Hypothesis testing:
two samples



10-2: Inference for a Difference in Means of Two Normal
Distributions, Variances Known

Population 1 Population 2
2 2
o 05
Figure 10-1 Two /’ul /:‘LE
independent popula- Sample 1: Sample 2:
tions. X110 X120000 X1 X211 X221 0001 Xop,

Figure 10-1 Two independent populations.
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10-2: Inference for a Difference in Means of Two Normal
Distributions, Variances Known

Assumptions

Xy, Xip, ..., Xy, 18 a random sample from population 1.

Xo15 X295 -, Xy, 18 @ random sample from population 2.

Rl

The two populations represented by X, and X, are independent.

=

Both populations are normal.

18




10-2: Inference for a Difference in Means of Two Normal
Distributions, Variances Known

The quantity

(10-1)

has a N(0, 1) distribution.
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10-2: Inference for a Difference in Means of Two Normal
Distributions, Variances Known

10-2.1 Hypothesis Tests for a Difference in Means,

Variances Known _—~USu 0(((1 AO = 0
- U

Null hypothesis:  Hy: py — po = 4y

. X — X, — A
Test statistic: Zy = — - (10-2)
{ g g
L e
\ m 1y
Rejection Criterion For
Alternative Hypotheses P-Value for Fixed-Level Tests
Hpi: g — po # 4 Probability above |zy| and Zo > Zayp OT Zg < —Zyy

probability below — |z,
P =2[1 = d(|z])]

Hpi: g — po > A Probability above z, Zg > Zg
P = l — (I)(ZU)
Hpi:ipp — o < A Probability below z, zy < —z,

P = d(z,)




10-2.1 Hypotheses Tests on the Difference in Means, Variances
Unknown

2 2
Case 2.6, # 0O,

If Hy: py, — 1, = Ay IS true, the statistic

To = ——=—— (10-15)
\/51 S

_|_
nq nso

IS distributed as t-distribution with degrees of freedom given by

v=n,+n, -2,
or more generally



Multiple null hypotheses: Bonferroni correction

What if you have m independent null hypotheses?
Say you have m=25,000 genes in a genome?

What is the probability that at least one of the null-
hypotheses will be shown to
be false at significance threshold o, ?

Answer: carlo Emilio Bonf |
. . arlo emihio bontrerroni
Family-Wise Error Rate (1892 —1960)

or FWER=1_(1_ 0 )m ~maol Italian mathematician
- - who worked on

f m=20 and ale.OS, probability theory.
-WER=0.6415

f you want to get FWER< a, use
a,= a/m
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Sweet matlab exercise #1

Download
dark_vs_milk_chocolate_analysis_template.m
at the course website. Correct all ?? In the file

dark=[118.8 122.6 115.6 113.6 119.5 115.9 115.8
115.1 116.9 115.4 115.6 107.9];

milk=[102.1 105.8 99.6 102.7 98.8 100.9 102.8
98.7 94.7 97.8 99.7 98.6]

Use Z-statistics to calculate P-value of the nuli
hypothesis H,that milk = dark against H, that
dark > milk. P_value_z=2*[1-normcdf(|Z])]

Repeat using T-statistics. # of degrees of freedom
is dof=2*(n-1)
P_value t=2*tcdf(|T|, dof)



dark=
107.9]

Sweet matlab exercise #1

118.8 122.6 115.6 113.6 119.5 115.9 115.8 115.1 116.9 115.4 115.6

milk=

102.1 105.8 99.6 102.7 98.8 100.9 102.8 98.7 94.7 97.8 99.7 98.6]

x_dark=mean(dark) % sample mean dark chocolate
X_milk=mean(milk) % sample mean milk chocolate
s_dark=std(dark) % sample std dark chocolate
s_milk=std(milk) % sample std milk chocolate

n=12

% sample size of both dark and milk

std_xdiff=sqrt(s_dark.r2./2+s_milk.*2./n) % std diff x

z_stat

=(x_dark-x_milk)./std_xdiff % z-statistic

P_value_z=erfc(z_stat./sqrt(2))./2 % P-value of null true
% P_value_z=9.9629e-34

dof=(n-1)+(n-1) % # of degrees of freedom
P_value_t=tcdf(z_stat,dof,'upper') % P-value of null true
%P_value_t=1.8417e-11
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Regression analysis

Two variables

(Montgomery and Runger: ch 11
Brani Vidakovic: ch 14)



Reminder



Covariance Defined

Covarlance Is a number gunatifying average dependence
between two random variables.

The covariance between the random variables X and Y,
denoted as cov(X,Y) or o,, is

GXY:E[(X_/Ux)(Y_:uY)]:E(XY)_/Jx,uY (5-14)
The units of o, are units of X times units of Y.

Unlike the range of variance, - < o, < o0.

Sec 5-2 Covariance & Correlation 3



Correlation is “normalized covariance”

e Also called:
Pearson correlation
coefficient

Pyxy=Oxy/0x0y
is the covariance
normalized to

Karl Pearson (1852— 1936)
English mathematician and biostatistician



Covariance and Scatter Patterns

Figure 5-13 Joint probability distributions and the sign of cov(X, Y).
Note that covariance is a measure of linear relationship. Variables
with non-zero covariance are correlated.



Regression analysis

* Many problems In engineering and science involve
sample in which two or more variables were measured.
They may not be independent from each other and one (or
several) of them can be used to predict another

» Everyday example: in most samples height and weight
of people are related to each other

* Biological example: in a cell sorting experiment the
copy number of a protein may be measured alongside its
volume

» Regression analysis uses a sample to build a model to
predict protein copy number given a cell volume



Sir Francis Galton,

(1822 -1911) was an English
statistician, anthropologist,
proto-geneticist, psychometrician,
eugenicist, (“Nature vs Nurture”,
inheritance of intelligence),
tropical explorer, geographer,
inventor (Galton Whistle

to test hearing), meteorologist
(weather map, anticyclone).

Invented both correlation and
regression analysis when studied
heights of fathers and sons

Found that fathers with

height above average tend to have
sons with height also above average
but closer to the average.

Hence “regression” to the mean



Two variable samples

Oxygen can be distilled from the air

Hydrocarbons need to be filtered out
or the whole thing would go kaboom!!!

