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This lecture finishes discussion of big-O notation and starts talking about
solving recurrences. This material is in sections 3.2 and 7.1 of Rosen.

1 Announcements

There’s a quiz coming next Wednesday (21 October).
ACM reflections/projections conference this coming Friday through Sun-
day.

2 Recap big-O

Last class, we saw the idea of asymptotic analysis, in which functions (e.g.
the running times of computer programs) are classified on the basis of their
behavior for large inputs, ignoring multiplicative constants.

We saw that a function f is O(g) if f grows no faster than g. So 3x is
O(x?). 3z also O(z), since we don’t care about the constant 3. But 322 isn’t
O(z), because z? grows faster than 3z% when z gets large.

We saw the following big-O ordering for selected basic functions:

1 <logn <n < nlogn < n?

l1<n=<n?=<n® . <2"<nl

We also saw the formal definition for big-O notation. Suppose that f and
g are functions whose domain and co-domain are subsets of the real numbers.
Then f(z) is O(g(x)) (read “big-O of g) if and only if



There are real numbers ¢ and k such that |f(z)| < ¢|g(z)| for
every r > k.

And then
e g(x)is Q(f(x)) if and only if f(z) is O(g(x)). (Le. it’s like >.)

)
e f(x) is O(g(x)) if and only if g(x) is O(f(x)) and f(z) is O(g(x))
or (ailter)natively, if g(z) is O(f(z)) and g(z) is Q(g(x)). (O is like
equality.

For example, 2% is Q(3z?) and Q(x?), because x* grows at least as fast as
both of these functions.
x3 is also O(z?), so 2% is ©(z?). But z? is not O(3z?), so it’s not O(3z?).

3 Example big-O proof

Show that 3z? + 8z logz is O(x?).
Notice that zlogx < 22 for any # > 1. So 322 + S8xlogax < 1122 So if
we set ¢ = 11 and k = 1, our definition of big-O is satisfied.

4 Sample disproof
Claim: z? is not O(7x?).

Proof by contradiction. Suppose 2® were O(7z%). Then there are
c and k such that 23 < 722 for every z > k. But 2% < 722
implies that x < 7c. But this fails for values of x that are greater
than 7c. So we have a contradiction.

5 More abstract example

Let’s do a more abstract proof about big-O relationships. To keep things
simple, we'll assume that all functions return positive outputs. (It’s easy
to upgrade the proof to add absolute values and thus handle other sorts of
functions.)

Claim: Suppose f(z) is O(g(x)) and p(x) is O(r(x)), then f(x)p(z) is
O(g(x)r(x)).



Proof: Suppose f(z) is O(g(x)) and p(z) is O(r(x)). Then (defi-
nition of big-O), there are positive real numbers ¢, k, ¢/, k' such
that f(z) < cg(x) for all x > k and p(x) < dr(zx) for all x > k.

Then, for every x > max(k, k'), f(z)p(z) < cd'g(x)r(x). If we set
K = max(k, k') and C = ¢ then, we have f(z)p(x) < Cg(z)r(x),
for all x > C. So f(x)p(z) is O(g(x)r(z)).

( )S)uppose f(z)is O(g(z)) p(z) is O(r(x)). Show that f(x)+p(z)is O(g(z)+

We didn’t do the following proof in class. It’s here in case you are curious.

Proof: Suppose f(z) is O(g(x)) and p(z) is O(r(x)). Then (defi-
nition of big-O), there are positive real numbers ¢, k, ¢, k' such
that f(z) < cg(z) for all x > k and p(x) < dr(x) for all z > k.

Then, for every x > max(k, k'), f(z)+p(x) < cg(z) +r(x). Let
C = max(c, ). Then f(z)+ p(z) < C(g(x) +r(z)). So we have
that f(x) + p(z) is O(g(z) + r(z)).

It’s often the case that one of the two terms in the righthand sum dom-
inates the other. For example, if g(z) is O(r), then we can simplify the
conclusion to: f(z)+ p(z) is O(r(z)).

6 Recurrences

We've seen recursively defined numerical functions, aka recurrences, last
week. For example, we might have a function 7' : N — Z defined by

e T(0)=1
e I'(n)=T(n—1)+3n (forn >1)

If a recursively-defined function has an equivalent closed form (i.e. a
formula that doesn’t use recursion), this is extremely useful for understanding
the function’s behavior.

Sometimes you can just look at a recursive function definition and guess
the right closed form. Or you might work out the values of the function for the
first few input numbers and then guess the right closed form. This method



is called “inspection.” Sometimes it works; often it doesn’t, especially for
beginners.

In this course, we’ll see a couple techniques for attacking recurrences that
you can’t solve by inspection. One is called “unrolling” and the other involves
inspecting a tree representation of the recurrence. You’ll see other techniques
in later courses, most notably algorithms.

Once you have the correct closed form, you can prove it’s correct using
induction. This is easy once you have had some practice using induction. (It
probably doesn’t seem easy to you right this minute, because you are still
working on the first induction problem set.)

7 Unrolling

The idea behind unrolling is to substitute a recurrence into itself, so as to re-

express T'(n) in terms of T'(n — 2) rather than T'(n — 1). We keep doing this,

expressing 7'(n) in terms of the value of T' for smaller and smaller inputs,

until we can see the pattern required to express 7'(n) in terms of n and 7°(0).
Let’s do this to our example function 1" above.

T(n) = Tn-—1)+3n

(T'(n—2)+3(n—1))+3n
(T(n—3)+3n—2))+3(n—1)+3n

(T(n—4) +3(n — 3)) + 3(n — 2) + 3(n — 1) + 3n

: T0)+14+34+6+...+3n—3))+3(n—2)+3(n—1)+3n

The first few lines of this are mechanical substitution. To get to the last
line, you have to imagine what the whole pattern looks like.

We can now compress this using summation notation. Since the key
summation is a familiar one, we can solve for a relatively simple closed form:



Tn) = TO)+1+3+6+...+3(n—3))+3(n—2)+3(n—1)+3n

8 Another example

Here’s another example. Suppose that you deposit $10,000 and your bank
gives you 11% interest each year (which isn’t very likely, is it?). The function
M for how much money you’ll have in n years is given by

o M(0) = 10000
o M(n)=111M(n—1).

Unrolling this recurrence, we get

M(n) = 111M(n-1)
= 111(L11M(n —2))
= 1L11(1.11(1.11M(n — 3)))

= (1.11)"M(0)
= (1.11)"(10,000)
= 228,922.97



