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Normal or Gaussian Distribution
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sometimes denoted as
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German mathematician



Normal Distribution
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Figure 4-10 Normal probability den5|ty functions
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Matlab exercise:
plot PDF of the Gaussian distribution
with mu=3; sigma=2
calculate mean, standard deviation
and variance,
Linear-y and Semilog-y plots of PDF
Hint:

Generate Standard normal
distribution using
randn(Stats,1) then
multiply and add using sigma, mu



Matlab exercise solution

Stats=100000;

mu=3; sigma=2;

rl=sigma.*randn(Stats,1)+mu;

step=0.1];
[a,b]=hist(rl,(mu-10.*sigma):step:(mu+10.*sigma));
pdf _n=a./sum(a)./step;

figure; subplot(1,2,1); plot(b,pdf n,'ko-');
subplot(1,2,2); semilogy(b,pdf _n,'ko-');



Gaussian (Normal) distribution is very
important because any sum of
many independent random variables
can be approximated with a Gaussian




Standard Normal Distribution

* A normal (Gaussian) random variable with
u=0and o’ =1
is called a standard normal random variable and
is denoted as Z.

e Thed cumulative distribution function of a
standard normal random variable is denoted as:

D(z) = P(Z< 2)

* Values are found in Appendix A Table Il
to Montgomery and Runger textbook
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Standardizing

If Xis a normal random variable with £(X) = w and M(X) = o, the random variable

Z = (4-10)

1s a normal random variable with £(Z) = 0 and V(Z) = 1. That 1s, Z 1s a standard
normal random variable.

Suppose X 1s a normal random variable with mean x

and variance o,

Then,P(XSx):P(X_ﬂSx_’uj:P(Zﬁz) (4-11)
o) o)

where Z 1s a standard normal random variable, and

(x=#)
o
The probability is obtained by using Appendix Table III

z= is the z-value obtainedby standardizing x.
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P(X < 1 - o) =P(X > 1 + o) = (1-0.68)/2=0.16=16%
P(X < W - 20) =P(X > 1 + 20) =(1- 0.95)/2=0.023=2.3%
P(X < u - 30) =P(X > u + 30) =(1- 0.997)/2=0.0013=0.13%

f(x)

w—30c U-20 w-o L w+o pw+20 u+ 30 x
l«— 68% —>
- 95% -
< 99.7% >
Figure 4-12 Probabilities associated with a normal distribution —
well worth remembering to quickly estimate probabilities.
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Standard Normal Distribution Tables

Assume Z is a standard normal random variable.
Find P(Z<1.50). Answer: 0.93319

P(Z <1.5) =d(1.5)

= shaded area © 0.00 0.01 0.02 0.03

O | 0.50000 0.50399 0.50398 0.51197

1.6 | 0.93319 0.93448 0.93574 0.93699

0 1.5 z

Figure 4-13 Standard normal PDF Table Il from,
Appendix A in

Find P(Z < 1.53). Answer: 0.93699 g";’;tngg"e’:‘ery
Find P(Z <0.02). Answer: 0.50398
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Standard Normal Exercises

P(Z>1.26) =1- P(Z < 1.26) =1-0.8962= /\
=0.1038 =
P(Z <-0.86) = P(Z >0.86)=1- P(Z<0.86)= «

)
1-0.815=0.195 /\

P(Z >-1.37) =P(2<1.37)= 0.915

P(-1.25< Z2<0.37)=P(Z2<0.37)- P(Z<-1.25) /\

=P(Z < 0.37)- P(2>1.25) = P(Z < 0.37)-

(1-P(2<1.25))= 0.6443-(1-0.8944)=0.5387 /\

-1.25 0 0.37
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Business buzzword: Six Sigma
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WIKIPEDIA SIX Sigma
The Free Encyclopedia o )
From Wikipedia, the free encyclopedia
Main page For other uses, see Sigma 6.
Contents
Eeatured content Six Sigma is a set of techniques and tools for process improvement. It was introduced by engineer Bill Smith while working
Current events at Motorola in 1986.[1112] Jack Welch made it central to his business strategy at General Electric in 1995.13] Today, it is used

Random article in many industrial sectors.[4]

Business literature defined six sigma
as no more than 3.4 defective products
per million



Matlab exercise 2

e P(X>x- g)=1-normcdf(x)
1. Calculate Prob(X-mu>6*sigma)

2. Compare with expected 3.4 errors per million

3. Find x such that
Prob(X-mu>x*sigma)=3.4 errors per million



Matlab exercise 2 answer

* 1-normcdf(6)

* x=0:0.1:6;

* figure;

» semilogy(x, 1-normcdf(x), 'ko-');
* grid on; hold on;

* plot([0,6],[3.4e-6,3.4e-6], 'ko-');
* horminv(3.4e-6)



