Proving two sets are equal

In general to show that X = Y we need to show two things:
XcVYand Y < X

Occasionally, however, the proof follows directly by logical equivalence:

Example (DeMorgan’sLaw): AUB = AnB

Proof: AUB = {X€U|X ¢ AUB}
={xeU|=(x € AuB)}
={xeU|a(xeA v xeB)}
={xeU|a(xeA) A =(xeB)}
= {xeU]| (xegA) A (xeB)}
= {xeU (XEA_)/\(XEB_)}

= ANB




Try one!

Claim: A = (A—B)U (AN B)

Proof: Let x € A
There are two cases: X € B and x ¢ B

If xe B, then (x e A)A(x € B) andhence xe AnB
Thus x e (A-B) U (AN B)
If X ¢ B, then (x € A) A (X ¢ B) and hence x € (A - B)
Thus x e (A-B) U (AN B)

We have shown that A < (A-B) u (AN B)
Now suppose x € (A-B) U(AnB), so XxeA-B) or (x e AnB)

In either case, x € A andhence (A-B)uU(AnB) c A
This completes the proof.



A proof by contradiction

Claim: If (A-B)u(B-A) = (AuB) then (AnB) = ¢

Proof: Suppose (AnB) = ¢ andlet x € AnB

Thenclearly x ¢ AUB andso x € (A-B)u (B-A)

Thus x € (A—B) or x € (B-A)

If x € (A—B) then x € A and x ¢ B, a contradiction
Similarly if x € (B—A) then x € B and x ¢ A, acontradiction

Thus we get a contradiction in every case, and hence (AN B) = ¢



A proof with power sets

= Claim: A < B < P(A) < P(B)

» Proof: Suppose A < B andlet S € P(A)
Then by definition, S < A
By transitivityof <, S < B
Hence by definition, S € P(B)

Conversely, suppose P(A) < P(B)

Since A e P(A), A e P(B)
Hence by definition, A < B



Another False Proof

= “Claim”: P(A) U P(B) = P(A U B)

= “Proof”: LetS € P(A) U P(B). Then S € P(A) or S € P(B)
SO Sc AorSc B
So S AuB
Hence S € P(A U B)

Let S e P(AuUB)

So S AuB

SO VX, XxeS > xeAuB
VX, XeS > XeA or xeB
ScA or ScB

So SeP(A) or SeP(B)

So S e P(A) uP(B)
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