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The simplest non-uniform distribution
p — probability of success (1)
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Refresher: Binomial Coefficients

n !
=C/ = " , called n choose k
k ki(n—k)!

10 | .0.9.71
:C?io:l_().le 9.8 7.:120
3 3171 3.2.1.71

Number of ways to choose k objects out of n
without replacement and where the order does not matter.
Called binomial coefficients because of the binomial formula

(p+0)" =(I0+Q)><(p+q)...><(p+q):Z::)CQ Xg"



Binomial Distribution

* Binomially-distributed random variable X
equals sum (number of successes) of n
independent Bernoulli trials

 The probability mass function is:
(A

f(x)=C;p*(1-p)  forx=01..n (3-7)

 Based on the binomial expansion:

{=(p1)= iC f?

¢ 3=6 Binomial Distributio



Binomial variance and standard deviation

Let X be a binomial random variable
with parameters p and n

Variance:
o’ = V(X) = np(1-p)

Standard deviation:

0 =/np(1-p)

Sec 3=6 Binomial Distribution 6



Poisson Distribution

e Limit of the binomial distribution when

— n, the number of attempts, is very large

— p, the probability of success is very small

— E(X)=np=A is O(1)

The annual numbers of deaths from horse kicks in 14

Prussian army corps between 1875 and 1894

Number of Observed
deaths frequency

0 144

1 01

) 32

3 11

4 2

5 and over 0

Total 280

From von Bortkiewicz 1898

Expected
frequency

139

97

34
8

1
0
280

Siméon Denis Poisson
(1781-1840)
French mathematician
and physicist



LetA=np =E(x), sop =%

P& =x) = () p* 1 —p)"*
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Normalization requires z PX=x)=1.
X

X

Thus P(X = x) = ;e"l



Poisson Mean & Variance

If X is a Poisson random variable, then:
e Mean: u=E(X) = 7\‘ V\ F
e Variance: o2=V(X) = A cp (1= P> /- }9

e Standard deviation: o= )\1/2

Note: Variance = Mean

Note: Standard deviation/Mean = A"1/2
decreases with A



Matlab exercise: Poisson distribution

 Generate a sample of size 100,000 for Poisson-
distributed random variable X with A =2

 Plot the approximation to the

Probability Mass Function based on
this sample

e Calculate the mean and variance of this

sample and compare it to theoretical
calculations:

E[X]= A and V[X]=A
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Poisson Distribution in
Genome Assembly






Poisson Example: Genome Assembly

e Goal: figure out the sequence of DNA nucleotides
(ACTG) along the entire genome

 Problem: Sequencers generate random short reads

e Solution: assemble genome from short reads using
computers. Whole Genome Shotgun Assembly.



MinlON, a palm-sized gene sequencer made by
UK-based Oxford Nanopore Technologies



Short Reads assemble into Contigs
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Figure 5.1.



Promise of Genomics

| think | found the corner piece!



How many short reads do we need?



Genome Assembly

Whole-genome “shotgun” sequencing starts by copying and
fragmenting the DNA

(“Shotgun” refers to the random fragmentation of the whole
genome; like it was fired from ashotgun)

Input: GGCGTCTATATCTCGGCTCTAGGCCCTCATTTTTT
35bp

Copy GGCGTCTATATCTCGGCTCTAGGCCCTCATTTTTT
by GGCGTCTATATCTCGGCTCTAGGCCCTCATTTTTT
PCR: GGCGTCTATATCTCGGCTCTAGGCCCTCATTTTTT

GGCGTCTATATCTCGGCTCTAGGCCCTCATTTTTT

Fragment: GGCGTCTA TATCTCGG CTCTAGGCCCTC ATTTTTT
GGC GTCTATAT CTCGGCTCTAGGCCCTCA TTTTTT
GGCGTC TATATCT CGGCTCTAGGCCCT CATTTTTT

GGCGTCTAT ATCTCGGCTCTAG GCCCTCA  TTITTTT

Courtesy of Ben Langmead. Used with permission.

http://www.langmead-lab.org/teaching-materials/




Assembly

Assume sequencing produces such a large # fragments that almost

all genome positions are covered by manyfragments...

...but we don’t know what came fromwhere

CTAGGCCCTCAATTTTT
GGCGTCTATATCT
CTCTAGGCCCTCAATTTTT
Reconstruct TCTATATCTCGGCTCTAGG
this GGCTCTAGGCCCTCATTTTTT

CTCGGCTCTAGCCCCTCATTTT
TATCTCGACTCTAGGCCCTCA
GGCGTCGATATCT
TATCTCGACTCTAGGCC
GGCGTCTATATCTCG

—— GGCGTCTATATCTCGGCTCTAGGCCCTCATTTTTT

Courtesy of Ben Langmead. Used with permission.

From these

http://www.langmead-lab.org/teaching-materials/




Assembly

Overlaps between short reads help to put them together

CTAGGCCCTCAATTTTT
CTCTAGGCCCTCAATTTTT
GGCTCTAGGCCCTCATTTTTT
CTCGGCTCTAGCCCCTCATTTT
TATCTCGACTCTAGGCCCTCA 177 nucleotides
TATCTCGACTCTAGGCC
TCTATATCTCGGCTCTAGG
GGCGTCTATATCTCG
GGCGTCGATATCT
GGCGTCTATATCT

GGCGTCTATATCTCGGCTCTAGGCCCTCATTTTTT 35 nucleotides

Courtesy of Ben Langmead. Used with permission.

http://www.langmead-lab.org/teaching-materials/




Where is the Poisson?

° G - genome length (in bp)

e | -shortread average length

e N -—number of short read sequenced

e A -—sequencing coverage redundancy = LN/G

e x-number of short reads covering a given site on the genome

Poisson as a limit of Binomial: For a given site on the

genome for each short read Prob(site covered): p=L/G is very small.

Number of attempts (short reads): N is very large. Their

product (sequencing redundancy): A = NL/G is O(1).
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What fraction of genome is covered?

e Coverage: A=NL/G,
X —random variable equal to the number of
times a given site is covered by short reads.
Poisson: P(X=x)= A*exp(- A)/x!
P(X=0)=exp(- A), P(X>0)=1- exp(- A)

e Total length covered: G*[1- exp(- A)]

A 2 1 6 8 10 12
Mean proportion |.864665 .981684 .997521 .999665 .999955 .999994
of genome covered

Table 5.1. The mean proportion of the genome covered for different values of A



How many contigs?

A given short read is the
right end of a contig if and only if
no left ends of other short reads fall within it.

The left end of another short read has the probability
p=(L-1)/G to fall within a given read. There are

N-1 other reads. Hence the expected number of left
ends inside a given shot read is

p- (N-1)=(N-1) -(L-1)/G =A

If significant overlap required to merge two short reads
is L, , modified A is given by (N-1) -(L- L, )/G

Probability that no left ends fall inside a short read is

exp(- A). Thus the Number of contigs is N ,,;;,,=Ne™*:
A 0.5 0.75 1 1.6 2 3 1 b 6 7
Mean number [ 60.7 70.8 73.6 66.9 54.1 29.9 14.7 6.7 3.0 1.3
of contigs
Table 5.2. The mean number of contigs for different levels of coverage, with

G =100,000 and L = 500.



