Fitting a Gaussian distribution:
a biological example



Molecular binding is used at multiple levels

Each level has its own molecular interaction network

Regulatory
network:
RNA-level
regulation
By DNA-binding
Proteins
Protein-
Protein
(binding)
Interaction
Network

Protein-
Metabolite
Interactions:
Metabolic
network




Biological example of a Gaussian:
Energy of Protein-Protein Binding Interactions

 Proteins and other biomolecules
(metabolites, drugs, DNA) specifically
(and non-specifically) bind each other

* For specific bindings: Lock-and-Key theory

* For non-specific bindings:
random contacts



Most Binding energy is due to hydrophobic amino-acid residues
being screened from water

Predicted Gaussian distribution: PDF(E;=E)— because E; — sum of
hydrophobicities of many independent residues



Matlab exercise

In Matlab load PINT_binding_energy.mat with binding energy E; (in
units of kT at room temperature) for 430 pairs of interacting proteins
from human, yeast, etc.

Data collected in 2007 from the PINT database
http://www.bioinfodatabase.com/pint/

and analyzed in J. Zhang, S. Maslov, E. Shakhnovich, Molecular
Systems Biology (2008)

Fit Gaussian to the distribution of E; using dfittool

Use “Exclude” button to generate the new exclusion rule to drop all
points with X<-23 from the fit

Use "New Fit" button to generate the new “Normal” fit with the
exclusion rule you just created

Find mean (mu) and standard deviation (sigma)

Select “probability plot” from “Display type” dropdown menu to
evaluate the quality of the plot. Where does the probability plot
deviate from a straight line?



How does it compare with the experimental data ?

J. Zhang, S. Maslov, E. Shakhnovich, Data on binding interactions
Nature/EMBO Molecular Systems Biology (2008) from PINT database



Dissocliation constant

Interaction between two molecules (say, proteins)
is usually described in terms of dissociation

constant
K;=1M exp(-E;/kT)

Law of Mass Action: the concentration D; of a
neterodimer formed out of two proteins with free
(monomer) concentrations C; and C; : D;=C,C/K;

What is the distribution of K;?

Answer: it is called log-normal since the logarithm
of K is the binding energy -E;/kT which is normally
distributed




Lognormal Distribution

e Let W denote a normal random variable with mean of 6 and
variance of w?, i.e., E(W) =06 and V(W) = w?

* As a change of variable, let X = e = exp(W) and W = In(X)
e Now X is a lognormal random variable.

F(x)=P[X <x]=P|exp(W)<x]|=P|W <In(x)]

:P{ZS |n(x)-e}:®{m(x)-e}: o xs 0

® ®

=0 for x<0

f(x)= dFdE(X) = xa)\l/ﬂ e{ o }

E(X)=e¢"" and  V(X)=e" (e -] (4-22)

for0< x <o




Lognormal Graphs

Figure 4-27 Lognormal probability density functions
with 8 = 0 for selected values of w?.



WHY DO WHALES JOMP £ . git. xcp WHY ARE. THERE SLAVES IN THE BIBLE

WHY ARE. WITCHES GREEN = WHY DO TWINS HAVE DIFFERENT FINGERPRINTSE\WJHY 1S HTTPS

W&T%”fﬁogaﬁ\?“m D comics \HY ARE. AMERICANG AFRAID OF DRAGONS <WHY T@;ﬂggg A % 55:%5“9)085 HTIPS
WHY I SEASALT BETIERDI WHY IS HTTPS IMPORTANT
ARE. THERE TREES N THE MIDDLE OF FELDPS

WHY ISTHERE LAVGHING IN TV SHOWS ARMS GROWING

WHY ARE THERE DOORS ON THE FREEWAY

WHY ARE THERE S0 MANY SVCHOST.EXE wwei‘ 2 \—
WHY ARENT THERE ANY COUNTRIES IN ANTARCTICA
WHY ARE THERE. SCARY SOUNDS IN MINECRAFT

LG e —
WHY ARE THERE CELEBRIMES o 00 A LL IT S0CC WHY ARE THERE S0 MANY CROWS IN ROCHESTER,
\HY DO SNAKED EXISTS LIty ARE My’ EARS RINGINGS WHY 1S PSYCHIC WEAK, TO BUG

o RS e FER2 S (EER HYARE THERE 50 HANY AVENGERGA WHY DO CHILDREN GET CANCER ¢~

WHY D0 THEY CALL IT THE. CLAP B WHY ARE. THE AVENGERS AGHTING THE. X MEN & WHY 19 POSEIDON ANGRY WITH ODYSSELS
i A, A A AR PRI . LY 1o LIOLVERINE NOT IN THE AVENGERS 2 WHY 1S THERE. ICE. IN SF’I‘E’iCE.Q‘<

Wé‘éﬁmﬁm’*””"m” WHY ARE THERE ANTS IN MY LAPTOPSR

WHY ARE THERE. MUSTRGHED m%"mﬁﬂaﬁas Ldm E sEPgFf:rE{ [;'Lg’CEE% wWHY ARe THere | WHY 1S THERE AN OWL IN MY BC\CWF\RD

