Circuits



Series Circuit

This circuit operates only if there is at least one path of functional
devices from left to right. The probability that each device
functions is shown on the graph. Assume that the devices fail
independently. What is the probability that the circuit operates?
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Let L & R denote the events that the left and right devices
operate. The probability that the circuit operates is:
P(L and R) =P(LNR) = P(L) * P(R) =0.8 * 0.9 =0.72.

Sec 2-6 Independence



Parallel Circuit

This circuit operates only if there is a path of functional devices
from left to right. The probability that each device functions is
shown. Each device fails independently.
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Let T & B denote the events that the top and bottom devices
operate. The probability that the circuit operates is:

P(TUB)=1-P(T’n B’)=1-P(T")*P(B’) = 1 — 0.052= 1 — 0.0025 — 0.9975.



Duality between parallel and series circuits

(a) (b)

Connection Notation Works with prob|Fails with prob
Serial |E{NE;N---NE,| pip2...pu L —p1pa...pu
Parallel ([E{UE,U---UEy| 1—4g192...9n 4142 ---qn




Advanced Circuit

This circuit operates only if there is a path of functional devices
from left to right. The probability that each device functions is
shown. Each device fails independently.
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Partition the graph into 3 columns with L & M denoting the left &
middle columns.

P(L) = 1- 0.13, and P(M) = 1- 0.05%, so the probability that the
circuit operates is: (1 —0.13)(1-0.05%)(0.99) = 0.9875 (this is a
series of parallel circuits).



Circuit - Set equation

Eo Es
Eq b7
Es
Ey
Eg
Component E1 E, E5 E4 E5 Eg E7

Probability of functioning well
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Circuit = Set equation

Es Es
T El E7 .
Eis
Ey
Es
Component E1 E; E3 E4 Es Eg E-

Probability of functioning well{0.9 0.5 0.3 0.1 0.4 0.5 0.8
Eqi N [(Ez NE;)U(Es4N (E5 U EG))] N E-.

P(Works) = 0.9.*(1-(1-0.5.%0.3).*(1-0.1.%(1-0.6.*0.5))).*0.8=0.15084




Matlab group exercise
Break into groups by rows (or half rows).
| will collect results on the blackboard

Each group writes a matlab script to simulate
10° tests of this circuit

Calculate the fraction

of time circuit works =,
Compare to our E, 3
calculation: 0.15084 Es
Ey
Eg
Component . E, B B E- B B

Probability of functioning well{0.9 0.5 0.3 0.1 0.4 0.5 0.8




Matlab check

M=1000000;

s=0;

fori=1:M

el =rand <0.9;e2 =rand <0.5; e3 =rand < 0.3;
e4 =rand <0.1; e5 =rand < 0.4; e6 =rand < 0.5;
e7 =rand < 0.8;

s1 =min(e2,e3); % or s1 = e2*e3;

s2 = max(e5,e6); % or s2= e5+e6>0;

s3 = min(e4,s2); % or s3 = e4*s2;

s4 = max(s1,s3); % or s4 = s1+s3 > 0;

st = min([el;s4;e7]); % or st=el*s4*e7;

S =S+ st;

end

works = s/M

fails =1 - works



e, e

Component e1 ex €3 ey €5 eg ey

Probability of Co-mponent working|0.3 0.8 0.2 0.2 0.5 0.6 0.4







Bayes Theorem



Bayes’ theorem (1812)

Thomas Bayes
(1701-1761)
English statistician, philosopher,
and Presbyterian minister



Bayes’ theorem (simple)
Definitions: P(B|A) =P(BNA)/P(A); P(A|B)=P(An B)/P(B)

P(A N B) = P(4|B)P(B) = P(BN A) = P(B|A)P(4)

P(B| A)P(4)
P(B)

P(4|B) =

* |In Science we often want to know:
“How much faith should | put into hypothesis, given the data?”
or P(H| D)
 What we usually can calculate is:
“Assuming that this hypothesis is true, what is the
probability of the observed data?” or P(D|H)
* Bayes’ theorem can help: P(H|D)=P(D|H)*P(H)/P(D)
* The problem is P(H) (so-called prior) is often not known



Bayes theorem (continued)

Works best with exhaustive and mutually-exclusive hypotheses:
Hy, Hy ... H, suchthat H, UH, U H;... UH, =5 and H; N H=s for i#j

P(H/D)=P(D[H,)*P(H,)/P(D)
* P(H,)is a prior of hypothesis k. But what is P(D)?