Poisson Example: Genome Assembly

e Goal: DNA sequence (ACTG) of the entire genome
 Problem: Sequencers generate random short reads

e Solution: assemble genome from short reads using

computers. Whole Genome Shotgun Assembly.
Table from the course EE 372 taught by David Tse at Stanford



Current sequencing technologies

100-500 10K-100K  10K-20K
(bases)

<1% 10-15%  10-15%

6 mins/base/strand 250 bases/s 3 bases/s
# of reads in 10° 2000 150K

parallel
throughput (total
# of bases/s) 3M 500K 450K

Table from the course EE 372: Data Science for High-Throughput Sequencing.
taught by David Tse at Stanford



MinlON, a palm-sized gene sequencer made by
UK-based Oxford Nanopore Technologies



Where is the Poisson?

° G - genome length (in bp)

e | -shortread average length

e N -—number of short read sequenced

e A -—sequencing coverage redundancy = LN/G

e x-number of short reads covering a given site on the genome

Poisson as a limit of Binomial: For a given site on the

genome for each short read Prob(site covered): p=L/G is very small.

Number of attempts (short reads): N is very large. Their

product (sequencing redundancy): A = NL/G is O(1).
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What fraction of genome is covered?

e Coverage: A=NL/G,
X —random variable equal to the number of
times a given site is covered by short reads.
Poisson: P(X=x)= A*exp(- A)/x!
P(X=0)=exp(- A), P(X>0)=1- exp(- A)

e Total length covered: G*[1- exp(- A)]

A 2 1 6 8 10 12
Mean proportion |.864665 .981684 .997521 .999665 .999955 .999994
of genome covered

Table 5.1. The mean proportion of the genome covered for different values of A



How long should the overlap be
to connect two short reads?

G
If DNA was a random chain with p,= p.= ps= p=1/4

L,~16-20 would be enough
2-G-41t°=2-3x10°-41°=1.4
2 - 3x10° - 429=0.0055<<1



How many contigs?

R
B "
L-| ——
G
P(short read can be extended by another short read)= 0 =p

G
P(short read cannot be extended by any short reads)=e PN ~ Ne™*

number of contigs=Ne PN ~ Ne~*



How many contigs?
A given short read is the right end of a contig if and

only if no left ends of other short reads fall within first
L-L 5 er10p DasE pairs

The left end of another short read has the probability
p=(L-L,,e,1,,)/G to fall within a given read. There are
N-1 other reads.

The expected number of left ends inside a given short
read is p- (N-1)=(N-1) -(L-L )/G =A(If L>>L ) 000)

Probability that no left ends fall inside a given short
read is exp(- A). Thus, the Number of contigs is

overlap

N H =Ne_A:
contigs
A 0.5 0.75 1 1.5 2 3 1 5 6 7
Mean number | 60.7 70.8 73.6 66.9 54.1 29.9 14.7 6.7 3.0 1.3
of contigs
Table 5.2. The mean number of contigs for different levels of coverage, with

G =100,000 and L = 500.



Average length of a contig?

 Length of a genome covered:
G, erea=G* P(X>0)=G - (1- exp(- A))

* Number of contigs N, ;. =N - &
* Average length of a contig =

<L> =Z I Li/ N contigszGcovered/ N cont“igs=
G-(1-exp(-A))/N-e=L-(1-exp(-A))/A - e

A 9 4 6 8 10

Mean contig | 1,600 6,700 33,500 186,000 1,100,000

s1ze

Table 5.3. The mean contig size for different values of a for the case L = 500.



Estimate

Human genome is 3x10° bp long
Chromosome 1 is about G=0.25x10° bp
lllumina generates short reads L=100 bp long

What number of reads N are needed to
completely assemble the 15t chromosome?

The formula to use is: 1=N_,;..=Ne *=Ne N/©

Answer: N=4.4x10’ short (100bp) reads
Test: 4.4e7*exp(-4.4e7*100/0.25e9)=0.9997

What coverage redundancy A will it be?
Answer: A =NL/G=17.6 coverage redundancy



How much would it cost to assemble

human genome now?
Human Genome Project: $S2.7 billion in 1991 dollars.

Now a de novo full assembly of the whole human
genome would now cost 3 x10° x 17.6 /10° x
0.1S/MB =55300

2"d genome (and after) would be even cheaper as we
would already have a reference genome to which we
can map short reads. (Puzzle: picture on the box)

But this is a naive estimate. In reality, there are
complications. See next slides:



What spoils these estimates?

[ ]
I

There were 100s of matches while one expects << 1 match:

2 - 3x10° - 418=0.08<<1
DNA repeats make assembly difficult



Why repeats make assembly difficult?

Images from the course EE 372: Data Science for High-Throughput Sequencing.
taught by David Tse at Stanford



Repeats are like sky puzzle pieces



How many repeats are in eukaryotic genomes?

Data for mouse genome
obtained in 1961 (sic!)

using DNA denaturation
and renaturation curves






Almost all transposable elements in mammals fall

LINES

SINEs

Retrowirus-lke
elements

DA
transposon
fossils

into one of four classes

Classes of interspersad repeat in the human genome

Laength Copy
number
ALILONDMOLUS 'mwnﬂl“w:“m[iﬂm LT 6-8 kb 850,000
Mon-autonomaous ﬁ—hﬁ.ﬁ. 100-300 bp 1,500,000

Autonomous e 3 pol farm) @ 6-11kb
} 450,000

Mor-aulonomous -—Eﬁl—- 1.5-3 kb
ALIEONOMOUS » trans| 4 2-3 kb

} 300,000
Mon-autonomous — 4 S0-3,000 bp

Slide by Ross Hardison, Penn State U.

Fraction of
gename

21%

13%

B%

3%



Distribution of repeats on
human chromosome 22 (build GRCh37)
G =35x10°

Images from the course EE 372: Data Science for High-Throughput Sequencing.
taught by David Tse at Stanford



How to assemble a real genome
with repeats?

Here we assume a “de novo” assembly
without help from the previously
assembled genomes



Nicolaas Govert de Bruijn (1918 —2012) was a
Dutch mathematician, noted for his many
contributions in the fields of graph theory,

analysis, number theory, combinatorics and logic

Courtesy of Ben Langmead. Used with permission.
http://www.langmead-lab.org/teaching-materials/




De Bruijn graph

genome: AAABBBBA
3-mers: AAA, AAB, ABB, BBB, BBB, BBA

ANEINNINNSSSS

L/R 2-mers: AA,AA  AA ,AB AB,BB BB,BB BB,BB BB,BA

One edge per every k-mer

One node per distinct k-1-mer

Courtesy of Ben Langmead. Used with permission.
http://www.langmead-lab.org/teaching-materials/




De Bruijn graph

Walk crossing each edge exactly once gives a reconstruction
of the genome

Courtesy of Ben Langmead. Used with permission.
http://www.langmead-lab.org/teaching-materials/




Assembly = Eulerian walk on De Bruijn graph

AAABBBBA

Walk crossing each edge exactly once gives a reconstruction
of the genome. This is an Eulerian walk.

Courtesy of Ben Langmead. Used with permission. http://www.langmead-lab.org/teaching-materials/



Why interleaved repeats are dangerous?

The two Eulerian paths that are on the graph:
a—-Xx—-b-y-c-x-d-y-e and a-x-d-y-c—-x-b-y-e

Images from the course EE 372: Data Science for High-Throughput Sequencing.
taught by David Tse at Stanford



Why non-interleaved repeats are safe?

The only Eulerian path is: a—-x-b-y-c-y-d-x-e

Images from the course EE 372: Data Science for High-Throughput Sequencing.
taught by David Tse at Stanford



Why triple repeats are dangerous?