Range The expected fraction of Approximate expected The approximate frequency for daily

population inside the range frequency outside the event
range
u*0.50 0.382924922548026 2 in 3 Four or five times a week
nutlo 0.682689492137086 1in 3 Twice a week
utl50 0.866385597462284 1in 7 Weekly
nt20 0.954499736103642 1in 22 Every three weeks
ut2.50 0.987580669348448 1in 81 Quarterly
Lt 30 0.997300203936740 1in 370 Yearly
nt3.50 0.999534741841929 1in 2149 Every six years
utdo 0.999936657516334 1in 15787 Every 43 years (twice in a lifetime)
nt4.50 0.999993204653751 1in 147160 Every 403 years (once in the modern era)
MLx50 0.999999426696856 1in 1744278 Every 4776 years (once in recorded
history)
nLt5.50 0.999999962020875 1in 26330254 Every 72090 years (thrice in history of
modern humankind)
ut 60 0.999999998026825 1in 506797346 Every 1.38 million years (twice in history
of humankind)
ut6.50 0.999999999919680 1in 12450197393 Every 34 million years (twice since the
extinction of dinosaurs)
nLt70 0.999999999997440 1in 390682215445 Every 1.07 billion years (four times in
history of Earth)
Source: Wikipedia DATA SCIENCE Human Impact of Probabilities

DISCOVERY

STAT 107: Data Science Discovery



60 is in fact 4.50

* | expected: P(Z>6)= 3.4e-6

* Matlab says 1-normcdf(6)~ 1e-9

e Six sigma is not 60 at all !!!

* Let’s find out how many simas are in six sigma
 Matlab says: norminv(3.4e-6)=4.5

* Six sigma should be called 4.50

e Does not have the same buzz



What’s wrong with Six Sigma?

 Motorola has determined, through years of process
and data collection, that processes vary and drift over
time — what they call the Long-Term Dynamic Mean
Variation. This variation typically falls between 1.4
and 1.6. They shifted their
sigma down by 1.5.

 The statistician Donald J. Wheeler has dismissed the
1.5 sigma shift as "goofy" because of its arbitrary
nature.

* A Fortune article stated that "of 58 large companies
that have announced Six Sigma programs, 91 percent
have trailed (performed below) the S&P 500 index
since"




* Freeman Dyson (a famous theoretical physicist) once
sat on a committee reviewing Department of Energy
Joint Genomics Institute (DOE JGI)

* Motorola sent their six-sigma preacher
Freeman Dyson asked him:
e D:Canyou explain me what is six—sigma?

e P: Mumbling something about it being
the gold standard of reliability

e D:Canyou at least define one-sigma?

e P:Silence Born:

. : December 15, 1923,
e Six-sigma was never implemented Crowthorne. UK

at JGlI Died:

February 28, 2020
Princeton, NJ USA



Dyson’s legacy

Seminal contributions to quantum mechanics

The Origin of Life:
Cells 2 Enzymes = DNA/RNA later
First proposed by Alexander Oparin in 1922

Dyson sphere:
Completely
captures light from a star

Dyson tree:
genetically engineered
tree growing inside a
comet
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Fitting a Gaussian distribution:
a biological example



Molecular binding is used at multiple levels

EFach level has its own molecular interaction network

% Regulatory
network:
RNA-level
regulation
By DNA-binding
Proteins
Protein-
Protein
(binding)
Interaction
Network

Protein-
Metabolite
Interactions:
Metabolic
network




Biological example of a Gaussian:
Energy of Protein-Protein Binding
Interactions

* Proteins and other biomolecules
(metabolites, drugs, DNA) specifically
(and non-specifically) bind each other

* For specific bindings: Lock-and-Key theory

* For non-specific bindings:
random contacts
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A simple physical model for scaling in
protein—protein interaction networks

Eric J. Deeds*, Orr Ashenberg®, and Eugene I. Shakhnovich*s
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Cambridge, MA 02138; and *Department of Chemistry and Chemical Biology, Harvard University, 12 Oxford Street, Cambridge, MA 02138

Communicated by David Chandler, University of California, Berkeley, CA, November 10, 2005 (received for review September 23, 2005)

It has recently been demonstrated that many biological networks  (19-22). Indeed, when the two major S. cerevisiae |
exhibit a “scale-free” topology, for which the probability of ob-  protein interaction (PPI) experiments are compared w
serving a node with a certain number of edges (k) follows a power  another, one finds that only ~150 of the thousands of
law: i.e., p(k) ~ k~7. This observation has been reproduced by  tions identified in each experiment are recovered in tt

Most Binding energy is due to hydrophobic amino-acid residues
being screened from water

a
K, hydrophobic residues

Binding )

M surface residues

Predicted Gaussian distribution: PDF(E;=E)— because E; —sum of

hydrophobicities of many independent residues



