Method of Unrolling: Another example

Consider the following inductively defined function:
T =1
vn >2, T(nN) =2T(h-1) +3

Let’s try the method of unrolling. Suppose n is very large. Then
T(n) = 2T(n-1) +3 (by definition)
= 22T(n-2)+3)+3 = 2°T(n-2) +23+3
= 22(2T(n-3)+3)+23+3=2%T(n - 3) + 223 +2:3+ 3

_ 2kT(n — k) + 3(ki 2‘)
i=0

The base case occurs when k=n -1, and hence

n_

i=0

2 -
T(n)=2"1.1+ 3( 2'j =2"13(2"~1)=2"-3 which is O(2")



Method of Trees

= Let’s consider the same inductively defined function:
T =1
vn >2, T(nN) =2T(n-1) +3
* The inductive step says: The problem T(n) breaks down into 2 smaller
problems T(n — 1), after doing 3 units of work. We can draw a picture:

Problem size Work
N 3
n-—2 ‘n—Z n-—2 n-—2 22.3

We have a binary tree where the work at level 0 (top) is 3, the work at
level 1 is 2-3, the work at level 2 is 2%-3, etc. In general, the work at level
k is 2k.3. The problem shrinks to size 1 at the leaves, whenk=n -1

n-2
= Thus T(n) = sum of all the work = 2" +3(Z 2'j as before

=0



Method of Trees: Another example

Consider the inductively defined function:
T =1
vn >2, T(n) =2T(n/2) +n

The inductive step says: The problem T(n) breaks down into 2 smaller
problems T(n/2), after doing n units of work. We can draw a picture:

Problem size Work
N n
—n/2 n/2 ~— 2-(n/2)
n/4 ‘ n/4 | n/4 n/4 4-(n/4)

The work at level 0 (top) is n, the work at level 1 is 2-(n/2) = n, the work
at level 2 is 4-(n/4) = n, etc. In general, the work at level k is n. The
problem shrinks to size 1 at the leaves, when k = log,n

Thus T(n) = sum of all the work = n log,n



Method of Trees: Yet another example

Consider the inductively defined function:

T =1

vn >2, T(n) = 2T(n/2) + n?
The inductive step says: The problem T(n) breaks down into 2 smaller
problems T(n/2), after doing n? units of work. We can draw a picture:

Problem size Work
n n
—1Nn/2 n/2 ~— 2-(n/2)?
n/4 ‘ n/4 | n/4 n/4 4-(n/4)?

The work at level 0 (top) is n?, the work at level 1 is 2-(n/2)? = n?/2, the
work at level 2 is 4-(n/4)? = n?/4, etc. In general, the work at level k is
n2/2%. The problem shrinks to size 1 at the leaves, when k = log,n

logn
Thus T(n) = nz(zzll] = n2(2— 2'%9” j = nz(Z—ij which is O(n?)

i=0 n
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