The two Eulerian paths that are on the graph:
a—-Xx-b-x-c-x-d  and a-x-c-y-b-x-d

Images from the course EE 372: Data Science for High-Throughput Sequencing.
taught by David Tse at Stanford



Why double repeats are safe?

a X b X C

]

L—1

The only Eulerian path is: a—x—b—x-c

Images from the course EE 372: Data Science for High-Throughput Sequencing.
taught by David Tse at Stanford



Pavel Pevzner’s theorem

e Theorem [Pevzner 1995]:
If L, the read length, is strictly
greater than rnax(einterleaved'etriple)'
then the de Bruijn graph has a
unique Eulerian path corresponding
to the original genome.

Pavel Pevzner

Is the Ronald R. Taylor Chair and
Distinguished Professor of

Computer Science and Engineering
at University of California, San Diego.
His Alma Mater is

Moscow Institute of

Physics and Technology

iIn Russia.



How to assemble a genome with repeats?

* Answer:
longer reads k=50

 But:
cheap sequencing

short reads

—~ k=5000

>10,000

k=1000
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Geometric Distribution

A series of Bernoulli trials with probability of success =p.
continued until the first success. X is the number of trials.
Compare to: Binomial distribution has:

— Fixed number of trials =n. P(X =x) =Cyp*(1 —p)™™*

— Random number of successes = x.
Geometric distribution has reversed roles:

— Random number of trials, x

— Fixed number of successes, in this case 1.

— Success always comes in the end: so no combinatorial factor Cx

— P(X=x) = p(1-p)*! where:

x-1=0,1, 2, ..., the number of failures until the 15t success.

NOTE OF CAUTION: Matlab, Mathematica, and many other

sources use x to denote the number of failures until the
first success. We stick with Montgomery-Runger notation

32



Geometric Mean & Variance
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Geometric Mean & Variance

e |f Xis a geometric random variable (according to
Montgomery-Bulmer) with parameter p,

(1-p)

pZ

u=EX) =% and o?=V(X) = (3—10)

e For small p the standard deviation ¥= mean

e Very different from Poisson, where it is
variance = mean and standard deviation = mean1/2

Sec 3-7 Geometric & Negative Binomial
Distributions

35



Matlab exercise

 Find mean, variance, and histogram of
100,000 geometrically-distributed numbers
with p=0.1

 Hint: Use help page for random command on
how to generate geometrically-distributed
random numbers




Geometric distribution in biology

Each of our cells has mitochondria with

16.5kb of mtDNA inherited only from our mother

Human mtDNA has 37 genes encoding 13 proteins, 22+2 tRNA & rRNA
Mitochondria appeared 1.5-2 billion years ago as a symbiosis

between an alpha-proteobacterium (1000s of genes) and

an archaeaon (of UIUC’s Carl R. Woese fame)

Since that time most mitochondrial genes were transferred into the nucleus
Plants also have plastids with genomes related to cyanobacteria




Time to the last common (maternal)
ancestor follows geometric distribution

Constant population of N women

Random number of (female) offsprings. Average is
1 (but can be 0 or 2)

Randomly pick two women.
Question: how many generations T since
their last maternal ancestor?

T is a random variable What is its PMF: P(T=t)?
Answer: P(T=t) follows a geometric distribution

Do these two women have the same mother? Yes:
“success” in finding their last common ancestor
(p=1/N). P(T=1)=1/N.

No? “failure” (1-p=1-1/N). Go to their mothers and
repeat the same question.

P(T=t)=(1-1/N)**(1/N) = (1/N) exp(-(t-1)/N)

t can be inferred from the density of differences on
MtDNA =2ut

Maddamsetti R, MOBILE GENETIC ELEMENTS, 6, e1137380(2016)



A gallery of useful
discrete probability distributions



Geometric Distribution

A series of Bernoulli trials with probability of success =p.
continued until the first success. X is the number of trials.
Compare to: Binomial distribution has:

— Fixed number of trials =n. p(x — X) =C'p” (1_ p)”‘x

— Random number of successes = x.
Geometric distribution has reversed roles:

— Random number of trials, x

— Fixed number of successes, in this case 1.

— Success always comes in the end: so no combinatorial factor C]

— P(X=x) = p(1-p)*! where:

x-1=0,1, 2, ..., the number of failures until the 15t success.

NOTE OF CAUTION: Matlab, Mathematica, and many other

sources use x to denote the number of failures until the
first success. We stick with Montgomery-Runger notation




Geometric Mean & Variance

e |f Xis a geometric random variable (according to
Montgomery-Bulmer) with parameter p,

u=E(X)== and azzv(x):(lgzp) (3-10)

e For small p the standard deviation =(1-p)°>/p ~=
mean=1/p

e Very different from Binomial and Poisson, where
variance = mean and standard deviation = mean?/2

Sec 3-7 Geometric & Negative Binomial
Distributions



Geometric distribution in biology

Each of our cells has mitochondria with

16.5kb of mtDNA inherited only from our mother

Human mtDNA has 37 genes encoding 13 proteins, 22+2 tRNA & rRNA
Mitochondria appeared 1.5-2 billion years ago as a symbiosis

between an alpha-proteobacterium (1000s of genes) and

an archaeaon (of UIUC’s Carl R. Woese fame)

Since that time most mitochondrial genes were transferred into the nucleus
Plants also have plastids with genomes related to cyanobacteria




Time to the last common (maternal)
ancestor follows geometric distribution

Constant population of N women

Random number of (female) offsprings. Average is
1 (but can be 0 or 2)

Randomly pick two women.
Question: how many generations T since
their last maternal ancestor?

T is a random variable What is its PMF: P(T=t)?
Answer: P(T=t) follows a geometric distribution

Do these two women have the same mother? Yes:
“success” in finding their last common ancestor
(p=1/N). P(T=1)=1/N.

No? “failure” (1-p=1-1/N). Go to their mothers and
repeat the same question.

P(T=t)=(1-1/N)**(1/N) = (1/N) exp(-(t-1)/N)

t can be inferred from the density of differences on
MtDNA =2ut

Maddamsetti R, MOBILE GENETIC ELEMENTS, 6, e1137380(2016)



Most Recent Common Ancestor (MRCA)

e Start with N individuals. Unit of time is N
generations (time for one pair to merge) since

E(T)=Y21 t - (1/N) exp(~t/N)=N
N(N-1)

pairs can merge first. The average
2
N(N-1)

* Any of

time for the first pair to merge is

o After merger N - N — 1,

e so time until the next

2
(N—-1)(N-2)

°* mergeris



Most Recent Common Ancestor (MRCA)

Total time until the MRCA

=2
I'mRrca =N.2k(k—1)
k=2

- ZNZQ’:Z( 1

k—1 k)=2N(1—%)z2N



There are about N=3.5x10 ° women living today

Most Recent maternal Common Ancestor
(MRCA)

of all people living today lived T, .-, =2N
generations ago

Tipea = 2+ 3.5x10 ° generations

If the generation time 20 years it is 140 billion
years > 10 times the time since the Big Bang.

Something is wrong here!



Hot off the press: human ancestors
almost got extinct about 1M years ago

Hu W, et al. Science. 2023;381: 979-984



Effective human population size ~10,000

From ~1000 modern genomes: Bergstrom A, et al. Science. 2020;367



Effective human population size
in Europe and Asia ~3000 people
~60,000 years ago

From ~1000 modern genomes: Bergstrom A, et al. Science. 2020;367



Population is not constant and for a long
time was very low

Change N to the “effective” size N,

Current thinking is that for all of us including
people of African ancestry N_~10,000 people

For humans of European + Asian ancestry
N.~ 3000 people

Mito Eve lived in Africa ~2*(Ne/2)*20
years=10,000*20 years= 200,000 years ago



“Mitochondrial Eve” lived in Africa

“Mitochondrial Eve” lived in Makgadikgadi—Okavango paleo-wetland of southern
Africa ~200,000 years ago (between 165,000 and 240,000 years ago)
Chan EKF, et al. Nature. 2019; 575: 185-189.