WHY ARE. THERE. 50 MANY BIRDS IN OHIO GHOSTS | WHY 1S THERE AN OWL OUTSIDE MY WINDOW
S M Ol LB i L (LhYETHERE AUCLL OVTHE DOULAR B 2993
WHY ARE THERE MALE AND FEMALE BIKES & \WHY DO OWLS ATTACK PEOPLE
Y PEEERE SRUETARSE \JHY ARE. THERE TINY SPIDERS IN MY HOUSE __‘ WHY ARE. AK Y75 SO EXPENSIVE % D

ety s WHY DO SPIDERS COME INSIDE. X WHY ARE THERE HELICOPTERS CIRCLING MY HOUSE

WHY ARE. THERE | & WHY ARE THERE HUGE SPIDERS IN MY HOUSE WHY ARE THERE. GODS ©—

SQUIRRELS =| WHY ARE. THERE. LOTS OF SPIDERS INMY HOU&E WHY ARE THERE. TWO SPOCKS XL LJW HREIE%EG%RIEKTJIEI?HLE% z

WHY ARE THERE SPDERS IN MY ROOM T LAY 16 MT VESUVIUS THERE. = ohiy 1 seece thine 9 9
Q0 [ER 0o 6P Bites 7 WY DO THEY SAY TMNus SEEE i o9

FWHY 15 DYING 50 SCARY ZWHY ARE THERE OBELIKS it el eomere

| ¥ m W WHY ARENT
w [\ SRR e e 1MUHYARE LRI AL LET ) ) s

|
- Dl

WHY 15 PROGRAMMING SO HARD — E’OIMPOW o
P S s " AUHY 15 ARWEN DYING 25
(2R
N<)

UHY 15 THERE. NOT A FOREMON MMO g E| WHY ARENT MY
=
N

ZAZZIG 7334 104 AHM
< SX33M F3HL 339 AHM

\WJHY DO TREES DIE Sm: .;%ﬁx?—o ‘&?ﬁﬂ‘& F}E 3 =WHY ARENT MY QUAIL LAYING EGGS WY ARE. ULTRASOUNDS IMFORTANT
B T WHY ARENT MY QUAIL EGGS HATCHING & Ui 6 Sreainic: wions
WHY AREN'T THERE ANY FOREIGN MILTARY BASES IN AMERICA

WHY ARENT POKEON RERL < It S B Reb 0TS ONEY s 20
r
He sreester som R WHY 1S LYING GOODH




Multiple random variables,
Correlations



What we learned so far...

Random Events:

— Working with events as sets: union, intersection, etc.
e Some events are simple: Head vs Tails, Cancer vs Healthy
e Some are more complex: 10<Gene expression<100
e Some are even more complex: Series of dice rolls: 1,3,5,3,2

— Conditional probability: P(A|B)=P(A n B)/P(B)

— Independent events: P(A|B)=P(A) or P(A n B)= P(A)*P(B)

— Bayes theorem: relates P(A|B) to P(B|A)

Random variables:

— Mean, Variance, Standard deviation. How to work with E(g(X))

— Discrete (Uniform, Bernoulli, Binomial, Poisson, Geometric, Negative
binomial, Power law);
PMF: f(x)=Prob(X=x); CDF: F(x)=Prob(X<x);

— Continuous (Uniform, Exponential, Erlang, Gamma, Normal, Log-

normal);
PDF: f(x) such that Prob(X inside A)= [, f(x)dx; CDF: F(x)=Prob(X<x)

Next step: work with multiple random variables measured
together in the same series of random experiments




Concept of Joint Probabilities

Biological systems are usually described not by a
single random variable but by many random
variables

Example: The expression state of a human cell:
20,000 random variables X.for each of its genes

A joint probability distribution describes the
behavior of several random variables

We will start with just two random variables
X and Y and generalize when necessary

Chapter 5 Introduction 13



Joint Probability Mass Function Defined

The joint probability mass function of the

discrete random variables X and Y,

denoted as fxy(x,y), satifies:

(1) fxy(x,y) =P

(2) fxy(x,y) =0 All probabilities are non—negative
(3) Xx 2y fxy(x,¥) =1 The sum of all probabilities is 1

Montgomery Runger 5th edition Equation (5—1)

Sec 5-1.1 Joint Probability Distributions 14



Example 5-1: # Repeats vs. Signal Bars

You use your cell phone to check your airline reservation. It asks you to speak
the name of your departure city to the voice recognition system.

 LetY denote the number of times you have to state your departure city.
 Let X denote the number of bars of signal strength on you cell phone.

y = number of [ x = number of bars
times city of signal strength Bar Chart of
name is stated 1 2 3 Number of Repeats vs. Cell
1 0.01 002 0.25 Phone Bars
2 0.02 0.03 0.20
3 0.02 0.10 0.05 o2
4 0.15 0.10 0.05 o

0.15

0.10

Probability

4 Times
0.05 3 Times

Figure 5-1 Joint probability 000 Twice
distribution of X and Y. The table cells | . ) Once
are the probabilities. Observe that ’

. Cell Phone Bars
more bars relate to less repeating.



Marginal Probability Distributions (c

iscrete)

For a discrete joint PDF, there are marginal distributions

for each random variable, formed by summing the

joint PMF over the other variable.

fx(x) = Z fxv (x,y)
y

fry) = 2 fxy (x, )

Called marginal
because they are
written in the margins

y = number of
times city name

X = number of bars of
signal strength

is stated 1 2 3 fry)=
1 0.01 0.02 0.25| 0.28

2 0.02 0.03 0.20f, 0.25

3 0.02 0.10 0.05| 0.17

4 0.15 0.10 0.05/ 0.30
fx(x)=" 020 0.25 0.55 1.00

Figure 5-6 From the prior example,
the joint PMF is shown in green
while the two marginal PMFs are
shown in purple.