When more hydrocarbons were removed,
the remaining oxygen stays cleaner

Except we don’t know how dirty was the air
to begin with

Table 11-1 Oxygen and Hydrocarbon Levels
Observation Hydrocarbon Level Purity
MNumber x (%) v (%)
| 0.99 90.01
2 1.02 89.05
3 1.15 91.43
- 1.29 93.74
3 1.46 96.73
6 1.36 94.45
7 0.87 87.59
8 1.23 91.77
9 1.55 99.42
10 1.40 93.65
11 1.19 93.54
12 1.15 92.52
13 0.98 90.56
14 1.01 29.54
15 1.11 89.85
16 1.20 90.39
17 1.26 093.25
18 1.32 93 .41
19 1.43 9498
20 0.95 87.33




Y= P X+ €

100
98
96

94 : [

92

Purity (v)

90

88

86
085 095 105 1.15 1.25 135 1.45 1.55

Hydrocarbon level (x)

Figure 11-1 Scatter diagram of oxygen purity versus hydrocarbon
level from Table 11-1.

N = 254 1S-X €



Linear regression

The simple linear regression model Is given by
Y —_ IBO ~+ ﬁ]_X + £
¢ IS the random error term

slope (; and intercept 5, of the line are called
regression coefficients

Note: Y , X and ¢ are random variables
The minimal assumption: E(¢ | x)=0 -
E(Y| x) =y + B1x + E(e| x) =Py + P1x

10
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Method of least squares

- The method of least squares Is used to estimate the
parameters, 3, and B, by minimizing the sum of the
squares of the vertical deviations in Figure 11-3.

¥

—g

Observed value
Data (v)

Estimated
. regression line

Figure 11-3 Deviations of the
data from the estimated
regression model.

.
Figure 11-3 Deviations of the data from the
estimated regression model.
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Traditional notation

Definition

The least squares estimates of the intercept and slope in the simple linear regression
model are

Bo=7 — B> (11-7)

where vy = (1/n) 2 ,—; y; and X = (1/n) 2, x;.

14



11-2: Simple Linear Regression

Definition

The least squares estimates of the intercept and slope in the simple linear regression
model are

Bo=7— B (11-7)
n ( i-w)( i If)
S yix — —— HZFI COV (X/ (/)
B, =2 = —— (118
(3 Ve

where vy = (1/n) 2 ,—; y; and X = (1/n) 2, x;.
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11-4: Hypothesis Tests in Simple Linear Regression

11-4.2 Analysis of Variance Approach to Test
Significance of Regression

The analysis of variance identity iIs

Z(I—L)_EL—I)+EI—L (11-24)

Symbolically,

SS; = SSe + SS; (11-25)

16



11-7: Adequacy of the Regression Model

11-7.2 Coefficient of Determination (R?)

VERY COMMONLY USED
* The quantity
oSSk _ S
= SSp | SSt

IS called the coefficient of determination and is often
used to judge the adequacy of a regression model.
e0<R?<1;

* We often refer (loosely) to R? as the amount of
variability in the data explained or accounted for by the

regression model.

17



11-7: Adequacy of the Regression Model

11-7.2 Coefficient of Determination (R?)

* For the oxygen purity regression model,
R2 = SS,/SS+
=152.13/173.38
=0.877
e Thus, the model accounts for 87.7% of the
variability in the data.



11-2: Simple Linear Regression

Estimating 022

An unbiased estimator of ¢ 2is

; SSE
€ n— 2

(11-13)

where SS¢ can be easily computed using

SSg = SSr — B1Sy

(11-14)
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11-3: Properties of the Least Squares Estimators

 Slope Properties

A, ’%’L
~ ey F — c
E(By) = B V(B1) = S h\é)%
4
) - h W)\‘
Intercept Properties LMQQ/ 4 V)’W,fmu
O'f /Q_i

. . aAy |1 X?
E(Bo) = Bo and  V(Bo) = ¢~ [;+5—]: 2
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11-4: Hypothesis Tests in Simple Linear Regression

n} ‘}I'
. L
s L
L L
L ] -
™ . - » . - * @B
L
Figure 11-5 The
hypothesis Hy: B, =0 . ;
is not rejected. () (b)

Figure 11-5 The null hypothesis Hy: B, = 0 is accepted.
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11-4: Hypothesis Tests in Simple Linear Regression

Figure 11-6 The
hypothesis Hy: 3, = 0 x x
Is rejected. () (b)

Figure 11-6 The null hypothesis H,: 3, = 0 is rejected.
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11-4: Hypothesis Tests in Simple Linear Regression

11-4.1 Use of Z-tests for large n

An important special case of the hypotheses of
Equation 11-18 Is

Hy: B3y =0
H|Z B| == U

These hypotheses relate to the significance of regression.
Failure to reject H, Is equivalent to concluding that there
IS no linear relationship between X and Y.
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11-4: Hypothesis Tests in Simple Linear Regression

Hy: By =0 %@o% ol_
Hy: By # 0 («.9. =X
vﬁor 4,

Con &5 Ao

[ V.ér)(;%m?
A
i




11-4: Hypothesis Tests in Simple Linear Regression

11-4.1 Use of t-tests for smaller n.

Sy

The number of degrees of freedom in n-2 v

»——

-

One can always fit a straight line through two
points so one needs n>=3



11-4: Hypothesis Tests in Simple Linear Regression

Hy: B = 0 /ﬁ‘mt ;_L/
H|:3|,i” ;2(;; (L(§7; ’
N \ C/G/'/‘QC&J/\/\C/(:
VV\ V_éf)((/q—)\,?
- JZ/I WO) )
/ - —— {/ s Srch
e ,/, O;/Z/;Lz L
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Human T cell expression data

The matrix contains 47 expression samples from Lukk et al,
Nature Biotechnology 2010

All samples are from T cells in different individuals

Only the top 3000 genes with the largest variability were used

The value is log2 of gene’s expression level in a given sample as
measured by the microarray technology

aTcell
T cells




“Let’s Make a Deal” show with Monty Hall aired
on NBC/ABC 1963-1986






Gene Expression “Wheel of Fortune”

Each group gets a pair of genes that are known to be
correlated.

Each group also gets a random pair of genes selected by
the “Wheel of Fortune”. They may or may not be
correlated

Download (log-transformed) expression table.mat
Run command fitim(x,y) on assigned and random pairs

Record B, B,, R?, P-value of the slope 3; and write them
on the blackboard

Validate Matlab result for R? using your own calculations

Look up gene names (see gene_description in

your workspace) and write down a brief description of
biological functions of genes. Does their correlation
make biological sense?