Okavango Delta now



“Mitochondrial Eve” lived in Africa

“Mitochondrial Eve” lived in Makgadikgadi—Okavango paleo-wetland of southern
Africa ~200,000 years ago (between 165,000 and 240,000 years ago)
Chan EKF, et al. Nature. 2019; 575: 185-189.



Modern mitochondrial DNA contains
history of human migrations

Poznik GD, et al (Carlos Bustamante lab in Stanford), Science 341: 562 (August 2013).



What about men?

e Y-chromosome is transferred from father to
son

e Like mitochondria it can be used to trace
ancestry of all men to the “Y-chromosome
Adam”

e Where did “Adam’” live? Did he meet the
“mitochondrial Eve”?




Y-chromosomal Adam also lived in Africa
~200,000 years ago

Karmin M, Saag L, Vicente M, Sayres MAW, Jarve M, Talas UG, et al. Genome Res. 2015;25: 459-466.



“Adam” and “Eve” both lived in Africa

e “Mitochondrial Eve” lived in Africa between 100,000 and 240,000 years ago
e “Y-chromosome Adam” also lived in Africa between 120,000 and 160,000 years agc
e Poznik GD, et al (Carlos Bustamante lab in Stanford), Science 341: 562 (August 2013).



Last Universal Common Ancestor (LUCA)

Archaea were discovered here at UIUC in 1977
by Carl R. Woese (1928-2012) and George E. Fox

Vou

AL

/ here

LUCA: 3.5-3.8 Billion years old
Earth is 4.5 Billion years old
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Negative Binomial Definition

* |n aseries of independent trials with constant
probability of success, p, let the random variable X
denote the number of trials until r successes occur.
Then X is a negative binomial random variable with
parameters:

O<p<landr=1,23, ...

* The probability mass function is:
f(x)=C)5p"(1-p) forx=rr+lLr+2.. (3-11)
e Compare it to binomial
f(x)=C;p*(1-p) forx=12,..n
NOTE OF CAUTION: Matlab, Mathematica, and many other sources use

x to denote the number of failures until one gets r successes.
We stick with Montgomery-Runger.



Negative Binomial Mean & Variance

e |f Xis a negative binomial random variable
with parameters p and r,

p=E(X)=— and 02=V(X)=r(1_p) (3-12)

e Compare to geometric distribution:

u=E(X)== and azzv(x)z(l_zp) (3-10)

Sec 3-7 Geometric & Negative Binomial
Distributions
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Matlab exercise

e Estimate mean, variance, and PMF based
on 100,000 random variables drawn from
a negative binomial distribution
with p=0.1, r=3

e Repeat with negative binomial distribution
with p=0.1, r=100



Negative binomial PMF, p=0,1 r=3

10'1 : | | | | l | I




Negative binomial PMF, p=0,1 r=100

107 |

|

900

1000

I




Cancer is scary!

e Approximately 40% of men and women will be diagnosed
with cancer at some point during their lifetimes
(source: NCI website)

Table from
J. Pevsner
3rd edition

e “War on Cancer” — president Nixon 1971.
“Moonshot to Cure Cancer” — vice-president Joe Biden 2016



“War on Cancer” progress report



Probability theory and statistics
is a powerful tool to
learn new cancer biology




“Driver genes” theory

* Progression of cancer is caused by accumulation of mutations in
a handful of “driver” genes

e Mutations in driver genes boost the growth of a tumor
 Oncogenes: expression needs to be elevated for cancer
e Tumor suppressors (e.g. p53) need to be turned off in cancer

Douglas Hanahan and
Robert A. Weinberg
Hallmarks of Cancer:
The Next Generation
Cell 144, 2011




Statistics of cancer incidence vs age

Cancer death rate
~ (patient age)®

It suggests the
existence of
k=7 driver genes

P(T .cor S t) ~(u t)(u,t)..(ut) ~u,u,.u,tk

d
P(Tcancer = t) NE(Ult)(UZt)..(Ukt) ~k u,u,..u, tk-1



How many driver gene mutations
for different types of cancer?

Smokers have 3.23 times
more mutations in lungs



Cancer cells carry both
“Driver” and “Passengers”
mutations

Passenger mutations cause
little to no harm (see later for
how even little harm matters)
Both are common as cancers
elevate mutation rate



Number of passenger+driver mutations
follows negative binomial distribution

* What is the probability to have n  passenger mutations
or (n,+k) total mutations by the time you are diagnosed
with cancer requiring k driver mutations?

e Let pisthe probability that a mutation is a driver (p=
Genome_target of driv/

(Genome_target_of drivtGenome target_of pass)
(1-p) — it is a passenger mutation

/np+k—1\

P(n, +k|p,k) = (1-p)"” p"

\np)



What if passenger mutations slow
down the growth of cancer tumors?

McFarland CD, Mirny L, Korolev KS, PNAS 2014



Can we prove/quantify it using statistics?

Assume: growth rate of cancer=(1+sd)'\'0'/(1+sp)'\IIO

n=10-%, Target,=1,400, Target =107, 5,=0.05 to 0.4, s,=0.001
sp/sd for breast: 0.0060+0.0010;

melanoma: 0.01620.003; lung: 0.0094+0.0093;

Blue - data on breast cancer: incidence; nhon-synonymous mutations
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Important terms & concepts for
discrete random variables

Probability Mass Function (PMF)
Cumulative Distribution Function (CDF)

Complementary Cumulative Distribution
Function (CCDF)

Expected value \ Boldface and
Mean underlined are the

] same for continuous
Variance distributions

Standard deviation







What distributions we learn

Uniform distribution

Bernoulli distribution/trial
Binomial distribution

Poisson distribution
Geometric distribution
Negative binomial distribution



Why do we need to know
these simple distributions?



Ways to use statistics

* To process your experimental data

— What do you need? Mean, Variance, Standard
deviation. No need to know any textbook distributions

* To plan experiments

— Need to know distributions, e.g., Poisson to plan how
much redundancy to use for genome assembly

* To |learn biological processes behind your data

— Need to know distributions to compare empirical
distributions in your data to what you expect based on
a simple hypothesis



Uniform distribution



Why Ct distribution should it be uniform?

— )pg CﬂL’/ |5~ 86
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Examples of uniform distribution:
Ct value of PCR test of a virus

Distribution of SARS-CoV-2 PCR Cycle Threshold Values Provide Practical Insight Into Overall
and Target-Specific Sensitivity Among Symptomatic Patients
Blake W Buchan, PhD, Jessica S Hoff, PhD, Cameron G Gmehlin, Adriana Perez, Matthew L
Faron, PhD, L Silvia Munoz-Price, MD, PhD, Nathan A Ledeboer, PhD American Journal of
Clinical Pathology, Volume 154, Issue 4, 1 October 2020,
https://academic.oup.com/ajcp/article/154/4/479/5873820




Why should we care?

Non- e High Ct value means
mand.atory we identified the
tests in infected individual

Israel

early, hopefully
before transmission

to others
Mandatory  When testing is
tests at mandatory, and
UIUC 2021 people are tested

frequently — Ct value
is skewed towards
high values



Negative binomial distribution



Statistics of cancer incidence vs age

Cancer death rate
~ (patient age)®

It suggests the
existence of
k=7 driver genes

P(T .cor S t) ~(u t)(u,t)..(ut) ~u,u,.u,tk

d
P(Tcancer = t) NE(Ult)(UZt)..(Ukt) ~k u,u,..u, tk-1



Can we prove/quantify it using statistics?

