Onto vs. One-to-one functions

= f: A—>Bisontoif vxeB,3dyeA, f(y)=x
= f: A—>B isone-to-oneifvxe A, vyeA, fy)=f(x) > x=y

= Examples:
Ll : R > Z isonto because vx € Z,dy=x e R, Lyl = x
v : R* - R* is one-to-one because Vx,y e R,
W=V > (W)2=(y)? > x=vy
v : R* - R* isalso onto because Vx € R*, 3y = x2 € R*, \y = X
— Thusv : R* - R* is bijective

= Notethat | ] : R — Z is not one-to-one because | 2.5]=12]but 2.5 = 2



Composing two functions

Suppose f : A—>B and g: B—>C. Then gof: A — C isdefined as
g o f(x) = g(f(x))

Example: Consider v : R* — Rtand | ] : R* — Z*. Then
Vol | :R* - Ztisdefinedas Vol |(x) = V({xJ)

Note that order of composition matters: fog = go f in general!

Claim: Iff : A—>B and g: B — C are both one-to-one, then
gof:A— C isalso one-to-one

Proof: Suppose x € A,y € A such that g o f(x) =g o f(y)

By definition, g(f(x)) = g(f(y))
Since g is one-to-one, this means that f(x) = f(y)
Since f Is one-to-one, this means that x =y, which completes the proof
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