Sec 5-1.2 Marginal Probability Distributions

16




Mean & Variance of X and Y are calculated
using marginal distributions

y = number of | X = number of bars
times city of signal strength
nameisstated| 1 | 2 | 3 [fw)=lyrri) =y riy) =
1 001 002 025 028 028 0.28
2 0.02 0.03 020 025 0.0 1.00
3 0.02 010 005 017 051 1.53
4 015 010 0.05 030  1.20 4.80
flx)= 020 025 055 1.00] 2.49 7.61
x*f(x)= 020 0.50 1.65| 2.35
x**f(x)= 020 100 495 | 6.15

u,=E(X) = 2.35; 0,2=V(X)=6.15-2.352=6.15 — 5.52 = 0.6275

u=E(Y)=2.49; 02=V(Y)=7.61-2.492=7.61—16.20 = 1.4099



Conditional Probability Distributions

Recall that P(B|A) = P(;l(;\)B) P(Y:y | X=X)=P(X=X, Y:y)/P(sz)z
=f(%,y)/fx(x)

From Example 5-1

y = number of | X= number of bars of

P(Y=1|X=3) = 0.25/0.55 = 0.455 |times city name | _signal strength ’
is stated 1 2 3 |fvly)=

P(Y=2|X=3) = 0.20/0.55 = 0.364 1 001 002 025 028
P(Y=3|X=3) = 0.05/0.55 = 0.091 ? 002 003 0.200 - 8.5
3 002 010 005 0.17

P(Y=4|X=3) = 0.05/0.55 = 0.091 4 0.15 0.10 0.05: 0.30

folx)= 020 025 055 1.00

Sum = 1.00

Note that there are 12 probabilities conditional on X, and 12
more probabilities conditional upon'Y.
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Joint Probability Density Function Defined

The joint probability density function for the continuous random
variables X and Y, denotes as f,,(x,y), satisfies the following

properties:
(1) fxy(x,y) =0forallx,y

@ | [ forCondrdy =1

@ P(1) € R) = [[ fvGeyddndy  (5-2)
R

Figure 5-2 Joint probability
density function for the random
variables X and Y. Probability that
(X, Y)isin the region R is
determined by the volume of
fiX,y) over the region R.



Joint Probability Density Function Graph

Figure 5-3 Joint probability density function for the
continuous random variables X and Y of expression
levels of two different genes. Note the asymmetric,
narrow ridge shape of the PDF — indicating that small
values in the X dimension are more likely to occur
when small values in the Y dimension occur.



Marginal Probability Distributions (continuous)

e Rather than summing a discrete joint PMF, we
integrate a continuous joint PDF.

e The marginal PDFs are used to make probability
statements about one variable.

e |f the joint probability density function of random
variables X and Y is f,,(x,y), the marginal
probability density functions of X and Y are:

fe () = f

y

o) = f

X

frr (2, ¥) dy HOEDYMeR)
y

v (x,) dx (5-3) FrO) =D fur(x,y)



Conditional Probability Density Function Defined

Given continuous random variables X and Y with
joint probability density function fxy (x, y),
the conditional probability densiy function of Y given X=xis

_fXY(xr:V) _ fxy (6, y) : _
) = 2 =T hnGeydy | x>0 G

which satifies the following properties:
(1) frix(y) 20

@) f foe@)dy = 1

(3) P(YCB|IX=x) = jfypc(y)dy for any set B in the range of Y
B

Compare to discrete: P(Y=y|X=x)=f,,(x,y)/f«(x)



Conditional Probability Distributions

 Conditional probability distributions can be
developed for multiple random variables by
extension of the ideas used for two random
variables.

e Suppose p =5 and we wish to find the distribution of
X, X, and X; conditional on X,=x, and Xc=x..

fX1X2X3X4X5 (X1, X2, X3, X4, Xs5)
fX4X5 (X4, X5)

fX1X2X3|x4x5 (xl’ x2’ x3) —

for fx,x (x4, xs5) > 0.



Independence for Continuous Random Variables

For random variables X and Y, if any one of the following
properties is true, the others are also true. Then X
and Y are independent.

(D) fxr(x,y) = fx(x) - fr ()
(2) frix(y) = fy(y) forall xand y with fx(x) > 0

(3) fxjy(¥) = fx(x) for allx and y with fy,(y) > 0
(4) PXcAYcB)=P(XcA):P(Y c B) forany
sets A and B in the range of X and Y, respectively. (5—7)

P(Y=y|X=x)=P(Y=y) for any x or
P(X=x|Y=y)=P(X=x) for any y or
P(X=x, Y=y)=P(X=x)-P(Y=y) for any x and y
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Covariation,
Correlations

Quick and dirty check for
linear (in)dependence
between variables




Covariance Defined

Covariance is a number quantifying the average /linear
dependence between two random variables.

The covariance between the random variables Xand Y,
denoted as cov(X,Y) or gyy is

oxy = E|(X —ux)(Y — uy)| = E(XY) — uxuy
Montgomery, Runger 5% edition Eq. (5—14)

The units of gy are the units of X times the units of Y.

Unlike the range of the variance, covariance can be
negative: —oo < gyy < 00,

Sec 5-2 Covariance & Correlation 2
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Covariance and PMF tables

y = number of | X= number of bars
times city of signal strength
name is stated| 1 2 3
1 0.01 0.02 0.25
2 0.02 0.03 0.20
3 0.02 0.10 0.05
4 0.15 0.10 0.05

The probability distribution of Example 5-1 is shown.

By inspection, note that the larger probabilities occur as X
and Y move in opposite directions. This indicates a negative
covariance.