Correlated pairs
plausible biological connection based

on short description

g1=1994; g2=188; group1l

g1=2872; g2=1269; group 2

g1=1321; g2=10; group 3

g1=886; g2=819; groupid

g1=2138; g2=1364; group>5
no obvious biological common function
gl=1+floor(rand.*3000); g2=1+floor(rand.*3000);
disp([g1, g2])



Confidence interval for
population variance g2

Up until now we were calculating the
confidence interval on the
population average u

What if one wants to put confidence interval
on population variance 47

We know an unbiased estimator of g2:

1 _
52 = 1Z(xi—x)2
l

How to determine confidence interval?







8-4 Confidence Interval on the Variance and

Standard Deviation of a Normal Distribution
X=(n-1)5°/0?
We know n, S?
want to estimate o?

flx,n) ~ x("-/21exp(-x/2)

It is just Gamma PDF
with r=(n-1)/2, and A=1/2

Mean value:
n-1

Standard deviation:

J2(n—1)







Person’s chi-squared
Goodness of fit test



Did you know that M&M's® Milk Chocolate Candies are
supposed to come in the following percentages: 24%
blue, 20% orange, 16% green, , 13% red,
13% brown?

http://www.scientificameriken.com/candy5.asp

“To our surprise M&Ms met our demand to review their procedures in determining candy ratios. It is, however, noted that the figures presented
in their email differ from the information provided from their website (http://us.mms.com/us/about/products/milkchocolate/). An email was
sent back informing them of this fact. To which M&Ms corrected themselves with one last email:

In response to your email regarding M&M'S CHOCOLATE CANDIES

Thank you for your email.
On average, our new mix of colors for M&M'S® Chocolate Candies is:

M&M'S® Milk Chocolate: 24% blue, 20% orange, 16% green, 14% vellow, 13% red, 13% brown.

M&M'S® Peanut: 23% blue, 23% orange, 15% green, 15% yellow, 12% red, 12% brown.

M&M'S® Kids MINIS®: 25% blue, 25% orange, 12% green, 13% yellow, 12% red, 13% brown.

M&M'S® Crispy: 17% blue, 16% orange, 16% green, 17% yellow, 17% red, 17% brown.

M&M'S® Peanut Butter and Almond: 20% blue, 20% orange, 20% green, 20% yellow, 10% red, 10% brown.
Have a great day!

Your Friends at Masterfoods USA
A Division of Mars, Incorporated

How to accept or reject the null hypothesis that these
probabilities are correct from a finite sample?



Pearson chi? Goodness of Fit Test

e Assume there is a sample of size n from a population with k classes (e.g. 6 M&M colors)
e Null hypothesis Hy: class i has frequency f; in the population
e Alternative hypothesis H;: some population frequencies are inconsistent with f,

e Let O, be the observed number of sample elements in the ith class and E; = n f; be the
expected number of sample elements in the ith class.

e Group any bin with E; <3 with
a) if numerical value of i is important, group it with its neighbor (k=i-1 or k=i+1) which
has the smallest £, until £, , >=3;

b) If numerical value of i is irrelevant, group together all £; <3 bins until £, >=3

e The test statistic is

k
X5 =>, = (9-47)

P-value is calculated based on the chi-square distribution with k-1 degrees of freedom:

P-value = Prob(H, is correct) =1-CDF_chi-squared(X,?, k-1)



chi? Goodness of Fit Test
is a one-sided hypothesis




M&M group exercise

e DO NOT EAT CANDY BEFORE COUNTING IS FINISHED!
THEN, PLEASE, DO.

 We will be testing three null hypotheses one after
another:

— M&M official data: 24% blue, 20% orange, 16% green,
, 13% red, 13% brown

— Website (fan collected) data from
http://ijoshmadison.com/2007/12/02/mms-color-distribution-analysis.

18.36% blue, 20.76% orange, 18.44% green, ,
14.20% red, 14.16% brown

— Uniform distribution: 1/6~16.67% of each candy color

e You will estimate P-values for each one of these null
hypotheses

* Hints: O, —is the observed # of candies of color i;
calculate the expected # E =(# candies in your sample)*f,

Use 1-chi2cdf(X0Osquared, 5) for .
P-value ;=3




Statistical tests of independence



e Did I mix M&M candy well?
- blue orangegreen yellow red  brown

group 1 55 33 39 61 69 32
group 2 59 34 31 34 52 28
group 3 27 15 46 6 40 4

group 4 33 28 57 22 34 20



How to test the hypothesis if multiple sample
are drawn from the same population?

e Table: samples (Student groups) — rows,
classes (M&M colors) — columns

e Test if color fractions are independent from group

* P(Group 1 and Color = green) =
P(Group 1)*P(Color green)

e Compute for all groups/colors 6*4=24 in our case

Ereen(group 1)=n, . *(group1/n,,.)*(green/n, )

o XZ — Zntot (Ocolor (group)_Ecolor(grauP))z
groups & colors Ecolor(group)

 # degrees of freedom=(colors-1)*(groups-1)




e Was the M&M box from Costco well mixed?
Let’s compare the first two groups' data

group 1 56 62 36 36 37 35
group 2 59 67 29 39 32 25
group 3 58 63 29 28 33 24
group 4 58 60 36 22 37 36

: o) (group)—E (group))?
o Usmg XZ — Z 2 col ( color color )
groups & colors Ecolor(group)

with # degrees of freedom (colors-1)*(groups-1)

Find P-value of null hypothesis H, that
samples are independent from each other




Batch effect



Does color composition vary between
Costco and Schnucks

Costco: 114 67 70 145 121 60
Schnucks: 60 43 103 28 74 24

Test if they are significantly different from each
other:

Same test expect ngroups=2; ncolors=6;

Results:

Goodness of Fit =73.4774
P-value = 1.9318e-14

Batch effect is highly statistically significant!



Goodness of fit with a PDF

defined by m parameters

As before: k classes (e.g. M&M colors)
Use parameter estimators to find

the best parameters for the fit

e Method of moments

e MLE: method of maximum likelihood

Use chi-squared distribution with
k-1-m degrees of freedom

As before: if E; <3, group it together with
another group and reduce k by 1

k .
X§ = Z ’ o (9-47)




9-7 Testing for Goodness of Fit

Example 9-12

EXAMPLE 9-12 Printed Circuit Board Defects
Poisson Distribution

The number of defects in printed circuit boards is hypothe-
sized to follow a Poisson distribution. A random sample of
n = 60 printed boards has been collected, and the following
number of defects observed.

