Descriptive statistics:

Sample mean and
variance



Linear Functions of Random Variables

e A function of random variables is itself a
random variable.

e A function of random variables can be formed
by either linear or nonlinear relationships. We
start with linear functions.

* Given random variables X, Xy X, and
constants ¢y, ¢,, ..., C,
Y= X1 + X, + .+ ¢ X, (5-24)

is a linear combination of X, X5peer X,

Sec 5-4 Linear Functions of Random
Variables






Mean & Variance of a Linear Function

Y= Xy + X, + .+ X,

E(Y)=CE(X,)+C,E(X,)+...+C,E(X,) (5-25)

V(Y)=cV (X)) +V (X,)+..+CV (X, )+2D > cc;cov(X,X;)  (5-26)

i<j

)
X, X,,.., X are independent, then cov( , )
)

V(Y)=cV (X,)+CV (X,)+..+CV (X, (5-27)



Example 5-31: Error Propagation

A semiconductor product consists of three
layers. The variances of the thickness of each

layer is 25, 40 and 30 nm?. What is the
variance of the finished product?



Example 5-31: Error Propagation

A semiconductor product consists of three
layers. The variances of the thickness of each

layer is 25, 40 and 30 nm?. What is the
variance of the finished product?

Answer:

LM 0 TANT X =X, +X,+X,

ot

sFoncdors
Aer a3 SD (X )=+/95=9.7 nm

r e woudd \)—Z_—S:vnm—l Yo nm+
= o Z " M <+ o um = lé:?ywm

6

R 3
Add voialimhy (X ) =3V (X, ) =25+40+30 =95 nm’
i=1



Some Definitions

* The random variables X, X,,...,X, are a random
sample of size n if:

a) The X are independent random variables.

b) Every X. has the same probability distribution.
Such X, X,,...,X, are also called independent and
identically distributed (or i. i. d.) random variables

e Astatisticis any function of the observations
in a random sample.

 The probability distribution of a statistic is
called a sampling distribution.

Sec 7-2 Sampling Distributions and the
. 7
Central Limit Theorem



Statistic #1: Sample Mean

If the n observations 1in a random sample are

denoted by X, X, ,..., X, the sample mean 1s










Central Limit Theorem

If X,, X,,..., X, 1s arandom sample of size n 1s
taken from a population (either finite or infinite)
with mean x and finite variance o, and

if X is the sample mean,

then the limiting form of the distribution of

X4 (7-1)

~o/4n

for large n, 1s the standard normal distribution.

ItX,,X,,..., X, are themselves normally distributed

- for any n

Sec 7-2 Sampling Distributions and the

Central Limit Theorem H



Sampling Distributions of Sample Means

Figure 7-1 Distributions of average scores
from throwing dice.

Mean = (6+1)/2=3.5 bR S e o e
Sigman2 = [(6-1+1)2-1]/12=2.92
Sigma=1.71 | | | |
1 | 2 3 4 5 ! EIS X
(b) Two dice
Formulas | ™
1 2 3 4 5 6 «x
b_l_a (c) Three dice
H=—" ‘
2 ..|||||‘ ||||..
2 1 i (dfFivedqirce ’ °
, (b—a+1) -1
Ox = 12 0,
1 2 3 4 5 6 x
o) . 2 (e) Ten dice
ox =0y /n

Sec 7-2 Sampling Distributions and the

Central Limit Theorem =
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Example 7-1: Resistors

An electronics company manufactures resistors having a mean
resistance of 100 ohms and a standard deviation of 10 ohms. What
is the approximate probability that a random sample of n = 25
resistors will have an average resistance of less than 95 ohms?



Example 7-1: Resistors

An electronics company manufactures resistors having a mean
resistance of 100 ohms and a standard deviation of 10 ohmes.
What is the approximate probability that a random sample of n =
25 resistors will have an average resistance of less than 95 ohms?