Covariance and Scatter Patterns

Figure 5-13 Joint probability distributions and the sign of cov(X, Y).
Note that covariance is a measure of linear relationship. Variables
with non-zero covariance are correlated.



Independence Implies o=p = 0 but not vice versa

e [f Xand Y are independent random variables,
Oyy = Pyy = 0 (5-17)

* p,y = 0is necessary, but not a sufficient
condition for independence.

Independent
covariance=0

NOT independent
covariance=0

Sec 5-2 Covariance & Correlation



Correlation is “normalized covariance”

e Also called:
Pearson correlation
coefficient

Pyxy=Oxy/0x0y
is the covariance
normalized to

Karl Pearson (1852— 1936)
English mathematician and biostatistician
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Spearman rank correlation

Pearson correlation tests for linear relationship between
XandY

Unlikely for variables with broad distributions = non-
linear effects dominate

Spearman correlation tests for any
monotonic relationship between X and Y

Calculate ranks (1 to n), ry(i) and r,(i) of variables in both
samples. Calculate Pearson correlation between ranks:
Spearman(X,Y) = Pearson(ry, ry)

Ties: convert to fractions, e.g. tie for 6s and 7s place
both get 6.5. This can lead to artefacts.

If lots of ties: use Kendall rank correlation (Kendall tau)
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Let’s work with real cancer data!
Data from Wolberg, Street, and Mangasarian (1994)

Fine-needle aspirates = biopsy for breast cancer

Black dots — cell nuclei. Irregular shapes/sizes may
mean cancer

Statistics of all cells in the image

212 cancer patients and 357 healthy
individuals (column 1)

30 other properties (see table)



Matlab exercise #2

Download cancer data in cancer_wdbc.mat

Data in the table cancerwdbc (569x30). First 357
natients are healthy. The remaining 569-357=212
patients have cancer.

Make scatter plots of area vs perimeter
and texture vs radius.

Calculate Pearson and Spearman correlations

Calculate the correlation matrix of all-against-all
variables: there are 30*29/2=435 correlations.
Hint: corr_mat=corr(cancerwdbc);

Plot the histogram of these 435 correlation
coefficients. Hint: use [i,j,v]=find(corr_mat); then
find all i>j and analyze v evaluated on this subset of
435 matrix elements
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Descriptive statistics:
Populations, Samples
Histograms, Quartiles
Sample mean and
variance




Two types of reasoning

Logical Statistical reasoning:
Reasoning Inference of
(e.g.in population properties

Engineering) from a finite sample



Numerical Summaries of Data

Data are the numerical observations of a
phenomenon of interest.
The totality of all observations is a population.

— Population can be infinite
(e.g. abstract random variables)

— |t can be very large (e.g. 7 billion humans
or all patients who have cancer of a given type)

A (usually small) portion of the population
collected for analysis is a random sample.

We want to use sample to infer facts about
populations

The inference is not perfect but gets
better and better as sample size increases.

Sec 6-1 Numerical Summaries of Data 21



Some Definitions

* The random variables X,, X,,...,X, are a random
sample of size n if:
a) The X;are independent random variables.
b) Every X has the same probability distribution.

* Such X, X,,...,.X, are also called independent
and identically distributed (or i. i. d.) random
variables

Sec 7-2 Sampling Distributions and the

Central Limit Theorem 22



Ways to describe a sample:
Histogram
approximates PDF
(or PMF)



load PINT binding_energy;
dfittool (binding _energy)



PDF of time between COVID-19 symptoms
onset and hospitalization in IL, April 2020



Histograms with Unequal Bin Widths

e If the data is tightly clustered in some regions
and scattered in others, it is visually helpful to
use narrow bin widths in the clustered region
and wide bin widths in the scattered areas.

e To approximate the PDF, the rectangle area,
not the height, must be proportional to the
bin relative frequency.

bin relative frequency
bin width

Rectangle height =

Sec 6-3 Frequency Distributions And 26
Histograms



Cumulative Frequency Plot



Median, Quartiles, Percentiles

 The median g, divides the sample into two
equal parts: 50% (n/2) of sample points below
g, and 50% (n/2) points above g,

 The three quartiles partition the data into four
equally sized counts or segments.
— 25% of the data is less than q;.
— 50% of the data is less than g,, the median.

— 75% of the data is less than gs.
* There are 100 percentiles. n-th percentile p, is
defined so that n% of the data is less than p,,
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Box-and-Whisker Plot
(or better use Cat-and-Whiskers plots)
A box plotis a graphical display showing Spread,
Outliers, Center, and Shape (SOCS).

* |t displays the 5-number summary: min, q,, median,
g5, and max.

Figure 6-13 Description of a box plot.

Sec 6-4 Box Plots

30



Reminder

What is the Cycle threshold (Ct)
value of a PCR test?
Ct = const — log2(viral DNA concentration)

-

Mig.l» V?v@;‘b lmj
= Lioz/uféqﬂL

O.S |-




Bar plot based on COVID-19 tests at UIUC

Mitigation of SARS-CoV-2 Transmission at a Large Public University
Diana Rose E. Ranoa, et al., medRxiv 2021 https://doi.org/10.1101/2021.08.03.21261548



Midterm will be held
here in class
this Tuesday 11/07

during regular class hours
12pm-1:50pm



Midterm Info
* Closed book exam; no books, notes, laptops,
phones...

e Calculators (not on smartphones) can be
used

* You can prepare one 2-sided cheat sheet

 The following two printouts will be provided









What is included in the midterm??