Number of Observed
Defects Frequency
0 32
1 15
0

3 +




9-7 Testing for Goodness of Fit

Example 9-12

The mean of the assumed Poisson distribution in this ex-
ample 1s unknown and must be estimated from the sample
data. The estimate of the mean number of defects per board is
the sample average, that is, (32-0 + 15-1 + 92 + 4:3)/60 =
0.73. From the Poisson distribution with parameter (.75, we
may compute p,. the theoretical, hypothesized probability as-
sociated with the ith class interval. Since each class interval
corresponds to a particular number of defects. we may find the
p; as follows:

¢ 075(0.75)°
P = P(X = U) = o = 0472
e "7(0.75)! )
py=PX=1)= Y = 0.354
e~"73(0.75)?
p;=PX=2)= = (.133

§a

ps=PX=3)=1-=(p + p+ p3) = 0.041



9-7 Testing for Goodness of Fit

Example 9-12

The expected frequencies are computed by multiplying the
sample size n = 60 times the probabilities p. That is, E, =
np;. The expected frequencies follow:

Number of Expected
Defects Probability Frequency

() 0.472 28.32

] (0.354 21.24

2 0.133 7.08

3 (or more) 0.041 2.46




9-7 Testing for Goodness of Fit

Example 9-12

Since the expected frequency in the last cell is less than 3, we
combine the last two cells:

Number of Observed Expected
Defects Frequency Frequency

0 32 28.32

| 15 21.24

2 (or more) 13 10.44

The chi-square test statistic in Equation 9-47 will have k& —
p—1=3—1—=1=1 degree of freedom, because the
mean of the Poisson distribution was estimated from the data.



9-7 Testing for Goodness of Fit

Example 9-12

The seven-step hypothesis-testing procedure may now be
applied, using a = 0.05, as follows:

1. Parameter of interest: The variable of inferest is
the form of the distribution of defects in printed
circuit boards.

2.  Null hypothesis: H,: The form of the distribution of
defects is Poisson.
3. Alternative hypothesis: H,: The form of the distri-

bution of defects i1s not Poisson.
4. TTest statistic: The test statistic i1s
i (”r - E:')E

G-
i

i=l




9-7 Testing for Goodness of Fit

Example 9-12

Reject H, if: Reject H, if the P-value is less than
0.03.

Computations:

(32 — 28.32)" (15 — 21.24)°
28.32 21.24
(13 — 10.44)?

10.44

-

Xo =

= 2.94

Conclusions: We find from Appendix Table 1II that
X%.uu = 2.71 and xﬁ_.}.g‘l = 3.84. Because x5 = 2.94
lies between these values, we conclude that the P-value
1s between 0.05 and 0.10. Therefore. since the P-value
exceeds 0.05 we are unable to reject the null hypothesis
that the distribution of defects in printed circuit boards
1s Poisson. The exact P-value computed from Minitab
15 0.0864.



Reminder



Two variable samples

Oxygen can be distilled from the air

Hydrocarbons need to be filtered out
or the whole thing would go kaboom!!!

When more hydrocarbons were removed,
the remaining oxygen stays cleaner

Except we don’t know how dirty was the air
to begin with

Table 11-1 Oxygen and Hydrocarbon Levels
Observation Hydrocarbon Level Purity
MNumber x (%) v (%)
| 0.99 90.01
2 1.02 89.05
3 1.15 91.43
- 1.29 93.74
3 1.46 96.73
6 1.36 94.45
7 0.87 87.59
8 1.23 91.77
9 1.55 99.42
10 1.40 93.65
11 1.19 93.54
12 1.15 92.52
13 0.98 90.56
14 1.01 29.54
15 1.11 89.85
16 1.20 90.39
17 1.26 093.25
18 1.32 93 .41
19 1.43 9498
20 0.95 87.33




Linear regression

The simple linear regression model Is given by
Y=B+B,X+e=Y +¢
¢ IS the random error term

slope (; and intercept 5, of the line are called
regression coefficients

Note: Y, ¥, X and ¢ are random variables
The minimal assumption: E(¢ | x)=0 -
E(Y|x)=py + f1x + E(e| x) =py + f1x



Y= P X+ €

100
98
96

94 : [

92

Purity (v)

90

88

86
085 095 105 1.15 1.25 135 1.45 1.55

Hydrocarbon level (x)

Figure 11-1 Scatter diagram of oxygen purity versus hydrocarbon
level from Table 11-1.

N = 254 1S-X €
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Method of least squares

- The method of least squares Is used to estimate the
parameters, 3, and B, by minimizing the sum of the
squares of the vertical deviations in Figure 11-3.

¥

—g

Observed value
Data (v)

Estimated
. regression line

Figure 11-3 Deviations of the
data from the estimated
regression model.

.
Figure 11-3 Deviations of the data from the
estimated regression model.



Traditional notation

Definition

The least squares estimates of the intercept and slope in the simple linear regression
model are

Bo=7 — B> (11-7)

where vy = (1/n) 2 ,—; y; and X = (1/n) 2, x;.




Connection to Cov(X,Y)/Var(X) result

Definition

The least squares estimates of the intercept and slope in the simple linear regression
model are

Bo=7— Bix (11-7)
o BE) G
| == — = ————— (118
| ol _( ) Ve (X)

where vy = (1/n) 2 ,—; y; and X = (1/n) 2, x;.




Different types of y

The least squares estimates of the intercept and slope in the simple linear regression
model are

Bo=7— B> (11-7)

2 Vi%i ~ n2
= hH

———— (11-8)

BT et

3o
2% nZ
N

where v = (1/n) 2, yv; and X = (1/n) 2, x..




The analysis of variance identity Is

(11-24)

Symbolically,

SST = SSR + SSE

(11-25)

10




11-7: Adequacy of the Regression Model

11-7.2 Coefficient of Determination (R?)

VERY COMMONLY USED
* The quantity
oSSk _ S
= SSp | SSt

IS called the coefficient of determination and is often
used to judge the adequacy of a regression model.
e0<R?<1;

* We often refer (loosely) to R? as the amount of
variability in the data explained or accounted for by the

regression model.

