each extra step moves an element.

A find can be long: each extra step walks past a node.

Compression links that node to the root, so its parent’s rank goes up.

Bill each extra step to the element or node, not to the operation.



CS 225 Two Bills Who Pays?

Bill each extra step to the element or node, not to the operation.

| mwsmwause | Uptes
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Bill each extra step to the element or node, not to the operation.

Two-array queue Up-

Bill per operation O(1) per operation

Lifetime bill each element: moved < 1 time




CS 225 Two Bills Who Pays?

Bill each extra step to the element or node, not to the operation.

Two-array queue Up-trees

Bill per operation O(1) per operation a find: <log™n + 1

Lifetime bill each element: moved < 1 time each node: pays < 2" times




CS 225 Two Bills Who Pays?

Bill each extra step to the element or node, not to the operation.

I T
Bill per operation O(1) per operation a find: <log™n + 1

Lifetime bill each element: moved < 1 time each node: pays < 2% times

. the node’s rank block ( — more on this next)
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CS 225 Rank Blocks Who Pays?

II
==
—_—

Each block ends at

) (previous end)
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{3,4}
(5..16)

{17..65536}

{65537..265536)
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CS 225 Rank Blocks Who Pays?

II
==
—_—

Each block ends at

2(previ0us end)

—~— —~—
) —
—— ——

Ranks are < log, n,
{3,4}

so there are only about
15..16} log™ n blocks

{17..65536}

{65537..265536)

EN
N
N
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050 165°0- 0 -0~ 0= =0

10} {1} 12} 13,4} {5..16}

[Labels are ranks (a made-up path)



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

050305605 00505 0= G

10} {1} 12} 13,4} {5..16}

Labels are ranks (a made-up path)



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

050050 0000

[0} (1} (2} (3,4} {5..16}

Labels are ranks (a made-up path)

find pays: O nodes pay: 0



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

OAVPOHIH )OO

10} {1} 12} 13,4} {5..16}

Labels are ranks (a made-up path)

find pays: 1 nodes pay: 0



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

050702000000

10} 1} 12} 13,4} 19..16}

Labels are ranks (a made-up path)

find pays: 2 nodes pay: 0



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

05 0T 02 0: 0105006

{0} {1} {2} {3,4} {5..16}

Labels are ranks (a made-up path)

find pays: 3 nodes pay: 0



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

@—)@—)@—;@)4@—)@9@9@9@ -

{0} {1} {2} {3,4} {5..16}

Labels are ranks (a made-up path)

find pays: 3 nodes pay: 1



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

05 0026 010000

{0} {1} {2} {3,4} {5..16}

Labels are ranks (a made-up path)

find pays: 4 nodes pay: 1



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

@—)@—)@%@—)@—)@@—)@ oot

{0} {1} {2} {3,4} {5..16}

Labels are ranks (a made-up path)

find pays: 4 nodes pay: 2



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

03501056 01000 CI=

{0} {1} {2} {3,4} {5..16}

Labels are ranks (a made-up path)

find pays: 4 nodes pay: 3



CS 225 Charging a Find Who Pays?

find pays: parent is the root, or in a different block

node pays: parent is in the same block

@—)@—)@—;@)—)@—;@)—;@)—)@mm

{0} {1} {2} {3,4} {5..16}

Labels are ranks (a made-up path)

find pays: 5 nodes pay: 3



G5 225 Charging a Find Who Pays?

root

oo ofolo®

{0} {1} {2} {3,4} {5..16}

Labels are ranks (a made-up path)

find pays: 5 nodes pay: 3



CS 225 Charging a Find Who Pays?

Rank 3: parent went 4 — 15, left block {3,4}: never pays again

root

10} {1} 12} 13,4} {5..16}

Labels are ranks (a made-up path)

find pays: 5 nodes pay: 3



CS 225 Charging a Find Who Pays?

Rank 3: parent went 4 — 15, left block {3,4}: never pays again
Ranks 6, 9: parents went 9, 12 — 15, still in {5..16}: may pay again...

root

ole

10} {1} 12} 13,4} {5..16}

Labels are ranks (a made-up path)

find pays: 5 nodes pay: 3



CS 225 Charging a Find Who Pays?