Assume: growth rate of cancer=(1+sd)'\'0'/(1+sp)'\IIO

n=10-%, Target,=1,400, Target =107, 5,=0.05 to 0.4, s,=0.001
sp/sd for breast: 0.0060+0.0010;

melanoma: 0.01620.003; lung: 0.0094+0.0093;

Blue - data on breast cancer: incidence; nhon-synonymous mutations



Poisson and Exponential
Distributions



F. William Studier

e Worked at Brookhaven
National Laboratory,
Long Island, NY since
1964

* Inventor of slab gel
electrophoresis in 1970
(not patented- back then no
incentive to patent work if
you are supported by the
US givernment)

* |nventor of T7 phage
expression system for fast
production of proteins.
Licensed by over 900
companies, generated over
S55 million for the lab
https://en.wikipedia.org/wi
ki/T7 expression system




K-12 vs BL21(DE3) strains of E. coli

K-12 and B genomes
diverged by ~0.7%

number of genes

0o 10 20 30 20 50 60 70 80 %
number of SNPs per gene

Studier FW, Daegelen P, Lenski RE, Maslov S, Kim JF, J. Mol Biol. (2009)



# of SNF

10 &

Highly variable segments are clustered

1000 1500 2000 2500 3000 3500

Position along the basic genome (kb)

K-12 vs UMNF18 diverged by ~0.18%

500 4000



Model of bacterial evolution by mutations
and homologous recombination

Strain 1 v
Strain 2
SNPs v VERERVERY. VERY.

e Mutation rate u (bp/generation)

e Recombination rate p (bp/generation)

* [,- average length of recombined segments

* O=2puN_ depending on N_— (effective) population size

* O, transfer efficiency: Prob(successful transfer +
recombination): ~ exp(-6/6)
Dixit P, Pang TY, Studier FW, Maslov S, PNAS (2015); arXiv:1405.2548



Why exponential tail?

Empirical data for E. coli: Prob(8)=exp(-6/0.01)
Similar slopes in other species as distant as B. subtilis

Theory 1: PopGen 101 coalescence time distribution:

— Prob(T) ~ exp(-T/N,) =2
Prob(6) ~ exp(- 6/ 2uN,) = exp(- 6/6)
0 =2uN_~0.01, u~101% - N_~108

Theory 2: biophysics of homologous recombination:

— Requires perfect matches of L=30bp on each side =
Prob(8)=(1- 6)*'=exp(-60°6)=exp(-6/0.016)=exp (-56/6)

Both mechanisms likely to work together:

biophysics of recombination affects the

effective population size




Continuous Probability
Distributions

Uniform Distribution



Continuous & Discrete Random
Variables

 Adiscrete random variable is usually integer
number
— N —the number of proteins in a cell

— D- number of nucleotides different between two
sequences

e A continuous random variable is a real number

— C=N/V —the concentration of proteins in a cell of
volume V

— Percentage D/L*100% of different nucleotides in
protein sequences of different lengths L
(depending on set of L's may be discrete but dense)

Sec 2-8 Random Variables

26



Probability Mass Function (PMF)

e X —discrete random
variable

* Probability Mass
Function: f(x)=P(X=x)
— the probability that
X is exactly equal to x

Probability Mass Function for
the # of mismatches in 4-mer

P(X=0)= 0.6561
P(X=1)= 0.2916
P(X=2)= 0.0486
P(X=3)= 0.0036
P(X=4)= 0.0001

2. P(X=x)= 1.0000

S

27



Probability Density Function (PDF)

Density functions, in contrast to mass functions,
distribute probability continuously along an interval

Figure 4-2 Probability is determined from the area under f(x) from a to b.



Probability Density Function

For a continuous random variable X,
a probability density function is a function such that
(1) f(x) =0 means that the function is always non—negative.

@) j fG)dx =1

b
(3) Pla<X<b)= jf(x)dx = area under f(x)dx from a to b



Normalized histogram approximates PDF

A histogram is graphical display of data showing a series of adjacent
rectangles. Each rectangle has a base which represents an
interval of data values. The height of the rectangle is a number
of events in the sample within the base.

When base length is narrow, the histogram could be normalized to
approximate PDF (f(x)):
height of each rectangle =
=(# of events within base)/(total # of events)/width of its base.

Normalized histogram approximates a probability density function.



Cumulative Distribution Functions (CDF & CCDF)

The cumulative distribution function (CDF)
of a continuous random variable X is,

F(x)=P(X <x) = ff(u)du for —co<x <o (4-3)

One can also use the inverse cumulative distribution function
or complementary cumulative distribution function (CCDF)

F>(x)=P(X>x)=Jf(u)du for —oo < x < @

Definition of CDF for a continous variable is the same
as for a discrete variable

Sec 4-3 Cumulative Distribution Functions 31



Density vs. Cumulative Functions

 The probability density function (PDF) is the

derivative of the cumulative distribution
function (CDF).

dF dF.,
/@)= dgcx) - dix)

as long as the derivative exists.




Mean & Variance

Suppose X is a continuous random variable with
probability density function f(x). The mean or
expected value of X, denoted as u or E(X), is

u=EX)= f xf(x)dx (4—4)

— 00

The variance of X, denoted as V(X) or a?, is

0.0] oo

o2 = V(X) = f (x — W2f (X)dx = j X2 (x)dx — 2

— 00 — 00

The standard deviation of X is 0 = +/ 2.

Sec 4-4 Mean & Variance of a Continuous
Random Variable

33



Gallery of Useful
Continuous Probability Distributions



Continuous Uniform Distribution

e This is the simplest continuous distribution
and analogous to its discrete counterpart.

e A continuous random variable X with
probability density function

flx)=1/(b-a)fora<x<hb (4-6)

Compare to
discrete

flx) =1/(b-a+1)

Figure 4-8 Continuous uniform PDF



Comparison between Discrete &
Continuous Uniform Distributions

Discrete: Continuous:
PMF: f(x) = 1/(b-a+1) e PMF: f(x) = 1/(b-0a)
Mean and Variance: e Mean and Variance:
u = E(x) = (b+a)/2 = E(x) = (b+a)/2

o2 = V(x) = [(b-a+1)%-1]/12 02 = V(x) = (b-a)%/12
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Constant rate (Poisson) process
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Constant rate (AKA Poisson) processes

Let’s assume that proteins are produced by ribosomes in the
cell at a rate r per second.

The expected number of proteins produced in x seconds is r-x.

The actual number of proteins N, is a discrete random variable
following a Poisson distribution with mean r-x:

Pn(N,=n)=exp(-r-x)(rx)"/n! E(N,)=rx

Why Discrete Poisson Distribution?
— Divide time into many tiny intervals of length Ax <<1/r

— The probability of success (protein production)
per internal is small: p_success=rAx <<1,

— The number of intervals is large: n= x/Ax >>1
— Mean is constant: r=E(N, )=p_success - n= rAx - x/Ax = r-x

— In the limit Ax<<x, p_success is small and n is large, thus
Binomial distribution = Poisson distribution



Exponential Distribution Definition

Exponential random variable X describes interval
between two successes of a constant rate (Poisson)
random process with success rate r per unit interval.

The probability density function of X'is:
f(x)=re™ for 0<x<oo

Closely related to the discrete geometric distribution
f(x) = p(1-p)*t =p eV I(1-P=pePx for small p
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What is the interval X between two
successes of a constant rate process?

