
7th of October, 2025

Given a predicate φ(·) of one free variable, the schema of (strong) mathematical induction is as follows.

(∀n ∈ N)
(

φ(n)
)

⇔ φ(0) ∧ (∀k ∈ N)
(
(∀ℓ ∈ N)

(
l ⩽ k ⇒ φ(ℓ)

)
⇒ φ(k + 1)

)
.

1. Prove that
n

∑
i=0

2i = 2n+1 − 1 for all n ∈ N.
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2. Prove that
n

∑
i=1

(i + 1)2i = n2n+1 for all n ∈ N+.
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3. Prove that 2 + 3n < 2n for all natural numbers n > 3.
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4. Prove that
n

∑
i=0

(
n
i

)
= 2n for all n ∈ N.
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