11



11-2: Simple Linear Regression

Estimating 022

An unbiased estimator of ¢ 2is

; SSE
€ n— 2

(11-13)

where SS¢ can be easily computed using

SSg = SSr — B1Sy

(11-14)
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Multiple Linear Regression

(Chapters 12-13 in
Montgomery, Runger)



12-1: Multiple Linear Regression Model

12-1.1 Introduction

 Many applications of regression analysis
Involve situations in which there are more than
one regressor variable X, used to predict Y.

e A regression model then iIs called a multiple
regression model.



Multiple Linear Regression Model

Y =Bo + BiXp+ By X+ PaXg+... P X+ g

One can also use powers and products of other variables
or even non-linear functions like exp(x;) or log(x.)
instead of X5,... X .

Example: the general two-variable quadratic
regression has 6 constants:

Y = Bg + BiXy+ Bo Xo + Ba(Xy)? + Ba(X0)? + Bs (X1X,) + &

15



Logistic Regression

P(y=1) = o(Xx1*wl + x2*w2

+ D)
b
x1 wl l
\

U —o— P(y=
/ 1)
2 w2

X



How to know where to stop
adding new variables or
powers of old variables?



A Regression Problem

y = f(x) + noise
Can we learn f from this data?

Let’s consider three methods...

Copyright © Andrew W. Moore



Linear Regression

Copyright © Andrew W. Moore



Quadratic Regression

Copyright © Andrew W. Moore



Join-the-dots

Also known as piecewise
linear nonparametric
regression if that makes
you feel better

Copyright © Andrew W. Moore



Which is best?

Why not choose the method with the best fit to the

data?

Copyright © Andrew W. Moore



What do we really want?

Why not choose the method with the best fit to the

data?

“How well are you going to predict future data drawn from
the same distribution?”

Copyright © Andrew W. Moore



The test set method

Copyright © Andrew W. Moore

1. Randomly choose
30% of the data to
be in a test set

2. The remainder is a
training set



The test set method

1. Randomly choose

) 30% of the data to
. be in a test set

2. The remainder is a
training set
3. Perform your
regression on the
X — training set

(Linear regression example)

Copyright © Andrew W. Moore



The test set method

(Linear regression example)
Mean Squared Error=2.4

Copyright © Andrew W. Moore

1. Randomly choose
30% of the data to
be in a test set

2. The remainder is a
training set

3. Perform your
regression on the
training set

4. Estimate your
future performance
with the test set



The test set method

P

X —

(Quadratic regression example)
Mean Squared Error =0.9

Copyright © Andrew W. Moore

1. Randomly choose
30% of the data to
be in a test set

2. The remainder is a
training set

3. Perform your
regression on the
training set

4. Estimate your
future performance
with the test set



The test set method

(Join the dots example)
Mean Squared Error = 2.2

Copyright © Andrew W. Moore

1. Randomly choose
30% of the data to
be in a test set

2. The remainder is a
training set

3. Perform your
regression on the
training set

4. Estimate your
future performance
with the test set



Double descend- the main reason modern
Machine Learning works so well

4 Y‘re/f;av%ﬁﬁ [ nY tho_




12-1: Multiple Linear Regression Model

12-1.3 Matrix Approach to Multiple Linear Regression

Suppose the model relating the regressors
to the response is

yi:BO+BlXi1+ﬁ2Xi2+..°+kaik+8i i=1,2,...,n

In matrix notation this model can be written as

y = Xﬁ + g (12-6)



12-1: Multiple Linear Regression Model

12-1.3 Matrix Approach to Multiple Linear Regression

where

Y1 1 X1 X o X Bo &1

1 Xo1 Xgp -+ X
IS R I L PP

Yn L Xu X2 0 Xk Bk €n



12-1.3 Matrix Approach to Multiple Linear Regression

We wish to find the vector § that minimizes the sum of
sqguares of error terms:
n

L= Y & =ce= (y — XB)' (y — Xp)
1=1
oL

0=0= X - XP)-—X'y +(X'X)B

The resulting least squares estimate is

B=XX"Xy .
/) (\\
/41/)6{/’02’ @F V///;V—(X) A"““’“Z O} Co [X/Y)



Multiple Linear Regression Model

A — (X)L X Uis
B =(XX) >fy " l®y
B bl \L

N CRRGNY ORGSR,

1T -
\/JC’“\DVS 9 A/Q or ° OV“H/\OWO‘/{ Sanf

N/

g.e - (7%,/’]_4,,)51: 0 Sl



12-1: Multiple Linear Regression Models

12-1.4 Properties of the Least Squares Estimators

Unbiased estimators:

E(B) = E[(X'X)”'X"Y]
= E[(X'X)7X/(XB + €)]
(X'X)IX'XB + (X'X) " 'X'e]

Covariance Matrix of Estimators:

'I:---rJr | Il'r—_1l;"J | li-r—_1| |2
C=(XX)"'"=|Cy O Cp
| Cap Gy Gl

36



12-1: Multiple Linear Regression Models

12-1.4 Properties of the Least Squares Estimators

Individual variances and covariances:
V(B) =0 Cyr. =012
l;;‘fr‘-,'lzgj., El’."] — LTE(_-II'J,'-. ] —;_'EJ-’
In general,

cov(iP) = (X' X) ' =6 C

37



12-1: Multiple Linear Regression Models

Estimating error variance c,?

An unbiased estimator of error variance ¢, is

n

o
a2 _ ; r_ SSE
Ug_ n—p n—p (12-16)

Here p=k+1 for k-variable multiple linear regression

38



R% and Adjusted R?

The coefficient of multiple determination R?

0 SSe_ 55
= SSp | SSy
The adjusted R?is A\
SSg/(n — p) 2 ¢
2 1 _ — i
Radj 1 SST)«"{(” _ 1:] {12 23}

e The adjusted R? statistic penalizes adding terms to the
MLR model.

e |t can help guard against overfitting (including
regressors that are not really useful)

39



How to know where to stop
adding variables?

* Adding new variables x. to MLR
watch the adjusted R?

e Once the adjusted R?
no longer increases = stop.
Now you did the best you can.



Matlab exercise

Every group works with

g0=2907;, g1=1527; g2=2629; g3=2881;
g4=1144; g5=1066;

Compute Multiple Linear Regression (MLR):

where

y=exp_t (g0); x1=exp_t (g1); x2= exp_t (g2);
How much better the MLR did compared to the
Single Linear Regression (SLR)?