/\&»_ 100 ohms 6 - 40@4wwf/ h=172%
A 10 10
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Example 7-1: Resistors

An electronics company
manufactures resistors having a
mean resistance of 100 ohms
and a standard deviation of 10
ohms. What is the approximate

probability that a random 75 100 x
sample of n = 25 resistors will

have an average resistance of Figure 7-2 Desired probability is

less than 95 ohms? shaded

2.0

10
Answer: X \/ﬁ - \/E -

(D[x —,u] :®(95—1ooj

O 2
=0(-2.5)=1-D(2.5)
=1-0.9938 = 0.0062

Sec 7-2 Sampling Distributions and the
Central Limit Theorem
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Two Populations

We have two independent populations. Two samples of
sizes n, and n, respectively were drawn from these
populations. What is the distribution of the difference
of their sample means?

The sampling distribution of X, — X,

has the following mean anad variance:




Sampling Distribution of a Difference in Sample Means

* If we have two independent populations with means py, and
W,, and variances 0,2 and 0,?,

* And if X-bar, and X-bar, are the sample means of two
independent random samples of sizes n, and n, from these
populations:

* Then the sampling distribution of:

Z:(Xl_xz)_(/’ll_luz) (7_4)

2 2
O O

1 4+ 2

nl n2

is approximately standard normal, if the conditions of the
central limit theorem apply.

* |f the two populations are normal, then the sampling
distribution is exactly standard normal.




Example 7-3: Aircraft Engine Life

The effective life of a component
used in jet-turbine aircraft
engines is a random variable
with p,,,=5000 hours
and o,,4,=40 hours (old). The
engine manufacturer
introduces an improvement
into the manufacturing process
for this component that
changes the parameters to
Kew=2050 hours
and o...=30 hours (new).

new
Random samples of 16
components manufactured
using “old” process and 25
components using “new”
process are chosen.

What is the probability new
sample mean is at least 25
hours longer than old?



Example 7-3: Aircraft Engine Life

The effective life of a component
used in jet-turbine aircraft g,\ — O?O /4 = 70 Mﬁ
engines is a random variable X \ e
with p,,,=5000 hours
and o,,4,=40 hours (old). The é v

engine manufacturer o) —
introduces an improvement
into the manufacturing process

TN
(/—E\ST: ZLV,(

for this component that Z 5 T 7 _
changes the parameters to ToT = T \ a X N
W..,,=5050 hours o4 )
and o,.,=30 hours (new). _

Random samples of 16 — A~
components manufactured T Jj/ PO+ 356 =< 4/, g l"Vj

using “old” process and 25

components using “new” — /\’f 0 - 6’@ v
process are chosen. //MW /(f ’
What is the probability new / ~ >
sample mean is at least 25 25“" SO/ - =7 Y
hours longer than old? % = //, / q/ ~
Prol(2>-2.14)=0. 10




Example 7-3: Aircraft Engine Life

The effective life of a component
used in jet-turbine aircraft
engines is a normal-distributed
random variable with

parameters shown (old). The 0 25 50 75 100 %,-%
engine manufacturer Figure 7-4 Sampling distribution of
introduces an improvement the sample mean difference.
into the manufacturing
process for this component Process _
that changes the parameters Old (1) | New (2) |Diff (2-1)
mu and sigma as shown (new). mu= 5'028 5'028 28
Random samples are selected SETa = I >
from the “old” process and n= :
“new” process as shown. Calculations
What is the probability new s /vn = 10 6_5 ;11'31
sample mean is at least 25 Z= <
0.9840

hours longer than old? P(xbar,-xbar, > 25) = P(Z>z ) =
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Confidence intervals
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Prevalence (with 95% CI bars) of
obesity among New York City
public elementary schoolchildren,
by sex and race/ethnicity, 2003.