X is a continuous random variable
CCDF: P,(X>x) = P\(N,=0)=exp(-r-x).
— Remember: P, (N,=n)=exp(-r-x) (r-x)"/n!
PDF: f,(x)=-dCCDF,(x)/dx = r-exp(-r-x)

We started with a discrete Poisson distribution
where time x was a parameter

We ended up with a continuous exponential
distribution



Exponential Mean & Variance

[f the random variable X has an
exponential distribution with rater,

u=E(X) =% and o?=V(X) = l (4—15)

72

Note that, for the:

e Poisson distri

oution: mean= variance

e Exponential d
deviation = vari

istribution: mean = standard
ance?®->

Sec 4-8 Exponential Distribution 50



Biochemical Reaction Time

e The time x (in minutes) until all enzymes in a cell catalyze
a biochemical reaction and generate a product is
approximated by this CCDF:

Fo(x) =e %*for0 < x

Here the rate of this process is r=2 min? and
1/r=0.5 min is the average time between successive
products of these enzymes

e Whatis the PDF?

dFs (x d
flx) =— ;}E )=—E€_2x=28_2xfOFOSX

 What proportion of reactions will not generate another
product within 0.5 minutes of the previous product?

P(X > 0.5) = F.(0.5) = e%*9> =0.37




We observed our cell for 1 minute

and no product has been generated:

The product is “overdue”

What is the probability that
a product will not appear
during the next 0.5 minutes?

A. 0.32
B. 0.37
C. 0.08
D. 0.24
E. | have noidea

Get your i-clickers

Fo(x) = e™%*

F.(0.5) ~ 0.37
F.(1.5) = 0.05
F_(1.0) ~0.13
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Matlab exercise:

e Generate a sample of 100,000 variables
from Exponential distribution with r =0.1

e Calculate mean and compare it to 1/r

e Calculate standard deviation and
compare it to 1/r

e Plot semilog-y plots of PDFs and CCDFs.

* Hint: read the help page (better yet
documentation webpage) for
random(‘Exponential’...) one of their
parameters is different than r




Matlab exercise: Exponential

Stats=100000; r=0.1,

r2=random('Exponential’, 1./r, Stats,1);

disp([mean(r2),1./r]); disp([std(r2),1./r]);

step=1; [a,b]=hist(r2,0:step:max(r2));

pdf_e=a./sum(a)./step;

subplot(1,2,1); semilogy(b,pdf e,'rd-’);

x=0:0.01:max(r2);

for m=1:length(x);
ccdf_e(m)=sum(r2>x(m))./Stats;

end;

subplot(1,2,2); semilogy(x,ccdf_e,'ko-');



Erlang Distribution

The Erlang distribution is a generalization of
the exponential distribution.

The exponential distribution models the time
interval to the 1°t event, while the

Erlang distribution models the time
interval to the k" event, i.e., a sum of
k exponentially distributed variables.

The exponential, as well as Erlang
distributions, is based on the constant rate
(or Poisson) process.

17






Erlang Distribution

Generalizes the Exponential Distribution:
waiting time until k’s events
(constant rate process with rate=r)

k-1 e "X (rx)™
P(X > x) =mzzo = 1-F()

Differentiating F (x) we find that all terms in the sum

except the last one cancel each other:
Ky, K=1~—rX

F(x) =" forx>0 and k=1,2,3,..

(k—1)!




Gamma Distribution

The random variable X with a probability density
function:
- r.ka—le—rx

f(x)= F(K)  for x>0 (4-18)

has a gamma random distribution
with parametersr>0and k> 0. If
k is a positive integer, then X has
an Erlang distribution.



k. ,kK=1~—rX

f(x):r ;(ke) for x>0

+00

j f(x)dx=1l, Hence

0
(k)= J' rkxk‘le‘”dx:j y“leVdy
0 0

Comparing with Erlang distribution
for integer k one gets

(k)= (k—-1)!



Gamma Function

The gamma function is the generalization of the
factorial function for r > 0, not just non-negative
Integers.

C(k)=[y'edy, forr>0 (4-17)
0
Properties of the gamma function
r(1
I"(k
I

(12

1
(k—1)'(k—1) recursive property
(

k —1)! factorial function

—~~
~N

~— — — —
1

7 =1.77 interesting fact



|
[
[
2
L
I'I:“ —

Daniel Bernoulli's
(Famma







Mean & Variance of the
Erlang and Gamma

e |f Xis an Erlang (or more generally Gamma)
random variable with parameters r and k,

u=E(X)=k/r and o?=V(X)=k/r? (4-19)

* Generalization of exponential results:
u=EX)=1/r ando?=V(X)=1/r> or
Negative binomial results:
u=E(X)=k/p ando?=V(X)=k(1-p)/ p*



Matlab exercise:

 Generate a sample of 100,000 variables

with “Harry Potter” Gamma distribution with
r =0.1 and k=9 % (9.75)

e Calculate mean and compare it to k/r
(Gamma)

e Calculate standard deviation and compare it
to sqrt(k)/r (Gamma)

* Plot semilog-y plots of PDFs and CCDFs.

* Hint: read the help page (better yet
documentation webpage) for

random(‘Gamma’...): one of their parameters
is different thanr




Matlab exercise: Gamma

Stats=100000; r=0.1; k=9.75;

r2=random('Gamma’, k,1./r, Stats,1);

disp([mean(r2),k./r]);

disp([std(r2),sqrt(k)./r]);

step=0.1; [a,b]=hist(r2,0:step:max(r2));

pdf_g=a./sum(a)./step;

figure;

subplot(1,2,1); semilogy(b,pdf _g,'ko-'); hold on;

x=0:0.01:max(r2); clear cdf g;

for m=1:length(x);
cdf_g(m)=sum(r2>x(m))./Stats;

end;

subplot(1,2,2); semilogy(x,cdf g,'rd-');
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Continuous Probability
Distributions

Normal or Gaussian
Distribution






Normal or Gaussian Distribution

—(x—ét)2

20

f(x)z\/%o_e

~ 0 < X < 00
1s a normal random variable
with mean g,

and standard dewviation o

sometimes denoted as

N(u,o)

Carl Friedrich Gauss (1777 —1855)
German mathematician



Normal Distribution

* The location and spread of the normal are
independently determined by mean (u)

and standard deviation (o) ( 2
(x—

2

f(x)= \/70

e VAN

= .19
Figure 4-10 Normal probability denS|ty functions

Sec 4-6 Normal Distribution



Matlab exercise:
plot PDF of the Gaussian distribution
with mu=3; sigma=2
calculate mean, standard deviation
and variance,
Linear-y and Semilog-y plots of PDF
Hint:

Generate Standard normal
distribution using
randn(Stats,1) then
multiply and add using sigma, mu



Matlab exercise solution

Stats=100000;

mu=3; sigma=2;

rl=sigma.*randn(Stats,1)+mu;

step=0.1];
[a,b]=hist(rl,(mu-10.*sigma):step:(mu+10.*sigma));
pdf _n=a./sum(a)./step;

figure; subplot(1,2,1); plot(b,pdf n,'ko-');
subplot(1,2,2); semilogy(b,pdf_n,'ko-');



Gaussian (Normal) distribution is very
important because any sum of
many independent random variables
can be approximated with a Gaussian




Standard Normal Distribution

A normal (Gaussian) random variable with
u=0and o’ =1
is called a standard normal random variable and
is denoted as Z.

e Thed cumulative distribution function of a
standard normal random variable is denoted as:

D(z) = P(Z< 2)

* Values are found in Appendix A Table Il
to Montgomery and Runger textbook

Sec 4-6 Normal Distribution
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Standardizing

If Xis a normal random variable with £(X) = w and M(X) = o, the random variable

Z = (4-10)

1s a normal random variable with £(Z) = 0 and V(Z) = 1. That 1s, Z 1s a standard
normal random variable.