Continue increasing the number of genes in x
until R_adj starts to decrease
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Clustering analysis
of gene expression data

Chapter 11 in
Jonathan Pevsner,
Bioinformatics and Functional Genomics,
3rd edition
(Chapter 9 in 2"9 edition)



Human T cell expression data

The matrix contains 47 expression samples from Lukk et al,
Nature Biotechnology 2010

All samples are from T cells in different individuals

Only the top 3000 genes with the largest variability were used

The value is log2 of gene’s expression level in a given sample as
measured by the microarray technology

T cells







Correlated pairs
plausible biological connection based

on short description
g1=1994; g2=188; group1l
g1=2872; g2=1269; group 2
g1=1321; g2=10; group 3
g1=886; g2=819; group4d
g1=2138; g2=1364; group>5

no obvious biological common function

gl=1+floor(rand.*3000); g2=1+floor(rand.*3000);
disp([g1, 82])



Matlab exercise

Every group works with

g0=2907;, g1=1527; g2=2629; g3=2881;
g4=1144; g5=1066;

Compute Multiple Linear Regression (MLR),
where y=exp_t (g0);

x1=exp_t(gl), x2=exp_t(g2);

How much better the MLR did compared to the
Single Linear Regression (SLR)?

Continue increasing the number of genes in x
until R_adj starts to decrease



How to find the entire groups of
mutually correlated genes if you have
many genes and many samples?



Clustering to the rescue!



Clustering is a part of Machine Learning

* Supervised Learning:

A machine learning technique whereby a system uses a
set of human-labelled training examples to learn how to
correctly perform a task

Example: a sample of cancer expression profiles each
annotated with cancer type

Goal: predict cancer type based on expression pattern

 Unsupervised Learning (including clustering):
In machine learning, unsupervised learning is a class of
problems in which one seeks to determine how the data
are organized. One only has unlabeled examples.
Example: a sample of breast cancer expression profiles.
Goal: Identify several different (yet unknown) subtypes
with potentially different treatments




What is clustering?

 The goal of clustering is to
— group data points that are close (or similar) to each other

— Usually, one needs to identify such groups (or clusters) in an
unsupervised manner

— Sometimes one takes into account prior information (Bayesian
methods)

* Need to define some distance d; between objects i and ]

e Clusteringis easy in 2 dimensions but hard in 3000
dimensions -> need to somehow reduce dimensionality




How to define the distance?

Correlation coefficient distance

d(X,Y)=1-p(X,Y)=1- Cov(X,Y)

JVar(X)-Var(Y)



Common types of clustering algorithms

e Hierarchical if one doesn’t know in advance
the # of clusters

— Agglomerative: start with N clusters and gradually
merge them into 1 cluster

— Divisive: start with 1 cluster and gradually break it up
into N clusters

 Non-hierarchical algorithms

— K-means clustering:
 |teratively apply the following two steps:
e Calculate the centroid (center of mass) of each cluster
e Assign each to the cluster to the nearest centroid

— Principal Component Analysis (PCA)

* plot pairs of top eigenvectors of the covariance matrix Cov(X,
X;) and uses visual information to group




The Principal Components

e Vectors originating from the center of mass

* Principal component #1 points
in the direction of the largest variance.

 Each subsequent principal component...
— is orthogonal to the previous ones, and

— points in the directions of the largest variance of
the residual subspace



2D Gaussian dataset

Adapted from lectures Prof. Pat Virtue at CMU based on original slide from Barnabas Poczos



15t PCA axis

Adapted from lectures Prof. Pat Virtue at CMU based on original slide from Barnabas Poczos



219 PCA axis

Adapted from lectures Prof. Pat Virtue at CMU based on original slide from Barnabas Poczos



Data for PCA

_(X(l))T_
| (X(Q))T
D = {X(Z)}fﬁl X =

()T

We assume the data is centered

1 N
= (1) _
/L—N;X =0

Q: What if A: Subtract
your data is off the
not centered? sample mean

Adapted from lectures Prof. Pat Virtue at CMU based on the original slides from Matt Gormley



Sample Covariance Matrix

The sample covariance matrix is given by:
N

1 i i
Sje =~ (@5 = ) (@) — )
1=1

Since the data matrix is centered, we rewrite as:

1 '(X(l))T'

A ~T (2\T
> — NX X . (x | )

()T

Adapted from lectures Prof. Pat Virtue at CMU based on the original slides from Matt Gormley



PCA algorithm

PCA algorithm(X, k): top k
eigenvalues/eigenvectors

* { A, U }ioq.n = €lgenvectors/eigenvalues of X
== 2,

 PCA basis vectors = the eigenvectors of 2

e Larger eigenvalue = more important
eigenvectors



PCA and units

 \When different variables have different
units (like temperature and mass), the
meaning of principal components is a
somewhat arbitrary

 One way of making the PCA less arbitrary
IS to use variables scaled so as to have unit
variance, by standardizing the data

 Before making PCA of X transform It using
Z=zscore(X);



Group project 4

load cancer wdbc.mat

/=zscore(cancerwdbc);

[coeff z, score z, latent z] = pca(Z);
ic=find(cancer_yn==1); whos ic;
inc=find(cancer_yn==0); whos inc;

figure; plot(score z(ic,1), score z(ic,2),'ro'); hold
on; plot(score z(inc,1), score_z(inc,2),'bs’);
title('PC2 vs PC1');

Plot pairs of score_z components

— 15t principal component vs 2" principal component.

— 15t principal component vs 3rd principal component
— 3rd principal component vs 2" principal component






Which variables contribute to which PC?
Add loadings (coeff eigenvectors)

o figure; biplot(coeff_z(:,1:2),'scores',score_z(:,1:2),
'VarLabels', feature_names);



Example of Principal Component Analysis (PCA) clustering

7000 gene expression
samples of model plant
Arabidopsis thaliana

* oot
seedling
o vegetative(leaf+shoot+stem)
¢ reproductive(flower+seed+silique)
¢+  cultured root
¢ cultured aenal

Plant J. 2016 Mar 25. doi: 10.1111/tp).13175. [Epub ahead of print]

Large-scale atlas of microarray data reveals the distinct expression landscape of
different tissues in Arabidopsis.

