Geometric distribution in biology
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Randomly pick two women.
Random variable T= # of
generations since

their last maternal ancestor?
T follows a geometric
distribution

Do these two women have
the same mother? Yes:
“success” in finding their last
common ancestor (p=1/N).
P(T=1)=1/N.

No? “failure” (1-p=1-1/N). Go
to their mothers and repeat
the same question.
P(T=t)=(1-1/N)**(1/N) = (1/N)
exp(-(t-1)/N)

t can be inferred from the
density of differences on
mtDNA =2ut



Last Universal Common Ancestor (LUCA)

Archaea were discovered here at UIUC in 1977
by Carl R. Woese (1928-2012) and George E. Fox
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LUCA: 3.5-3.8 Billion years old
Earth is 4.5 Billion years old



Negative Binomial Definition

* |In a series of independent trials with constant
probability of success, p, let the random variable X
denote the number of trials until r successes occur.
Then X is a negative binomial random variable with
parameters:

O<p<landr=1,23, ...

* The probability mass function is:

f(x) =C"'p’ (l—p)H forx=r,r+1Lr+2... (3-11)

* Compare it to binomial

f(x) =C_p" (1 —p)H forx=1,2,...n

NOTE OF CAUTION: Matlab, Mathematica, and many other sources use
X to denote the number of failures until one gets r successes.
We stick with Montgomery-Runger. For our notation use X_matlab +r



Negative Binomial Mean & Variance

* |f Xis a negative binomial random variable
with parameters p and r,
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Sec 3-7 Geometric & Negative Binomial
Distributions



Cancer is scary!

Approximately 40% of men and women will be diagnosed
with cancer at some point during their lifetimes
(source: NCI website)

TABLE 21.2 Leading causes of death in United States in 2010. Cause of death is based
on the International Classification of Diseases, Tenth Revision, 1992.

Rank Cause of death Number Percent of all deaths
- All causes 2,468,435 100.0
1 Diseases of heart 597,689 24.2 Ta b | e fro m
2 Malignant neoplasms 574,743 233
3 Chronic lower respiratory diseases 138,080 5.6 J Pevs ner
4 Cerebrovascular diseases 129,476 5.2
5 Accidents (unintentional injuries) 120,859 4.9 3 rd ed |t 10N
6 Alzheimer’s disease 83,494 3.4
7 Diabetes mellitus 69,071 2.8
8 Nephritis, nephrotic syndrome, 50,476 2.0
and nephrosis
9 Influenza and pneumonia 50,097 2.0
10 Intentional self-harm (suicide) 38,364 1.6

Source: National Vital Statistics Reports, 62(6) (http://www.cdc.gov/nchs/data/nvsr/nvsr62/nvsr62_06.pdf)

“War on Cancer” — president Nixon 1971.
“Moonshot to Cure Cancer” — vice-president Joe Biden 2016



“War on Cancer” progress report

Cancer Death Rates” by Sex, U.5., 1975-2005
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* Age-adjusted to the U.S. 2000 standard population.

Sources: LS. Morality Data 2006, National Health and Statistics, Centers for
Disease Control and Prevention, 2008
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Tobacoo Use in the U.5., 1900-2005
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Figure 3

Age-Adjusted Lung Cancer Death Rates*
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FIGURE 2 Trends in cancer incidence (1975-2021) and
mortality (1975-2022) rates by sex, United States. Rates are age
adjusted to the 2000 US standard population, and incidence rates
are adjusted for delays in case reporting. Incidence data for 2020
are shown separate from trend lines.

Figure from:

Siegel, R. L., Kratzer, T. B.,
Giaquinto, A. N., Sung, H. &
Jemal, A. Cancer statistics,
2025. CA: A Cancer

J. Clin. 75, 10-45 (2025).



Deaths/100k

U.S. Cancer Mortality: Rise & Fall (1950-2025)
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Probability theory and statistics
is a powerful tool to
learn new cancer biology




“Driver genes” theory

* Progression of cancer is caused by accumulation of mutations in
a handful of “driver” genes

 Mutations in driver genes boost the growth of a tumor
* Oncogenes: expression needs to be elevated for cancer
 Tumor suppressors (e.g. p53) need to be turned off in cancer

Sustaining proliferative
signaling

Resisting Evading growth
cell death SUppressors

Douglas Hanahan and
Robert A. Weinberg
Hallmarks of Cancer:
The Next Generation
Cell 144, 2011 st

angiogenesis

Enabling replicative
immortality




Statistics of cancer incidence vs age
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BENASN

How many driver gene mutations
for different types of cancer?

