Induction, Episode V: The Recursion Fairy Strikes

Back

Part c: Induction Proofs of More Involved Claims

lan Ludden
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Learning Objectives

By the end of this lesson, you will be able to:
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Learning Objectives

By the end of this lesson, you will be able to:
¢ Adjust the indexing of the I.H. and inductive step.

e Write induction proofs for claims with inequalities, relations,
extra variables, or other non-formula claims.
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Example 1: Induction with Divides

lan Ludden Induction, Episode V: The Recursion Fairy Strikes Back 3/6



Example 1: Induction with Divides

Foralla,be ZTandneN, a| b — a" | b". | \
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Example 1: Induction with Divides

oralla,b e Z)andne N\a| b — a" | b"|' \" 1"

The proof is by induction on n. P(n) :=Va, b€ Z*,a| b— a" | b".
Base case: We show P(0). _©°_ 0
TN \\w v

Inductive step: Let k > 0 be arbitrary.
Suppose P(n)istruefor0 <n<k. n=0 .. te )
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Example 1: Induction with Divides

Foralla,beZ"andneN a|b—a"|b" TaClN noé
. FeL AT g

The proof is by induction on n. P(n) :=Va, b € Z*, M”}
Base case: We show P(0).

n n
Inductive step: Let k > 0 be arbitrary. L BIEANE N
Suppose P(n ) is true for 0<n

|e.
L%+ o\L‘El be b On\ oS& o\
T Db TEB G A ) 61) =8 )

Hence P(k) is true.

By induction, P(n) is true for all n > no.= © O
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Indexing our I|.H.
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Indexing our I|.H.

Vn €N, n> ng, P(n).
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Indexing our I|.H.

Vn €N, n> ng, P(n).

Base cases: We show P(ng), P(ng + 1),..., P(m). Ny 21,

Inductive step: Let kK > n; be arbitrary.

Suppose P(n) is true for ny < n < k.
< k-\
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Indexing our I|.H.

Vn €N, n> ng, P(n).

Proof
Base cases: We show P(ng), P(no + 1),...,P(n1).

Inductive step: Let k > n; be arbitrary.
Suppose P(n) is true for no < n < k.
k|
[Details] Hence P(k) is.tru le
bd]\ QA o wv D<h3 P(n + -jP(kA\J?(\
By induction, P(n) is true for all n > ng. O
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Example 2: Trigonometric Inequality
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Example 2: Trigonometric Inequality

Forany x € Rand n € N, |sin(nx| < n|sin x|. \

< J Y\:'iL 7(:‘“-
2 |0

)

lan Ludden Induction, Episode V: The Recursion Fairy Strikes Back 5/6


mathm
Pencil


Example 2: Trigonometric Inequality

Forany x e Rand n € N, |sin nx| < n|sin xl. y\é,‘\)— \Ixe ) D

Proof.
The proof is by induction on n. P(n) := Vx € R, |sin nx| < n|sin x|.
- —
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Example 2: Trigonometric Inequality

Forany x e Rand n € N, |sin nx| < n|sinx]|.

Proof.
The proof is by induction on n. P(nf = Vx € R, |sin nx| < n|sin x|.
Base case: When n =0, [sin Ox|= O <0 r-,,\x\ \/)Lem \/
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Example 2: Trigonometric Inequality
7 sinik-1)x + X

Forany x e Rand n € N, |sin nx| < n|sinx]|.

Proof.
The proof is by induction on n. P(n) := Vx € R, |sin nx| < n|sin x|.
Base case: When n =0,

Inductive step: Let kK > 0 be arbitrary, and suppose P(n) is true for
0 < n < k. We show P(k + 1) is true: XY -

\g“,, (uI)x' = \"'V\<k" +x)| < u"_\_f‘g;"‘x\

‘:Ig-,,\ le, cOsx =+ snrCO .
Z |sig kx c_osx\ t |5|',\7\ cos k;\ :(l(}\)\s'w\!\ )

Sl(X

= |sin k,| Jeos x| +1sim x| | cos kx Hun<e P( Ic*\)
,_4_ |s;-4 kxl + [sinx 15 —I—er_
Hence by induction, P(n) is true for all n € N, O
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Recap: Learning Objectives

By the end of this lesson, you will be able to:
¢ Adjust the indexing of the I.H. and inductive step.

e Write induction proofs for claims with inequalities, relations,
extra variables, or other non-formula claims.
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