Suppose X 1s a normal random variable with mean x

and variance o,

Then,P(XSx):P(X_HSx_’uj:P(Zﬁz) (4-11)
o) o)

where Z 1s a standard normal random variable, and

(x=#)
o
The probability is obtained by using Appendix Table III

z= is the z-value obtainedby standardizing x.

Sec 4-6 Normal Distribution
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P(X < 1 - o) =P(X > 1 + o) = (1-0.68)/2=0.16=16%
P(X < W - 26) =P(X > 1 + 20) =(1- 0.95)/2=0.023=2.3%
P(X < u - 30) =P(X > u + 30) =(1- 0.997)/2=0.0013=0.13%

f(x)

w—3c Uu-20 w-o L w+o pw+20 w+ 30 x
l«— 68% —>
- 95% -
< 99.7% >
Figure 4-12 Probabilities associated with a normal distribution —
well worth remembering to quickly estimate probabilities.

Sec 4-6 Normal Distribution 13



x

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.3
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
L6
Ly
1.5
1.9
2.0
i1
22
2.3
24
]
2.6
27
2%
29
3.0
3.1
3
33

34
35
36
daf
3%

39

0.500000
0.539828
0.579260
0.617911
0.655422
0.691462
0.725747
0.758036
0.788145
0.815940
0.841345
0.864334
0.884930
0.903199
0.919243
0.933193
0.945201
0.955435
0.964070
0.971283
0.977250
0.982136
0.986007
0.089276
0.991802
0.993790
0.995339
0.996333
0.997445
0.995134
0.998650
0.999032
0.999313
0.999517
0.999663
0.999767
0.99984]
0.999802
0.999928
0.999952

0.503989
0.543795
0.383166
0.621719
0.659097
0.694974
0.729069
(L.761148
0.791030
0.81R589
0.8437352
0.866500
0.886860
0.904902
0.920730
(L934478
0.946301
0.956367
(L.964852
0.971933
0977784
0.982571
0.986447
(L9805 56
0.992024
0.993943
(.995473
0.996636
0.997523
0.908]03
0.998604
(.999065
0.999336
0.999533
(.9996735
0.999776
(.999847
0.999896
0.99903]
(.999054

0.507978
0.547758
0. 587064
0.625516
0.662757
0.698468
0.732371
0.764238
0.793892
0.821214
0.846136
0868643
0.BRRT6T
0.906582
0.922196
0.935744
0.947384
0.957284
0.965621
0.972571
0.978308
0982007
0.986791
0.989830
0.992240
0.904]132
0.995604
0.996736
0.997599
0.9082 50
0.998736
0.999096
0.999359
0.999550
0.999687
0.900784
0.909853
0.99900()
0.9909313
0.999956

0.511967
0.551717
0.590054
0.629300
0.666402
0.701944
0.735653
0.767305
0.796731
0.823815
(848405
0.870762
0.890651
0.908241
0.923641
0.936992
0.948449
(0L958185
0.966375
0.973197
0.078E22
0983414
0.987126
0.990097
0.992451
0.994297
0.995731
(.996833
0.997673
0,9983035
0.998777
0.999]126
0.999351
0.999566
(.9906498
0.999792
0.000858
.999904
0.999936
(.999958

0.515953
0.555760
0.594835
0.633072
0.670031
0. 705401
0.7318914
0.770350
0.799546
0.826391
0.850830
0.872857
0.892512
0.909877
0.925066
0.938220
0.949497
0.959071
0.967116
0.973810
0.979325
(LO83823
0.987455
(.9903 58
0.992656
0.994457
0.995855
0.906928
0.997744
0.995359
0.998817
0.999155
0.999402
(.99958]
0999704
0.999800
0.9099864
(1,.99990%
0.999938
0.999959

0.519939
0.559618
0.598706
0.636831]
(.67 3645
0. 708840
0.742154
0.773373
0.802338
0828944
0.85314]
0.874928
0.8943 50
0911492
0.926471
0.939429
0.950529
0.95994]1
0.967843
0.974412
0.979818
0.984222
0.987776
0.9006 1 3
0.992857
0.904614
0.995975
0.997020
0.997814
0.905411]
0.998856
.999] 54
0.999423
0.999596
0.999720
0.999807
0999860
0.999912
0.999941
0.999961]

0.532022
0.563559
0.602568
0.640576
0.677242
0.712260
0.745373
0.776373
0.805106
0.831472
(.855428
0.876976
0.8961635
(L913085
0.927855
(.940620
0.951543
0LOG0THE
0.968557
0.975002
0.980301
0.984614
(.088080
(,990863
0.993053
0994766
0.996093
0997110
(.997882
(.998462
0.908893
0.999211
09090443
0.999610
0.999730)
0.0008] 3
(.999574
(.0990]1 5
0.9090404 3
(.999043

0.527903
0.567495
0.606420
0.644309
0.680822
0.71566]
0.748571
0.779350
0.807850
0.833977
0.857690
0.878999
0.897958
0.914657
0.929219
0.941792
0.952540
0.961636
0.969258
0.97558]
0.980774
0.984907
0.988396
0.991 106
0.993244
0.99491 5
0.996207
0.997197
0.997948
0.998511
0.998930
0.999238
0.999462
0.999624
0.999740
0.999821
(.999879
0.99991 8
0.999946
0.999964

0.53188]
0.571424
0.610261
0.648027
0.684386
0.719043
0.751748
0.782303
0.810570
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Standard Normal Distribution Tables

Assume Z is a standard normal random variable.
Find P(Z<1.50). Answer: 0.93319

P(Z <1.5) =d(1.5)

= shaded area © 0.00 0.01 0.02 0.03

O | 0.50000 0.50399 0.50398 0.51197

1.6 | 0.93319 0.93448 0.93574 0.93699

0 1.5 z

Figure 4-13 Standard normal PDF Table IIl from,
Appendix A in

Find P(Z < 1.53). Answer: 0.93699 g"gﬁtngg"e”r“ery
Find P(Z < 0.02). Answer: 0.50398

Sec 4-6 Normal Distribution 15



Standard Normal Exercises

P(Z>1.26) =1- P(Z < 1.26) =1-0.8962= /\
=0.1038 =
P(Z <-0.86) = P(Z >0.86)=1- P(Z<0.86)= «

)
1-0.815=0.195 /\

P(Z >-1.37) =P(2<1.37)= 0.915

P(-1.25< Z2<0.37)=P(Z2<0.37)- P(Z<-1.25) /\

=P(Z < 0.37)- P(2>1.25) = P(Z < 0.37)-

(1-P(2<1.25))= 0.6443-(1-0.8944)=0.5387 /\

-1.25 0 0.37

16
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Range The expected fraction of Approximate expected The approximate frequency for daily

population inside the range frequency outside the event
range
u*0.50 0.382924922548026 2 in 3 Four or five times a week
nutlo 0.682689492137086 1in 3 Twice a week
utl50 0.866385597462284 1in 7 Weekly
ut20 0.954499736103642 1in 22 Every three weeks
ut250 0.987580669348448 1in 81 Quarterly
Lt 30 0.997300203936740 1in 370 Yearly
nt3.50 0.999534741841929 1in 2149 Every six years
utdo 0.999936657516334 1in 15787 Every 43 years (twice in a lifetime)
u+4.50 0.999993204653751 1in 147160 Every 403 years (once in the modern era)
nLx50 0.999999426696856 1in 1744278 Every 4776 years (once in recorded
history)
nt5.50 0.999999962020875 1in 26330254 Every 72090 years (thrice in history of
modern humankind)
Ut 60 0.999999998026825 1in 506797346 Every 1.38 million years (twice in history
of humankind)
ut6.50 0.999999999919680 1in 12450197393 Every 34 million years (twice since the
extinction of dinosaurs)
Lt70 0.999999999997440 1in 390682215445 Every 1.07 billion years (four times in
history of Earth)
Source: Wikipedia DATA SCIENCE Human Impact of Probabilities

DISCOVERY

STAT 107: Data Science Discovery



Business buzzword: Six Sigma

& Not logged in -~
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WIKIPEDIA SIX Sigma

The Free Encyclopedia o )
From Wikipedia, the free encyclopedia

Main page For other uses, see Sigma 6.