Only three driver gene mutations are required for the
development of lung and colorectal cancers

Cristian Tomasetti®®1, Luigi Marchionni, Martin A. Nowak9, Giovanni Parmigiani®, and Bert Vogelsteinf'g'1

“Division of Biostatistics and Bioinformatics, Department of Oncology, Sidney Kimmel Cancer Center, Johns Hopkins University School of Medicine, and
bDepartment of Biostatistics, Johns Hopkins Bloomberg School of Public Health, Baltimore, MD 21205; “Cancer Biology Program, Sidney Kimmel Cancer
Center, Johns Hopkins University School of Medicine, Baltimore, MD 21205; “Program for Evolutionary Dynamics, Department of Mathematics, Harvard
University, Cambridge, MA 02138; *Department of Biostatistics and Computational Biology, Dana-Farber Cancer Institute and Harvard School of Public Health,
Boston, MA 02215; and ‘Ludwig Center for Cancer Genetics and Therapeutics and 9Howard Hughes Medical Institute, Sidney Kimmel Cancer Center,
Johns Hopkins University School of Medicine, Baltimore, MD 21205

Contributed by Bert Vogelstein, November 21, 2014 (sent for review July 31, 2014; reviewed by Zvia Agur) Smoke rs have 3 23 t| mes

LUAD more mutations in lungs

B Comparison of Distributions

+ never-smokers

smokers

LUAD incidence fold increase in smokers

Number of driver mutations Somatic Mutation Rate
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Bioinformatics and Functional Genomics, Third Edition, Jonathan Pevsner.
© 2015 John Wiley & Sons, Lid. Published 2015 by John Wiley & Sons, Ltd.
Companion Website: www.wiley.com/go/pevsnerbioinformatics
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* Cancer cells carry both
“Driver” and “Passengers”
mutations

* Passenger mutations cause
little to no harm (see later for
how even little harm matters)

 Both are common as cancers
elevate mutation rate



Number of passenger+driver mutations
follows negative binomial distribution

* What is the probability to have n, passenger mutations
or (n,+k) total mutations by the time you are diagnosed
with cancer requiring k driver mutations?

* Let pis the probability that a mutation is a driver (p=
Genome_target_of driv/

(Genome_ target of driv+tGenome target of pass)
(1-p) — it is a passenger mutation

/np+k—1\

P(n,+k| p,k)= (1-p)" p"

.



What if passenger mutations slow
down the growth of cancer tumors?
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Can we prove/quantify it using statistics?

frequency

- 90% CI
- Observed
= 10% CI

y -

number of SNMs relative to median

2
10 S5-driver model /
—_ (neutral passengers) ‘_‘__,__q_g,-_._ —
= 103 >~
12107 - )
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Assume: growth rate of cancer=(1+sd)'\'0'/(1+sp)'\I|O
u=10-%, Target,=1,400, Ta rget =107, 5,=0.05 to 0.4, s,=0.001

sp/sd for breast: 0.0060+0.0010;

melanoma: 0.016+0.003; lung: 0.0094+0.0093;

Blue - data on breast cancer: incidence; nhon-synonymous mutations
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Register for the midterm #1
on CBTF
and take the exam between
11am Tuesday 2/24/2026
and all day Thursday 2/26/2026

No Tuesday class next week
Thursday class is in session



Midterm Info
* Closed book exam at CBTF; no books, notes,

laptops, phones...

* Calculators (not on smartphones) are
provided by CBTF

* The following printout and the
lecture slides will be provided



Probability Section
Name Distribution Mean Variance in Book
Discrete
1 b+a b—a+ 12 -1
Uniform —a=<h ( ) ( ) 3-5
n 2 12
Binomial (")px(l — By np np(1 — p) 3-6
X
x=0,1,...,n,0=p=1
Geometric (1 —py'p 1/p (1 — p)/p? 3-7.1
x=12,...,.0=p=1
x = 1
Negative binomial (‘ 1)( 1 —p)y~'p r/p 11 — p)/p* 3-7.2
o
x=rnr+ et 2., O=p=1
e—AI\I
Poisson ’ ,x=0,1,2,...,0 <A A A 3-9
Xt
Continuous
1 (b + a) (b — 0)2
Unift a=x=<bh —_— 4-5
niform b —a a=x > T
1 A0S
Normal 1A i o’ 4-6
oV2m
—o<x<0— 0o pu<ol<gco
Exponential Ae ™ 0=x0<A 1/A 1/A2 4-8
Ar‘_r— le—)tx
Erlang W 0<x,r=12,... /A r/A2 4-9.1
= 3
X\.r—l —Ax
Gamma ‘ <0 <r0<i /A % 4-9.2



What is included in the midterm?

* Probability of events (set operations),
Multiplication rules. Combinatorics

* Bayes Theorem
 Discrete Random Variables

* Other topics covered
(see HW1-HW?2 for inspiration)

* No Matlab exercises (snlce no
computers)



Probability Multiplication Rules
Combinatorics



Mr. Jones has 6 different books that he 1s going to put
on his bookshelf. Of these, 3 are chemistry books, 2
are physics books, and 1 1s a mathematics book. Jones
wants to arrange his books so that two conditions are
met:
(1) all the books dealing with the same subject are

together on the shelf

AND

(2) all chemistry books are on the leftmost side.

How many such different arrangements are
possible?