Probability of events (set operations),
Multiplication rules. Combinatorics

Bayes Theorem
Discrete Random Variables
Continuous Random Variables

Other topics covered
(see HW1-HW?2 for inspiration)

No joint probabilities, correlation and
covariation

No Matlab exercises (since no computers)



Probability Multiplication Rules
Combinatorics



Mr. Jones has 6 different books that he Is going to put
on his bookshelf. Of these, 3 are chemistry books, 2
are physics books, and 1 is a mathematics book. Jones
wants to arrange his books so that two conditions are
met:
(1) all the books dealing with the same subject are

together on the shelf

AND

(2) all chemistry books are on the leftmost side.

How many such different arrangements are
possible?






A—(41-0.8)- (1= 0.4) = 0.%2
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Bayes theorem






Discrete Probability Distributions



What is X in this problem?

e What is the random variable: Look for
keywords:

— Find the probability that....
— What is the mean (or variance) of...

 What are parameters? Look for keywords:

— Given that...

— Assuming that... 3. ing .

3cm



6(4',7({ +o ro@ad,;/
0/]'/5‘0‘7/;%&—144(7?

o ﬁ?mom.’m’: #(507& EWWM/ 1, s
q[’\/YgJ/ ‘T"’fOf fu ccesses )C/ s \/Mfd/ﬁ

- V\" e h— o
TP(X: x>—/)(/(m-7c)" F7 ["F)

v éwr‘.c: .3 &ffmk/-ulf S
|/M7w(,/é, H of SuccesseS 4 7S qgkd-

§wcc*zg5 CO’VL«MTM H—<_ -;C(/MJ

Potx)= (1=p) - p
) W_,g?%qL)VQ Ajw\[w/ Ry ;’:L OVL fa«/t/m/;).e_sj
78 Va/f;odf/-e. #”FSMCC'QSS-QS/PI 750[;)@“,

fth SucceSS j,. +he evd G-l r x—r
P(x=2)> < ey TP




Poisson distribution in genomics

° G - genome length (in bp)

e L -shortread average length

e N -—number of short read sequenced

e A -—sequencing redundancy = LN/G

e Xx- number of short reads covering a given site on the genome

Ewens, Grant, Chapter 5.1

Poisson as a limit of Binomial. For a given site on the

genome for each short read Prob(site covered): p=L/G is very small.

Number of attempts (short reads): N is very large. Their

product (sequencing redundancy): A = NL/G is O(1).
Y% T > 0

| - 4 s ] | .
l

\
[

|
—_ —_ -
.._._.*_ . it P [PETT—
JE— | I | — | | [



Probability that a base pair in the genome is
not covered by any short reads is 0.1
One randomly selects base pairs until
exactly 5 uncovered base pairs are found.
Which discrete probability distribution describes
the number of attempts?

A. Poisson

B. Binomial

C. Geometric

D. Negative Binomial
E. 1 have no idea

Get your i-clickers 23



Probability that a base pair in the genome is
not covered by any short reads is 0.1
One randomly selects base pairs until

exactly 5 uncovered base pairs are found.

What are the values of p, r?

0=0.5, r=5
0=0.1, r=0.5
0=0.1, r=5

. p=0.5, r=0.1

| have no idea

Mmoo wmX>

Get your i-clickers 2



Cancer happens when the gene p53 mutates.
Probability of p53 to mutate per year is 5%.
How many years before a patient gets disease?
Which discrete probability distribution
would you use to answer?

A. Poisson

B. Binomial

C. Geometric

D. Negative Binomial
E. | have no idea

Get your i-clickers 2



Continuous Probability Distributions



(8 points) The expression level of a TP53 tumor suppressor gene in a
randomly selected cell is normally distributed with mean u= 20, and
standard deviation ¢ = 8.
(A)(4 points) What is the probability that the expression level in a given
cell will be between 24 and 167

(B)(4 points) How many cells does one have to sample (on average)
until there will be exactly 2 cells with such “close to average” TP53
expression?



| can show you how to solve any
HW1-HW?2 problem.

Which one do you choose?
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Box-and-Whisker Plot

A box plotis a graphical display showing Spread,
Outliers, Center, and Shape (SOCS).

* |t displays the 5-number summary: min, q,, median,
g5, and max.

Figure 6-13 Description of a box plot.

Sec 6-4 Box Plots

26



Reminder

What is the Cycle threshold (Ct)
value of a PCR test?
Ct = const — log2(viral DNA concentration)

-

Mig.l» V?v@;‘b lmj
= Lioz/uféqﬂL
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Bar plot based on COVID-19 tests at UIUC

Ranoa, D. R. E. et al. Mitigation of SARS-CoV-2 transmission at a large public university.
Nat Commun 13, 3207 (2022)



Matlab exercise #2:

e Generate a sample with n= 1000

following standard normal distribution
e Calculate median, first, and third quartiles
e Calculate IQR and find ranges shown below
 Find and count left and right outliers
e Do not use built-in Matlab functions for this!
 Make box and whisker plot: use boxplot
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Descriptive statistics:

Sample mean and
Its variance

Standard error vs
Standard deviation



Some Definitions

* The random variables X, X,,...,X, are a random
sample of size n if:

a) The X;are independent random variables.
b) Every X; has the same probability distribution.

Such Xy, X,,...,X, are also called independent and
identically distributed (or i. i. d.) random variables

e A statisticis any function of the observations
in @ random sample.

* The probability distribution of a statistic is
called a sampling distribution.