* P(D)=P(DNnH,)+P(DNH,)+..P(DNH)=
=P(D|H,)*P(H,) + P(D|H,)*P(H,) +... P(D[H, ) *P(H,)

3 (
@ DN #Hy \\\@/Z

—/ 1 b, 3_/




An awesome new test has been invented for an early
detection of cancer. The probability that it correctly
identifies someone with cancer as positive is 95%, and
the probability that it correctly identifies someone
without cancer as negative is 99%. The incidence of this
type of cancer in the general population is 104. A
random person in the population takes the test, and the
result is positive.

What is the probability that he/she has cancer?

A. 99%
B. 95%
C. 30%

D. 1% -
Get your i-clickers
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How come?
We thought it was a great test..

* Let C—be the event that the patient has cancer;
C’ — patient is cancer free

* Y/N — events that test is Positive/Negative
(N=Y’)

* We know: P(C)=10"%, P(Y|C)=0.95, P(N|C’)=0.99

* We need to find P(C|Y)

* Bayes to the rescue: P(C|Y)=P(Y|C)*P(C)/P(Y)

 What on earth is P(Y) ???



What is P(Y) ?7?7?

Likelihood that a random patient would test Y:
P(Y)=P(Y n C)+P(Y n C’)=P(Y|C)P(C)+P(Y|C’)P(C’)=
0.95*104+(1-0.99)*(1-104)=0.01

Hence P(C|Y)=P(Y|C)*P(C)/P(Y)
~104/0.01=0.01=1%

But we would like it to be 100%, please!!!

Until the false positive discovery rate 1-P(N|C’)

does not fall below the general population
prevalence the result will never be close 100%




What if | am already 50% sure (based
on other tests) that a patient has
cancer?

* That changes everything!

* Now P(C)=P(C’)=0.5

* P(C|Y)=P(Y|C)*P(C)/[P(Y|C)*P(C)+ P(Y|C")*P(C’")]=
0.95*0.5/[0.95*0.5+(1-0.99)*0.5]=0.99

* Now the doctor can be almost 100% sure.

 The importance of prior:

— If prior belief that one has cancer is 10 — test is useless
— If prior belief is at least 1% - the test is useful



(15 points) Prostate cancer is the most common type of
cancer found in males. It is checked by PSA test that is
notoriously unreliable. The probability that a
noncancerous man will have an elevated PSA level is
approximately 0.135, with this probability increasing to
approximately 0.268 if the man does have cancer. If,
based on other factors, a physician is 70 percent certain
that a male has prostate cancer, what is the conditional
probability that he has the cancer given that the test
indicates an elevated PSA level?

A. 99.99%
B. 99%

D. 71%  Get your i-clickers
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All this trouble for a lousy
12% gain in confidence?
| don’t believe you!

Let C — be the event that the patient has cancer;
C’ — patient is cancer free, E — events that the
PSA test was elevated

We know doctor’s prior belief: P(C)=0.7
We know test stats: P(E|C)=0.268, P(E|C’)=0.135
We need to find P(C|E)=P(E|C)*P(C)/P(E)

P(E)=P(E|C)*P(C)+P(E|C’)*P(C’)=
=0.268*0.7+0.135*0.3=0.23

P(C|E)=0.7*0.268/0.23=0.82=82%
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P(I‘H NEAR [T PICKED UP) _ . .
THE OCEAN | A SEASHELL this comics?
‘M WE AR
p(cpume p@ﬁ) JECTN
A crezp VP
/CWEW E,éf CHEL >
~
-l"'""-.vqh._
HHT“
_@_ECRP‘_'):‘J‘ )
r.‘51;’11.E3IEI§-,'-| )

STAMSTICALLY SPERKING, IF YOU PICK UP A

SEASHELL AND DOV HOLD IT TOYOUR ERR,

YOU (AN PROBRBLY HEAR THE OCEAN.

If you are not yet reading
XKCD comics
https://xkcd.com/

you should start
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