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This lecture covers the rest of section 5.4 of Rosen, including combinato-
rial proof, plus some material from section 5.5.

1 Overview

We'll see a bunch of combinatorial formulas, as well as some extended cases
of counting combinations and permutations. For all of them, there is a good
picture or construction that can help you remember the formula, or recon-
struct it if necessary. These formulas would not be so pleasant to memorize
blindly.

2 Combinatorial proofs

There are a large number of useful identities involving binomial coefficients.
A very simple example is:

Claim 1 (3) = (,")

There are two ways to prove this. First, we could convert both sides to
expressions involving factorials and show that they are equal.



Proof: (Z) = ﬁlk)'

n n! _ n!
Also, (") = R (n—(n—k) — (n—k)Ik!

So (i) = (")

Alternatively, you can prove this by choosing two sets and discussing why
the two numbers of combinations must be the same.

Suppose we have a set S containing n elements. We can match
up the subsets containing k elements with the subsets containing
n — k elements. Specifically, each subset A of S is matched to
S—A. This is a bijection, so there are the same number of subsets
of size k as subsets of size n— k. So C(n, k) and C(n,n — k) must
be equal. That is, (Z) = (nfk) O

The second proof technique is called a “combinatorial proof.”

3 Vandermonde’s Identity
Here’s another useful identity:
Claim 2 (Vandermonde’s Identity) ("7™) = > _o () (")
We can prove this using a combinatorial argument, as follows:

Proof: Suppose that we have a set A with n elements and a set
B with m elements, where A and B don’t overlap. If we want to
choose r elements from AU B, we will have to pick some number
k from A and then the remaining r — k from B.

So, we need to walk through all possible values of k. For each
value of k, we pick k£ elements from A. This can be done in (Z)
ways. We then pick r — k elements from B, which can be done in
(fk) ways. So, using the sum and product rule, the total number

of choices is



4 Pascal’s identity
Here’s another well-known identity:

Claim 3 (Pascal’s identity) ("I') = (,",) + (})

[Draw Pascal’s triangle. See Rosen p. 367 for a picture.|

If we have Pascal’s identity, we can give a recursive definition for the
binomial coefficients:

Base: For any natural number £, (lg) =1 and (:) = 1.

Induction: for any positive numbers n and k£, k < n (Z) = (Zj) + (”;1)

5 Proof of Pascal’s identity

[This section won’t be presented in lecture, but is included as an additional
example.]

There are (at least) two ways to prove this identity. We can prove it
directly from the factorial equations:

Proof:

( - ) + ( § ) - (/\1;_1)!(7;1i k—1) k!(nni k)l

n! n!
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Alternatively, we can use a combinatorial proof:

Proof: Suppose that S is a set with n 4+ 1 elements. ( n—ll— ! )

is the number of k-element subsets of S.

Pick some element a € S. We can divide the k-element subsets
of S into two groups: those that contain a and those that don’t.

The k-element subsets of S that don’t contain a are the same as
the k-element subsets of S — {a}, i.e. the k-element subsets of a

set with n elements. This is ( Z )

The k-element subsets of S that do contain a can be formed by
adding a onto each k — l-element subsets of S — {a}. There are

n
( A ) of these.

So there are ( 2 ﬁ . + Z ) k-element subsets of S. That is

(") =)+ (3)

Both methods of proof work fine. The combinatorial proofs are worth
knowing about because they are sometimes easier to read/write.

6 Permutations with identical objects

Life gets more interesting when our problem involves multiple copies of the
same (or indistinguishable) objects. I'm not going to walk through all the

4



possibilities here, because they get ugly fast. I'll just show a couple cases
where the analysis is still fairly nice.

First, suppose I have a list of objects such as L = (c¢,0,l,1,¢,g,e) that
contains some duplicates. How many ways can I put the elements of L into
different orders?

If we ignored the fact that some objects are duplicates, we would calculate
7! permutations of this list. However, this is double-counting some possibil-
ities, because it doesn’t matter what order we put the duplicates in. So we
need to divide out by the number of ways we can permute the duplicates. In
this case, we have 2! ways to permute the I’'s and 2! ways to permute the e’s.
So the true number of orderings of L is 2?—;,

Similarly, the number of reorderings of J = (a,p,p,l,e,t,r,e,e,s) is 21,—%',

In general, suppose we have n objects, where n; are of type 1, ny are of
type 2, and so forth through n; are of type k. Then the number of ways to

. . . |
order our list of objects is ——2—.
nilnal..ng!

7 Combinations with repetition

Suppose I have a set S and I want to select a group of objects of the types
listed in S, but I'm allowed to pick more than one of each type of object.
For example, suppose I want to pick 6 plants for my garden and the set of
available plants is S = {thyme, oregano, mint}. The garden store can supply
as many as I want of any type of plant. I could pick 3 thyme and 3 mint. Or
I could pick 2 thyme, 1 oregano, and 3 mint.

There’s a clever way to count the possibilities here. Let’s draw a picture of
a selection as follows. We’ll group all our thymes together, then our oreganos,
then our mints. Between each pair of groups, we’ll put a cardboard separator
#. So 2 thyme, 1 oregano, and 3 mint looks like

TT#O#MMM
And 3 thyme and 3 mint looks like

TTT#4# MMM



But this picture is redundant, since the items before the first separator
are always thymes, the ones between the separators are oreganos, and the
last group are mints. So we can simplify the diagram by using a star for each
object and remembering their types implicitly. Then 2 thyme, 1 oregano,
and 3 mint looks like

R LK Y onk
And 3 thyme and 3 mint looks like

To count these pictures, we need to count the number of ways to arrange
6 stars and two #’s. That is, we have 8 positions and need to choose 2 to fill

with #’s. In other words, ( S )

In general, suppose we are picking a group of k objects (with possible
duplicates) from a list of n types. Then our picture will contain k stars and
n —1 #’s. So we have k +n — 1 positions in the picture and need to choose
n — 1 positions to contain the #’s. So the number of possible pictures is

k+n—1
()

Notice that this is equal to ( k+ Z -1
that says so (see above). We could have done our counting by picking a
subset of k positions in the diagram that we would fill with stars (and then
the rest of the positions will get the #’s).

because we have an identity

If wanted to pick 20 plants and there were five types available, I would

have ( 244 ) = ( 33 ) options for how to make my selection. ( 244 ) B

24-23-22-21 __
UBNN — 93.22-21.