Sec 7-2 Sampling Distributions and the
Central Limit Theorem



Statistic #1: Sample Mean

[f the values of n observations in a random sample are

denoted by x4, x5, ..., x,, the sample mean is
Xt x+. . Hx X
= 2 n _ Zi=1%i (6—1)
n n

New random variable X is a linear combination of n
independent identically distributed variables X4, X5, ..., X,

X{ + Xo+... +X,
n

X =




Mean & Variance of a Linear Function

Y=c X1 + X + .+ X,

E(Y)=E(X,)+CE(X,)+...+CE(X,) (5-25)

V(Y)=cV (X,)+CV (X,)+..+CV (X, )+2D. D ¢, cov( X, X;)  (5-26)

i<]j

)
If X, X, e X A€ Independent, then cov( . )
)

V(Y)=cV (X,)+CV (X,)+...+CV (X (5-27)

p
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Central Limit Theorem

If X;,X,,..., X, is arandom sample of size n is
taken from a population with mean u and finite
variance ¢4, and any distribution. If X is the
sample mean, then the limiting form of the
distribution of

X—pu

9
Vn

for large n, is the standard normal distribution.

7 =

(7-1)

If X{,X,,...,X,, are themselves normally
distributed — for any n

Sec 7-2 Sampling Distributions and the
Central Limit Theorem



Test CLT for your own random variable

Go to:
https://onlinestatbook.com/stat sim/sampling dist/

Select “Custom” at the top and use mouse to
sketch the PMF of your own random variable

Select “mean” and n=5 in the third panel

Choose “Animated” in the second panel and use
number_of experiments=5 to see one sample
being generated

Repeat with number_of _experiments =10,000
Now select “mean” and n=25 in the fourth panel

Skewness and Curtosis are measures of how good
is the normal (Gaussian) fit (choose “fit normal”)




Sampling Distributions of Sample Means

Figure 7-1 Distributions of average scores
from throwing dice.
Mean = (6+1)/2=3.5
Sigma”2 = [(6-1+1)%-1]/12=2.92

Sigma=1.71
Formulas
b+a
‘Ll — :3'5 ShOW
%b 2 Matlab
—a+1)—1
0F = ———=35/12
2
2 _ %
O'X —



Matlab exercise

Do a numerical experiment: generate a sample
of size n by rolling n fair dice

Calculate the sample mean vt Xt X,
Repeat Stats=100,000 times 4

Generate PDFs of sample means for different
samples sizes: n=1, n=2, n=3, n=5, and n=10

Plot them in the same (semi-logarithmic) figure
What do you see?

Template is at the website:
central_limit_theorem_ template.m




How did | do it?

Stats=100000;

figure;

for n=[1,2,3,5,10];
r_sample=floor(6.*rand(Stats,n))+1;
sample_mean=sum(r_sample,2)./n;
step=1./n;
[a,bl]=hist(sample_mean,1:step:6);
pdf rl=a./sum(a)./step;
semilogy(bl,pdf rl,'o-'); hold on;
end;

legend('1','2','3','5",'10');



Matlab demonstration

Stats=100000; N=10;
r_table=floor(6.*rand(Stats,N))+1;
%%

rl=r_table(:,1);

step=1; [a,b1]=hist(r1,1:step:6);
pdf_rl=a./sum(a)./step;

figure; hold on; subplot(1,2,1); plot(b1,pdf_r1,'mo-'); hold on; axis([0 7 0 0.2]); subplot(1,2,2);
semilogy(b1,pdf_rl,'mo-'); hold on; axis([0 7 1e-3 1]);

%%

r2=(r_table(:,1)+r_table(:,2))./2;

step=0.5; [a,b2]=hist(r2,1:step:6); pdf_r2=a./sum(a)./step;

subplot(1,2,1); plot(b2,pdf_r2,'rd-'); axis([0 7 0 0.4]); subplot(1,2,2); semilogy(b2,pdf _r2,'rd-');
%%

r3=(r_table(:,1)+r_table(:,2)+r_table(:,3))./3;

step=1./3; [a,b3]=hist(r3,1:step:6); pdf_r3=a./sum(a)./step;

subplot(1,2,1); plot(b3,pdf_r3,'gs-'); axis([0 7 0 0.4]); subplot(1,2,2); semilogy(b3,pdf_r3,'gs-');
%%

r5=sum(r_table(:,1:5),2)./5;

step=1./5; [a,b5]=hist(r5,1:step:6); pdf_r5=a./sum(a)./step;

subplot(1,2,1); plot(b5,pdf_r5,'bA-'); axis([0 7 0 0.6]); subplot(1,2,2); semilogy(b5,pdf_r5,'b"-'); axis([0 7 1e-4 1]);
%%

r10=sum(r_table(:,1:10),2)./10;

step=1./10; [a,b10]=hist(r10,1:step:6); pdf_r10=a./sum(a)./step;

subplot(1,2,1); plot(b10,pdf_r10,'kv-'); axis([0 7 0 0.8]); legend(num2str([1,2,3,5,10]'));
subplot(1,2,2); semilogy(b10,pdf r10,'kv-'); legend(num2str([1,2,3,5,10]'));






Matlab demonstration; part 2

%%Now plot all of them normalized to 0 and std 1
sigma=sqrt(35/12);

mu=3.5;

figure;

sigmal=sigma;

semilogy((b1-mu)./sigmal,pdf _rl.*sigmal,'mo-');
axis([-4 4 1e-3 1]);

hold on;

