
Complexity Class Review

Definition: NP is the class of decision problems for which 

every “yes” instance has a short justification which can be 

checked in polynomial time.

Definition: Co-NP is the class of decision problems for which 

every “no” instance has a short justification which can be 

checked in polynomial time.

Definition: EXP is the class of decision problems which can be 

solved in exponential time, i.e. time 𝑂(2𝑛
𝑘
) for some 𝑘 ∈ ℕ.

Definition: P is the class of decision problems which can be 

solved in polynomial time, i.e. time 𝑂(𝑛𝑘) for some 𝑘 ∈ ℕ.



All Problems in NP can be brute forced

Theorem: NP ⊆ EXP



The Million Dollar Question: 𝑃 = 𝑁𝑃?

Most computer scientists 
believe 𝑃 ≠ 𝑁𝑃, but it’s very 
difficult to prove.



NP Completeness
• We can’t prove that a problem in NP requires exponential time.
• But we can still find evidence that certain problems in NP are hard

Definition: A problem 𝑄 is 

called NP-complete if 

𝑄 ∈ P ⇒ NP ⊆ P

Theorem (Cook-Levin):
CIRCUIT-SAT is NP-Complete

All of the NP problems we’ve 
discussed on the previous 
slides are NP-complete



Reductions: How to show NP-completeness

Theorem: CLIQUE is NP-Complete ⇒ INDEPENDENT-SET is NP-Complete

Good enough to show INDEPENDENT-SET ∈ P ⇒ CLIQUE ∈ P



Learning Objectives

• Understand the definitions of P, NP, co-NP, and EXP

• Know some problems in each of these complexity classes

• Understand the concept of NP-completeness and why it matters
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Learning Objectives

• Understand how to construct a proof by contradiction



Proof by Contradiction

𝑝 ≡ 𝐹 ∨ 𝑝 ≡ ¬𝑇 ∨ 𝑝 ≡ 𝑇 → 𝑝 ≡ ¬𝑝 → 𝐹

A proof by contradiction proves a proposition 𝑝 by showing 

¬𝑝 → 𝐹, where 𝐹 is a logical contradiction (anything we 

know to be false).

Proof Outline:

Suppose not. That is, suppose ¬𝑝.
[Reach a contradiction]
Because assuming ¬𝑝 led to a contradiction, it must be the 
case that 𝑝 is true.



Example

There are infinitely many prime numbers. 



Another Example

3 is irrational



A graph example

Let 𝐺 = (𝑉, 𝐸) be a graph with 𝑛 vertices. Show that if every vertex in 𝐺 has 
degree at least 𝑛/2, then 𝐺 is connected.



Another irrationality proof

Show that 
2 3+1

3 3+2
is irrational



Learning Objectives

• Understand how to construct a proof by contradiction