Contents

Eeatured content Six Sigma is a set of techniques and tools for process improvement. It was introduced by engineer Bill Smith while working

Cuent events at Motorola in 1986.[1112] Jack Welch made it central to his business strategy at General Electric in 1995.13] Today, it is used

Random article in many industrial sectors.[4]

Business literature defined six sigma
as no more than 3.4 defective products
per million



Matlab group exercise 3

* P(X-u>z- 0)=P(Z>z)=(1-
erf(z./sqrt(2)))/2
* You can also use 1-normcdf(z)

* Calculate Prob(X-u>60) and compare
with expected 3.4 errors per million

* Find z such that
Prob(X-u>z - 0)=3.4 errors per million



What Six Sigma should be really called
if P(X-u>z- o) =3.4e-6

A. 6 sigma

B. 7sigma

C. 3sigma

D. 4.5 sigma

E. | could not figure it out

Get your i-clickers



Appendix Table Ill is no good for 6-sigma
How to calculate in Matlab?

Matlab has a built-in function normcdf

1-normcdf(z) is the Prob[X-pu>z-0]

| expected: P(Z>6)= 3.4e-6

Matlab says 1-normcdf(6)~ 1e-9

Six sigma is not 60 at all !!!

Let’s find out how many simas are in six sigma
Matlab says: invnorm(3.4e-6)=4.5

Six sigma should be called 4.50

Does not have the same buzz



What’s wrong with Six Sigma?

 Motorola has determined, through years of process
and data collection, that processes vary and drift over
time — what they call the Long-Term Dynamic Mean
Variation. This variation typically falls between 1.4
and 1.6. They shifted their
sigma down by 1.5.

 The statistician Donald J. Wheeler has dismissed the
1.5 sigma shift as "goofy" because of its arbitrary
nature.

* A Fortune article stated that "of 58 large companies
that have announced Six Sigma programs, 91 percent
have trailed (performed below) the S&P 500 index
since"




* Freeman Dyson (a famous theoretical physicist) once
sat on a committee reviewing Department of Energy
Joint Genomics Institute (DOE JGI)

* Motorola sent their six-sigma preacher
Freeman Dyson asked him:
 D:Canyou explain me what is six—sigma?

e P: Mumbling something about it being
the gold standard of reliability

e D:Canyou at least define one-sigma?

e P:Silence Born:

. : December 15, 1923,
e Six-sigma was never implemented crowthorne. UK

at JGlI Died:

February 28, 2020
Princeton, NJ USA



Dyson’s legacy

Seminal contributions to quantum mechanics

The Origin of Life:
Cells 2 Enzymes = DNA/RNA later
First proposed by Alexander Oparin in 1922

Dyson sphere:
Completely
captures light from a star

Dyson tree:
genetically engineered
tree growing inside a
comet
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Fitting a Gaussian distribution:
a biological example



Molecular binding is used at multiple levels

Each level has its own molecular interaction network

% Regulatory
network:
RNA-level
regulation
By DNA-binding
Proteins
Protein-
Protein
(binding)
Interaction
Network

Protein-
Metabolite
Interactions:
Metabolic
network




Biological example of a Gaussian:
Energy of Protein-Protein Binding Interactions

* Proteins and other biomolecules
(metabolites, drugs, DNA) specifically
(and non-specifically) bind each other

* For specific bindings: Lock-and-Key theory

* For non-specific bindings:
random contacts




A simple physical model for scaling in
protein—protein interaction networks

Eric J. Deeds*, Orr Ashenberg®, and Eugene I. Shakhnovich*s

*Department of Molecular and Cellular Biology, Harvard University, 7 Divinity Avenue, Cambridge, MA 02138; "Harvard College, 12 Oxford Street,
Cambridge, MA 02138; and *Department of Chemistry and Chemical Biology, Harvard University, 12 Oxford Street, Cambridge, MA 02138

Communicated by David Chandler, University of California, Berkeley, CA, November 10, 2005 (received for review September 23, 2005)

It has recently been demonstrated that many biological networks  (19-22). Indeed, when the two major S. cerevisiae |
exhibit a “scale-free” topology, for which the probability of ob-  protein interaction (PPI) experiments are compared w
serving a node with a certain number of edges (k) follows a power  another, one finds that only ~150 of the thousands of
law: i.e., p(k) ~ k~7. This observation has been reproduced by  tions identified in each experiment are recovered in tt

EEENAS

Most Binding energy is due to hydrophobic amino-acid residues

being screened from water
a

K, hydrophobic residues

Binding )

M surface residues

Predicted Gaussian distribution: PDF(E;=E)— because E; —sum of
hydrophobicities of many independent residues



Matlab exercise

In Matlab load PINT_binding_energy.mat with binding energy E; (in
units of kT at room temperature) for 430 pairs of interacting proteins
from human, yeast, etc.

Data collected in 2007 from the PINT database
http://www.bioinfodatabase.com/pint/

and analyzed in J. Zhang, S. Maslov, E. Shakhnovich, Molecular
Systems Biology (2008)

Fit Gaussian to the distribution of E; using dfittool

Use “Exclude” button to generate the new exclusion rule to drop all
points with X<-23 from the fit

Use "New Fit" button to generate the new “Normal” fit with the
exclusion rule you just created

Find mean (mu) and standard deviation (sigma)

Select “probability plot” from “Display type” dropdown menu to
evaluate the quality of the plot. Where does the probability plot
deviate from a straight line?



How does it compare with the experimental data ?
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binding energy (in units of kT)
J. Zhang, S. Maslov, E. Shakhnovich, Data on binding interactions

Nature/EMBO Molecular Systems Biology (2008) from PINT database



Dissocliation constant

Interaction between two molecules (say, proteins)
is usually described in terms of dissociation

constant
K;=1M exp(-E;/kT)

Law of Mass Action: the concentration D; of a
neterodimer formed out of two proteins with free
(monomer) concentrations C; and C; : D;=C,C/K;

What is the distribution of K;?

Answer: it is called log-normal since the logarithm
of K is the binding energy -E;/kT which is normally
distributed




Lognormal Distribution

 Let W denote a normal random variable with mean of 8 and
variance of w?, i.e., E(W) =0 and V(W) = w?

* As achange of variable, let X = e = exp(W) and W = In(X)

* Now X is a lognormal random variable.

F(x)=P[X <x]=P|exp(W)<x]|=P|W <In(x)]

=P{Z£ ln(x)—G}zq{ln(x)—G} = for x>0

® ®

=0 for x<0

{hmx)—e}z

f(x)= d];ix) = ij/ﬂ e

E(X)=e""" and  V(X)=&" (e -1 (4-22)

for 0 < x < oo




Lognormal Graphs
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Figure 4-27 Lognormal probability density functions
with 8 = 0 for selected values of w?.

Sec 4-11 Lognormal Distribution
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