%%

sigma2=sigma./sqrt(2);
semilogy((b2-mu)./sigma2,pdf_r2.*sigma2,'rd-');
%%

sigma3=sigma./sqrt(3);
semilogy((b3-mu)./sigma3,pdf_r3.*sigma3,'gs-');
%%

sigma5=sigma./sqrt(5);
semilogy((b5-mu)./sigma5,pdf_r5.*sigma5,'bA-');
axis([-4 4 1e-4 1));

%%

sigmal0=sigma./sqrt(10);
semilogy((b10-mu)./sigmal0,pdf_r10.*sigmal0,'kv-');
axis([-4 4 1e-4 1]);

%%

%Let's see how well does the Gaussian fits it
x=-4:0.1:4;
semilogy(x,1./sqrt(2*pi)*exp(-x.2./2),'y-');
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Example 7-1: Resistors

An electronics company manufactures resistors having a mean
resistance of 100 ohms and a standard deviation of 10 ohms. What
is the approximate probability that a random sample of n = 25
resistors will have an average resistance of less than 95 ohms?



Example 7-1: Resistors

An electronics company manufactures resistors having a mean
resistance of 100 ohms and a standard deviation of 10 ohms.
What is the approximate probability that a random sample of n =
25 resistors will have an average resistance of less than 95 ohms?

/\&i 100 ohmS ) = -40@%\49/ n=172%
& A0 10




Example 7-1: Resistors

An electronics company
manufactures resistors having a
mean resistance of 100 ohms
and a standard deviation of 10
ohms. What is the approximate
probability that a random
sample of n = 25 resistors will
have an average resistance of Figure 7-2 Desired probability is
less than 95 ohms? shaded

Answer: Gi:\/ﬁ:@

- d(-2.5) =0.0062

Sec 7-2 Sampling Distributions and the
Central Limit Theorem

20



Two Populations

We have two independent populations. What is the
distribution of the difference of their sample means?

The sampling distribution of X, — X,
has the following mean anad variance:
Hg —Hg = H — 1

2
2 2 o

X
H|
x|
N

l

2
O,

)
|

|
9
_I_
;
1



Sampling Distribution of a Difference in Sample Means

* |f we have two independent populations with means p; and
W,, and variances o,% and 0,7,

* And if X-bar, and X-bar, are the sample means of two
independent random samples of sizes n, and n, from these
populations:

* Then the sampling distribution of:

(Xl_xz)_(ﬂl_ﬂz)

2 2
O O
nl n2

is approximately standard normal, if the conditions of the
central limit theorem apply.

e |If the two populations are normal, then the sampling
distribution is exactly standard normal.

Z = (7-4)




Example 7-3: Aircraft Engine Life

The effective life of a component
used in jet-turbine aircraft
engines is a random variable
with p,,,=5000 hours
and o,,,=40 hours (old). The
engine manufacturer
introduces an improvement
into the manufacturing process
for this component that
changes the parameters to
K ew=2050 hours
and o,.,=30 hours (new).

Random samples of 16
components manufactured
using “old” process and 25
components using “new”
process are chosen.

What is the probability new
sample mean is at least 25
hours longer than old?



Example 7-3: Aircraft Engine Life

The effective life of a component
used in jet-turbine aircraft 8.\ — {@ /4 = 70 Lw’{
engines is a random variable Xold \[ /¢
with p,,,=5000 hours
and o,,,=40 hours (old). The 5 1

engine manufacturer
introduces an improvement
into the manufacturing process

_ Crew
new) (/’Z—Sj: ZZ\VJ

for this component that Z 7 T 7
changes the parameters to ToT = T T X <
W..,=5050 hours ot/ )
and o,.,=30 hours (new).

Random samples of 16 — o
components manufactured o // PO+ Eé T 4/,‘7 ["Vj

using “old” process and 25

components using “new” — /\4 - 6, hv
process are chosen. }/MW O/A? @ .
What is the probability new / - >
sample mean is at least 25 2 g“’ S O/ — =7 4 q
hours longer than old? % = 7 / C), —
Prof (3> -2.44)=0.13o




Example 7-3: Aircraft Engine Life

The effective life of a component
used in jet-turbine aircraft
engines is a normal-distributed
random variable with
parameters shown (old). The
engine manufacturer
introduces an improvement
into the manufacturing
process for this component
that changes the parameters

mu and sigma as shown (new).

Random samples are selected
from the “old” process and
“new” process as shown.

What is the probability new
sample mean is at least 25
hours longer than old?

Figure 7-4 Sampling distribution of

the sample mean difference.

Process
Old (1) | New (2) |Diff (2-1)
mu = 5,000 5,050 50
sigma = 40 30 50
n = 16 25
Calculations
s /Vn = 10 6 11.7
z= -2.14
P(xbar,-xbar,; > 25) = P(Z>z ) = 0.9840
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Descriptive statistics:

Point estimation:




Some Definitions

* The random variables X,, X,,...,X,, are a random
sample of size n if:

a) The X;are independent random variables.
b) Every X has the same probability distribution.

Such Xy, X,,...,X, are also called independent and
identically distributed (or i. i. d.) random variables

e A statistic is any function of the observations
in @ random sample.

 The probability distribution of a statistic is
called a sampling distribution.

Sec 7-2 Sampling Distributions and the

Central Limit Theorem 28



Point Estimation

A sample was collected: X, X,,..., X,

We suspect that sample was drawn from a
random variable distribution f(x)

f(x) has k parameters that we do not know

Point estimates are estimates of the parameters of the
f(x) describing the population based on the sample

— For exponential PDF: f(x)=Aexp(-Ax) one wants to estimate A

— For Bernoulli PDF: p¥(1-p)!* one wants to estimate p
— For normal PDF one wants to estimates both yuand o

Point estimates are uncertain: therefore we can talk of
averages and standard deviations of point estimates

Sec 7-1 Point Estimation

29



Point Estimator

A point estimate of some parameter 6 describing population
random variable is a single numerical value 8 depending on
all values x4, x,,...x, in the sample.