(source: CDC.GOV)

What do those bars
actually mean?
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ARTICLES

Patterns of somatic mutation in human
cancer genomes

The numbers of passenger and driver mutations present can be

estimated from these results (see Supplementary Methods). Of the

What does confidence 921 base substitutions in the primary screen, 763 (95% confidence
" interva!, 675—8585 are estlmatea to Ee Eassenger mutations. There-
interval mean? fore, the large majority of mutations found through sequencing can-
cer genomes are not implicated in cancer development, even when

the search has been targeted to the coding regions of a gene family of

high candidature. However, there are an estimated 158 driver muta-

tions (95% confidence interval, 63—246), accounting for the observed

positive selection pressure. These are estimated to be distributed in

119 genes (95% confidence interval, 52—149). The number of samples

containing a driver mutation is estimated to be 66 (95% confidence

interval, 36-77). The results, therefore, provide statistical evidence

for a large set of mutated protein kinase genes implicated in the
development of about one-third of the cancers studied.




Two-sided confidence intervals

Calculated based on the sample X, X,,...,X,

Characterized by:
— lower- and upper- confidence limits L and R
— the confidence coefficient 1-a

Objective: for two-sided confidence interval, find L
and R such that

— Prob(u>R)=a/2

— Prob(u<L)=0/2

— Therefore, Prob(L<u<R)=1-a

For one-sided confidence interval, say, lower
bound of u, find R that

— Prob(u>R)=c

Assume standard deviation sigma is known
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Exercise

Ishikawa et al. (Journal of Bioscience and Bioengineering 2012)
studied the force with which bacterial biofilms adhere to a solid
surface.

Five measurements for a bacterial strain of Acinetobacter
gave readings 2.69, 5.76, 2.67, 1.62, and 4.12 dyne-cm?2.

Assume that the standard deviation is known to be 0.66 dyne-cm2
(a) Find 95% confidence interval for the mean adhesion force

(b) If scientists want the width of the confidence interval to be
below 0.55 dyne-cm2 what the minimal number of samples should be?



Ishikawa et al. (Journal of Bioscience and Bioengineering 2012)

studied the force with which bacterial biofilms adhere to a solid
surface. Five measurements for a bacterial strain of Acinetobacter gave
readings 2.69, 5.76, 2.67, 1.62, and 4.12 dyne-cm2. Assume that

the standard deviation is known to be 0.66 dyne-cm2

(a) Find 95% confidence interval for the mean adhesion force

(b) If scientists want the width of the confidence interval to be
below 0.55 dyne-cm2 what the minimal number of samples should be?

a)95% CIfor i, n=5 o0=066 Xx-=3.372,z=1.96
f—:a/\/gﬁ,us,f+:0'/-\/;
3.372-1.96(0.66/+/5) < 11 <3.372+1.96(0.66/+/5)
2.79< 14 <3.95

b) Width is 2:0‘/\/_.= 0.55, thereforen = [220/0.55]2 = [2(1.96)(0.66)/0.55]2 = 22.13
Round up to n = 23.



8-2 Confidence Interval on the Mean of a Normal
Distribution, Variance Known
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Figure 8-1 Repeated
construction of a con- 1 2 3 4 5 6 7 8 9 10111213 14 1516
fidence interval for . Interval number

Figure 8-1 Repeated construction of a confidence interval for p.
33



Matlab exercise

1000 labs measured average P53 gene expression.

Each lab used a sample with n=20 drawn from the
Gaussian distribution with mu=3; sigma=2;
Each lab found 95% confidence estimates of the

population mean mu based on its own
sample only

Count the number of labs, where the true
population mean (mu=3) lies outside their
95% confidence bounds

You should get ~50 labs out of 1000 labs




How | did it

n=20; k_labs=1000;
rand_table=2.*randn(n,k_labs)+3;
sample_mean=mean(rand_table,1);
Cl_low=sample _mean-1.96.*2./sqgrt(n);
Cl_high=sample _mean+1.96.*2./sqgrt(n);
k_above=sum(3>Cl_high)
k_below=sum(3<Cl_low)

figure; ndisp=100; errorbar(1:ndisp,
sample_mean(1:ndisp),
ones(ndisp,1).%1.96.*%2./sqrt(n),'ko');

hold on; plot(1:ndisp, 3.*ones(ndisp,1),'r-');
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