Mr. Jones has 6 different books that he 1s going to put

on his bookshelf. Of these, 3 are chemistry books, 2

are physics books, and 1 1s a mathematics book. Jones

wants to arrange his books so that two conditions are

met:

(1) all the books dealing with the same subject are
together on the shelf

AND
(2) all chemistry books are on the leftmost side.

How many such different arrangements are
possible?

Answer: (3!%21%11)*21=24



4. (4 points) The following circuit operates if and only if there is a path of functional devices from left to
right. The probability that each device functions is as shown. Assume that the probability that a device
is functional does not depend on whether or not other devices are functional. What is the probability

that the circuit operates?

0.8

0.5

0.1

0.3 0.9 0.7
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is functional does not depend on whether or not other devices are functional. What is the probability

that the circuit operates? /( - [//,ﬂ,g? ),, [/I_/ 04) — 0 ( @/L
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4. (4 points) The following circuit operates if and only if there is a path of functional devices from left to
right. The probability that each device functions is as shown. Assume that the probability that a device
is functional does not depend on whether or not other devices are functional. What is the probability

that the circuit operates?

0.8

0.5

0.1

0.3 0.9 0.7

Answer: P(Operate) = 1-(1-0.3%0.9%0.7)*(1-
0.5%(1-(1-0.8)*(1-0.1))) = 0.52



Bayes theorem



In answering a question on a multiple-choice test, a student either
knows the answer or he guesses. Let 1/3 be the probability that
he knows the answer. If he does not know the answer, he
randomly guesses one out of 4 multiple choice questions. What is
the conditional probability that a student knew the answer to a
question given that he answered it correctly?

A. 1/4
B. 1/3
C. 2/3
D. 1/5
E. | don’t know

Get your i-clickers
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In answering a question on a multiple-choice test, a student either knows
the answer or he guesses. Let 1/3 be the probability that he knows the
answer. If he does not know the answer, he randomly guesses one out of 4
multiple choice questions. What is the conditional probability that a
student knew the answer to a question given that he answered it
correctly?

Answer: P(K)=1/3, P(K’)=2/3, P(C|K)=1, P(C|K*)=1/4.
P(K|C)=P(C|K)*P(K)/P(C)=1*(1/3)/(1*1/3+(1/4)*(2/3))=2/3=0.666. .



(10 points) Suppose that a bag contains ten coins, three of which are fair, while the remaining seven are
biased: they have probability of 0.6 of heads when flipped. A coin was taken at random from the bag and
flipped five times. All five flips gave heads. What’s the probability that this coin is fair?



(10 points) Suppose that a bag contains ten coins, three of which are fair, the remaining seven
having probability 0.6 of giving heads when flipped. A coin 1s taken at random from the bag and
flipped five times. All five flips give heads. What’s the probability that a coin is fair given the
five coin flips?

Answer: Let us denote Hi as the hypothesis that a coin is fair and H> that a coin is biased. The
data that all five flips were heads 1s denoted as D. Therefore,

P(Hi|D) = P(D|H1)P(H1)/P(D) = 0.5° * 0.3/(0.5% * 0.3 + 0.6° * 0.7) = 0.147



Discrete Probability Distributions
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Poisson distribution in genomics

¢ G - genome length (in bp)

e L -shortread average length

* N -—number of short read sequenced

A -sequencing redundancy = LN/G

X-number of short reads covering a given site on the genome

AZe—A

x!

Ewens, Grant, Chapter 5.1

P(z)

Poisson as a limit of Binomial. For a given site on the

genome for each short read Prob(site covered): p=L/G is very small.

Number of attempts (short reads): N is very large. Their

product (sequencing redundancy): A = NL/G is O(1).
Y% ¢ > 0
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Probability that a base pair in the genome is
not covered by any short reads is 0.1
One randomly selects base pairs until
exactly 5 uncovered base pairs are found.
Which discrete probability distribution describes
the number of attempts?

A. Poisson s B
B. Binomial Topn () r-sr
C. Geometric PR
D. Negative Binomial ™™ S 2k
E. 1 have no idea Negaivetivomia ———(* -

AenLntlrr 2.nisps]
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B. Binomial Topn () r-sr
C. Geometric e= 0, 5m 02 ps]
e Sk
E. 1 have no idea Negaivetivomia ———(* -
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Probability that a base pair in the genome is

not covered by any short reads is 0.1

One randomly selects base pairs until
exactly 5 uncovered base pairs are found.
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What are the values of p, r?

0=0.5, r=5
0=0.1, r=0.5
0=0.1, r=5
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Probability that a base pair in the genome is
not covered by any short reads is 0.1
One randomly selects base pairs until

exactly 5 uncovered base pairs are found.

What are the values of p, r?
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Cancer happens when the gene p53 mutates.
Probability of p53 to mutate per year is 5%.
How many years before a patient gets disease?
Which discrete probability distribution
would you use to answer?

Poisson

A. Poisson A
B. Binomial NP (o)
C. Geometric - Al
D. Negative Binomial
E. | have no idea

. . . i 1 X=r
Negative binomial (x 1](1 -p] P
r—-

2=l it sip<]

Get your i-clickers i
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