He F', Yoo S22, Wang D* Kumari S°, Gerstein M*, Ware D5, Maslov ST/




Hierarchical clustering



UPGMA algorithm

Hierarchical agglomerative clustering algorithm

UPGMA = Unweighted Pair Group Method with
Arithmetic mean

Iterative algorithm:
Start with a pair with the smallest d(X,Y)

Cluster these two together and replace it with
their arithmetic mean (X+Y)/2

Recalculate all distances to this new “cluster
node”

Repeat until all nodes are merged



Output of UPGMA algorithm
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Clustering
Matlab demo



Choices of distance metrics in
clustergram(... ‘RowPDistValue’ ...,
‘ColumnPDistValue’ ...,)

I



Choices of hierarchical clustering algorithm
in clustergram( ...”linkage’,...)



Clustering group exercise

Each group will analyze a cluster of genes identified in the
T cell expression table

Analyze the table of top 100 genes by variance in
47 samples

Cluster them using:

Group 1:
Group 2:
Group 3:
Group 4:
Group 5:

UPGMA = ‘linkage’, ‘average’, ‘RowPDistValue’, 'euclidean’,
‘linkage’, ‘single’, ‘RowPDistValue’, ‘cityblock’,

‘linkage’, ‘average’, ‘RowPDistValue’, ‘correlation’,

UPGMA = ‘linkage’, ‘single’, ‘RowPDistValue’, ‘euclidean’,
UPGMA = ‘linkage’, ‘weighted’, ‘RowPDistValue’, ‘correlation’,

Use clustergram(..., 'Standardize’,'Row’,

‘linkage’, as specified for your group,

‘RowPDistValue’ as specified for your group,
'Rowlabels',gene_namesl,'Columnlabels’, array_names)




Before clustering



UPGMA hierarchical clustering, Euclidian distance



UPGMA hierarchical clustering, correlation distance



Clustering group exercise

Each group will analyze a cluster of genes identified in the
T cell expression table

Analyze the table of top 100 genes by variance in
47 samples

Cluster them using:

Group 1:
Group 2:
Group 3:
Group 4:
Group 5:

UPGMA = ‘linkage’, ‘average’, ‘RowPDistValue’, 'euclidean’,
‘linkage’, ‘single’, ‘RowPDistValue’, ‘cityblock’,

‘linkage’, ‘average’, ‘RowPDistValue’, ‘correlation’,

UPGMA = ‘linkage’, ‘single’, ‘RowPDistValue’, ‘euclidean’,
UPGMA = ‘linkage’, ‘weighted’, ‘RowPDistValue’, ‘correlation’,

Use clustergram(..., 'Standardize’,'Row’,

‘linkage’, as specified for your group,

‘RowPDistValue’ as specified for your group,
'Rowlabels',gene_namesl,'Columnlabels’, array_names)




Cluster analysis group exercise

 Which biological functions are overrepresented in
different clusters?

e Pick a cluster:
— Select a node on the tree of rows,
— Right click
— Choose “export group info” into the workspace
— Name it gene_list

 Run the following two Matlab commands to display
genes

— gl=gene_list.RowNodeNames;
— for m=1:length(gl); disp(g1{m}); end;



Search for shared biological functions

copy the list of displayed genes
go to "Start Analysis" on https://david.ncifcrf.gov/tools.jsp

Paste genes from gene list displayed by Matlab into the box in
the left panel of the website

select ENSEMBL_GENE_ID and “gene list” radio button
Click "Functional Annotation Clustering”

Select groups in “Annotation Summary Results” which have
many genes from your list. Definitely select “PUBMED __ID” and
interaction databases like “Biogrid”

First look at "Functional Annotation Chart" rectangular button
below to display all overrepresented terms. Sort by “Benjamini”
correction for multiple hypotheses tetsting

Select "Functional Annotation Clustering"” rectangular button
below to display annotation results for gene list broken into
multiple groups (clusters) each with related biological functions

Write down the # of genes in the cluster and the top functions in
two most interesting clusters




Using Group 1 options:
‘linkage’, ‘average’, ‘RowPDistValue’, ‘'euclidean’,
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Reminder from the first lecture



Sea urchin embryonic development (from endomesoderm up to 30 hours) by Davidson’s lab



Protein-Protein binding
IntAct Database (Dec 2015)
Interactions: 577,297 Proteins: 89,716

Baker’s yeast S. cerevisiae (only nuclear proteins shown) Worm C. elegans
From S. Maslov, K. Sneppen, Science 2002 From S. Lee et al, Science 2004



Metabolic pathway chart by ExPASy: 5702 reactions as of December 2015
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Basic concepts of network analysis



Degree of a node — its # of neighbors




Directed networks have
in- and out- degrees

Out- degree\

Kout=2 ‘




How to find “important” nodes?

By their degree
e Hubs = important
e Example: Google’s PageRank




How Google PageRank algorithm works?

Google was solving the following problem in mid-1990s: too
many websites match a typical search query: need to rank
websites.

Other popular search engines (e.g. Altavista) count the # of
times a query word appears in website’s text. Websites
respond by putting lots of invisible words

One could rank the importance of webpages by number of
hyperlinks pointing to it (in-degree K. ) but:
— Too democratic: It doesn’t take into account the importance of
webpages sending hyperlinks

— it’s easy to trick and artificially boost the rank

Google’s solution: simulate the behavior of many “random
surfers” and then count the number of times they visited each
webpage = it’s PageRank

— Popular pages send more surfers your way = the PageRank weight is
proportional to K. but weighted by popularity



PageRank algorithm is Google’s $2.8T idea

 PageRank assigns to every webpage an
Importance score G

* The meaning of G,—how often random
surfers visit this website

 To determine solves a self-consistent Eq.:

G~ ZTG Here

Ti= A /KOut (j) is the normalized adjacency
matrix

* |t finds the principal eigenvector (the one
with the largest eigenvalue).



Problem with PageRank algorithm
and how Google solved it

 Problem: surfers can be trapped in infinite
loops with one or more entrances and no exits

* Model with random jumps mimicking surfers
getting bored when following a chain of links

G~ (1-0)% T, G+ o 2 G

e 0=0.15 meaning that an average web surfer
(circa 1995) on average jumped around

1/0~6 webpages before going somewhere
else



How to find “important” nodes?

e By their connectivity
 Connectors = important
e Betweenness-centrality




Betweenness centrality: definition

e Take a node i

e There are (N-1)*(N-2)/2 pairs of other
nodes

e For each pair find the shortest path on the
network

e |[f more than one shortest path, sample
them equally

e Betweenness-centrality C(i) ~ the number
of shortest paths going through node i



How is it connected to
expression data analysis?