Rank 3: parent went 4 — 15, left block {3,4}: never pays again
Ranks 6, 9: parents went 9, 12 — 15, still in {5..16}: may pay again...

...but every payment raises the parent’s rank, so at most 16 times

root

ole

{0} {1} {2} {3,4} {5..16}

Labels are ranks (a made-up path)

find pays: 5 nodes pay: 3
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n/16
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How many nodes?

n/16

rank 5: = n/32
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How many nodes?

ranks 816: the rest
rank 7: < n/128

rank 6: < n/64
n/16

rank 5: < n/32




CS 225 One Block: {5..16} Who Pays?

How many nodes? How many payments each?

17+: next block

ranks 8-16: the rest 1?
rank 7: = n/128 14
13
rank 6: < n/64 12
n/16 payments: 0,
10
9
rank 5 = n/32 8
7
§ its parent’s rank

a rank-5 node




CS 225 One Block: {5..16} Who Pays?

How many nodes? How many payments each?

17+: next block

ranks 816: the rest 1?
rank 7: = n/128 14
13
rank 6: < n/64 12
ayments: 1
n/16 bay 11
10
9
rank 5 = n/32 8
7 its parent’s rank
6 A

a rank-5 node @



CS 225 One Block: {5..16} Who Pays?

How many nodes? How many payments each?

0 17+: next block

it never pays again

ranks 8-16: the rest 1?
rank 7: < n/128 14
13

rank 6: < n/64 12

i 11

- /1 6 payments 11
10

9

rank 5 = n/32 8
7

§

a rank-5 node @



CS 225 One Block: {5..16} Who Pays?

How many nodes? How many payments each?

0 17+: next block
it never pays again

ranks 8-16: the rest 1?
rank 7: < n/128 14
13

rank 6: < n/64 12

ayments: 11

n/16 pay 11
10

9

rank 5 = n/32 8
7

§

a rank-5 node @

< n/16 nodes x < 16 payments each



CS 225 One Block: {5..16} Who Pays?

How many nodes? How many payments each?

0 17+: next block

it never pays again

ranks 8-16: the rest 1?
rank 7: < n/128 14
13

rank 6: < n/64 12

i 11

" /1 6 payments 11
10

9

rank 5 = n/32 8
7

§

a rank-5 node @

< n/16 nodes x < 16 payments each < n
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Nodes pay: less than n per block, over the whole run

{0} {1} 12} {3,4} 15..16} {17..65536}
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Finds pay: at most log™ n + 1 per find (block boundaries, plus the root)
m finds: < m(log"n + 1)

Nodes pay: less than n per block, over the whole run

{0} {1} 12} 13,4} {5..16} {17..65536}

<n <n <N ) <n < n
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Finds pay: at most log™ n + 1 per find (block boundaries, plus the root)
m finds: < m(log"n + 1)

Nodes pay: less than n per block, over the whole run

{0} {1} 12} 13,4} {5..16} {17..65536}

<n <n <n <n <n <n
< log™ n blocks: < nlog™n
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Finds pay: at most log™ n + 1 per find (block boundaries, plus the root)
m finds: < m(log"n + 1)

Nodes pay: less than n per block, over the whole run

{0} {1} 12} 13,4} {5..16} {17..65536}

<N <N <N <N <N <N

< log™ n blocks: < nlog™n

Total < m(log"n + 1) + nlog™ n
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Finds pay: at most log™ n + 1 per find (block boundaries, plus the root)
m finds: < m(log”"n + 1)

Nodes pay: less than n per block, over the whole run

{0} {1} 12} 13,4} {5..16} {17..65536}

<n <n <n <n <n <n
< log™ n blocks: < nlog™n

Total < m(log"n+1) + nlog™n = O((m + n)log™ n)



CS 225 Adding It Up Who Pays?

Finds pay: at most log™ n + 1 per find (block boundaries, plus the root)
m finds: < m(log"n + 1)

Nodes pay: less than n per block, over the whole run

{0} {1} 12} 13,4} {5..16} {17..65536}

<n <N < 7l < 1 < N <N
< log™ n blocks: < nlog™ n

Total < m(log"n+1) + nlog"n = O((m + n) log™ n)

With m > n: O(log™ n) amortized per operation



Next time: Graphs!