T-cell expression data

The matrix contains 47 expression samples from Lukk et al,
Nature Biotechnology 2011

All samples are normal T-cells from different individuals
Only the top 3000 genes with the largest variability were used

The value is log2 of gene’s expression level in a given sample as
measured by microarray technology



Correlated pairs
plausible biological connection based

on short description
g1=1994; g2=188; group1l
g1=2872; g2=1269; group 2
g1=1321; g2=10; group 3
g1=886; g2=819; group4d
g1=2138; g2=1364; group>5

no obvious biological common function

gl=1+floor(rand.*3000); g2=1+floor(rand.*3000);
disp([g1, 82])



To analyze
correlations in expression
for all pairs of genes:
Co-expression networks



How to construct a co-expression network?

A co-expression network

Samples N\

Functional modules

Start with a matrix of log2 of expression levels of
N genes in K samples (conditions): for our T-cell data N=3000, K=47

For each of N(N-1)/2 pairs of genes i and j calculate
the correlation coefficient p--—o--/oo of gene levels across K samples

Put a threshold, e.g. p;>0.85, or otherwise select
the most correlated palrs of genes (~4500 in our case).
Now you have a weighted network.

Identify densely interconnected functional modules in
this network.

Modules can be used to infer unknown functions of genes via
“Guilt by Association” principle.



How to install Gephi software for network analysis?

 [nstall Gephi from: https://gephi.org/users/download/

e One of the common problems with installation is the version
of Java on your computer. One possible solution is
here: https://github.com/gephi/gephi/issues/1/787.

Sometimes after installation Gephi may complain that it cannot
find java version 1.8 or higher. In this case you need to go

to C:\Program Files\Gephi-0.9.2\etc

Open file gephi.conf using notepad.exe (MS Word does not
work!).

Add a line jJdkhome="C:\Program Files

(x86)\Java\jre1.8.0 231"

(the numbers in ...jrel.8.0 231 may be changed to reflect the
actual directory where Java is installed on your computer).

If JDK is not installed on your computer, you need to install
Itfirst from https://www.java.com/en/download/win10.jsp"




Co-expression network analysis exercise

Start Gephi and open
coexpression_network_random_start.gephi

Run “Layout” = Fruchterman Reingold = Speed 10.0

n

Run “Average degree”, “Network diameter”, “Modularity” in the
Statistics tab in the right panel.

Color nodes by “modularity class”:
Appearance = Nodes = Partition = Palette Icon = Modularity class

Size nodes first by “degree”.
Appearance = Nodes = Ranking = Multiple Circles lcon = Degree

— If the nodes are too small, select “Min size”: 10 and “Max size”:80
— Nodes in large tightly connected clusters have large degree
Then size nodes by “betweenness-centrality”

Appearance = Nodes = Ranking = Multiple Circles Icon = Betweenness-
centrality

— Large circles are “coordinator” genes connecting different co-expressed
clusters to each other. Potentially biologically interesting



Disease-disease similarity network

 Based on the table summarizing
all current medical knowledge
of genes implicated in diseases:
— Rows: 516 common human diseases

— Columns: 25,000 human genes

— Matrix element D, =1 if the gene a is known to be
involved in the disease i . 0 — otherwise

e Constructed disease-disease similarity network:

— Weight of the edge - # of shared genes between two
diseases

— Easy to construct: the adjacency matrix A of the
network is simply A=DeD*




Disease network analysis exercise

Start Gephi and open disease disease _random_start.gephi

Run “Layout” = Fruchterman Reingold = Speed 10.0
Observe how clusters emerge.

/A { ”  u

Run “Average degree”, “Network diameter”, “Modularity” analysis tools in the
right panel.

Color nodes with medical term: “disorder class”
Appearance > Nodes —> Partition - Palette Icon > Disorder class

Then color nodes by “modularity class”. See how well it agrees with the previous

color.
Appearance = Nodes > Partition - Palette Icon = Modularity class

Size nodes first by “degree”.
Appearance = Nodes = Ranking = Multiple Circles Icon = Degree

— Which disease has the largest degree?

Size nodes by “betweenness centrality”
Appearance =2 Nodes = Ranking = Multiple Circles Icon = Degree
— Which diseases have the largest betweenness-centrality?

These “connector” diseases linking different diseases clusters to each other. They
highlight potentially interesting connections between diseases
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Review for the
Final Exam




Rules

* Closed book exam; no books, notes,
laptops, smartphones, etc.

e However, calculators (not on a
smartphone) can be used.

* You can prepare one cheat sheet
(letter size, two-sided if needed)

* Printouts provided:

— Distributions means/variances/pdfs
— Standard normal distribution CDF table



This will be provided






What may be on the final exam?

Probability Multiplication, Combinatorics
Bayes Theorem
Discrete & Continuous Random Variables

Joint Probability Distributions,
Covariation/Correlations

Sampling distributions and parameter point
estimation

Confidence Intervals

Hypothesis testing for one and two samples
Other topics

Look at Homework 1-5 for examples of problems



One-sample hypothesis
testing






Two-sample hypothesis









Confidence intervals






What is X in this problem?

 What is X? Look for keywords:
— Find the probability that....
— What is the mean (or variance) of...

e What are the parameters?
Look for keywords:

— Given that... 3. Find x.
— Assuming that...

e |s X discrete or
continuous?

3cm



Discrete Probability Distributions






Continuous Probability Distributions



(12 points) Time interval separating
subsequent bus arrivals at a stop is an
exponential random variable with mean

20 minutes. Steve and Andrew work at the
same place and each will be late to work
unless they board a bus on or before
8:40am. Steve comes to the bus stop
exactly at 8am. Andrew also comes to the
same bus stop but at a random time,
uniformly distributed between 8am and
8:30am. Both of them take the first bus that
arrives.

(a) (4 points) What is the probability that
Steve will be late for work tomorrow?

(b) (4 points) What is the probability that
Andrew will be late for work tomorrow?

(c) (4 points) What is the probability that
Steve and Andrew will ride the same bus
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Bayes theorem



As of the 2010
census, the
population was
82,752. The
county seat is
Kokomo, IN.






Joint Probability Distributions



(2 points) Find E(X), E(Y), V(X), and V(Y)

(2 points) Find conditional probability distribution of Y given that X = 1
(2 points) Conditional probability distribution of X given that Y = 2

(2 points) Are X and Y independent?

(2 points) What is the covariance for X and Y?

(2 points) What is the correlation for X and Y?
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