The sample statistic (whis a random variable © defined by a

function O(X4, X,,...X,,)) is called the
point estimator.

There could be multiple choices for the point estimator of a parameter.
To estimate the mean of a population, we could choose the:

— Sample mean

— Sample median

— Peak of the histogram

— % of (largest + smallest) observations of the sample.

We need to develop criteria to compare estimates using statistical
properties. Sec 7-1 Point Estimation 30



Unbiased Estimators Defined

The point estimator © is an unbiased
estimator

for the parameter 0 if:

E(®) =0 (7-5)
[f the estimator is not unbiased, then the
difference:

E(®)—6 (7—6)
is called the bias of the estimator ©.



Mean Squared Error

The mean squared error of an estimator ©
of the parameter 0 is defined as:

MSE(®) = E(0 — )" (7-7)

Can be rewritten as
=E[0-E®)]" +[0-E£(0)]
=V(©) + (bias)?



Methods of Point Estimation

 We will cover two popular methodologies to
create point estimates of a population
parameter.
— Method of moments

— Method of maximum likelihood

 Each approach can be used to create estimators

with varying degrees of biasedness and relative
MSE efficiencies.



Method of moments for
point estimation



What are moments?

e A k-th moment of a random variable is the
expected value E(X¥)

— First moment: u = f;oo xf(x)dx
— Second moment: p? + g% = f;ooxzf(x) dx

A population moment relates to the entire
population

e Asample moment is calculated like its population
moments but for a finite sample

— Samp
— Samp

. 1
e first moment = sample mean =~ X

1yn ok
e k-th moment =~ >/~ x;

Sec 7-4.1 Method of Moments 35



Moment Estimators

Let X,, X,,..., X, be a random sample from either
a probability mass function or a probability density function
with m unknown parameters 0,,9.,...,0 .

Vo e e

The moment estimators ®, ®, ...,0®_ are found
by equating the first m population moments

to the first m sample moments and

solving the resulting simultaneous equations
for the unknown parameters.



Exponential Distribution: Moment Estimator-1s* moment

* Suppose that x,, x,, ..., X, is @a random sample
from an exponential distribution f(x)=Aexp(-Ax)
with parameter A.

 There is only one parameter to estimate, so
equating population and sample first moments,
we have one equation: E(X) = x.

e £(X)=1/\ thus
A=1/x isthe 1 moment estimator.



Descriptive statistics:

Point estimation:




Point Estimation

A sample was collected: X, X,,..., X,

We suspect that sample was drawn from a
random variable distribution f(x)

f(x) has k parameters that we do not know

Point estimates are estimates of the parameters of the
f(x) describing the population based on the sample
— For exponential PDF: f(x)=Aexp(-Ax) one wants to estimate A
— For Bernoulli PDF: p¥(1-p)!* one wants to estimate p
— For normal PDF one wants to estimates both yuand o

Point estimates are uncertain: therefore, we can talk of
averages and standard deviations of point estimators

Sec 7-1 Point Estimation



Point Estimator

A point estimate of some parameter 6 describing population
random variable is a single numerical value 8 depending on
all values x4, x,,...x, in the sample.

The sample statistic (whis a random variable © defined by a

function O(X4, X,,...X,,)) is called the
point estimator.

e There could be multiple choices for the point estimator of a parameter.
e To estimate the mean of a population, we could choose the:

— Sample mean

— Sample median

— Peak of the histogram

— % of (largest + smallest) observations of the sample.

e We need to develop criteria to compare estimates using statistical
properties.



Unbiased Estimators Defined

The point estimator © is an unbiased
estimator

for the parameter 0 if:

E(®) =0 (7-5)
[f the estimator is not unbiased, then the
difference:

E(®)—6 (7—6)
is called the bias of the estimator ©.



Bias vs Noise



Mean Squared Error

The mean squared error of an estimator ©
of the parameter 0 is defined as:

MSE(®) = E(0 — )" (7-7)

Can be rewritten as
=E[0-E®)]" +[0-E£(0)]
=V(©) + (bias)?



Statistic #1: Sample Mean

[f the values of n observations in a random sample are

denoted by x4, x5, ..., x,, the sample mean is
Xt x+. . Hx X
= 2 n _ Zi=1%i (6—1)
n n

New random variable X is a linear combination of n
independent identically distributed variables X4, X5, ..., X,

X{ + Xo+... +X,
n

X =




gwabfg hn 2 O IS Mewn %W
o Foomdom  |yart af1e
>? X4"’X7“L o L yh

—) h.f(xyzl) h.
Flo)= =2 S




Sample variance S —
is an estimator of
the population variance o?



Sample Variance

[f n observations in a sample are
denoted by x4, x», ..., x,,, the sample
variance is

n(x; —x)?
52 = 1‘175_‘ - ) (6—3)

[f one knows the population average, u,
one divides by n to estimate the variance
n 2
2 i:l(xi o ”)
S —
(1) -




Why divide by n-1 instead of n?

The sample mean X is on average closer to points
X1,X3 ...Xn than the true mean u

o (= %)°= X (g — p)*
Consider a sample of size n=1.
Then x= x{ while p# x4 . Dividing by n gives s? =0,
while dividing by n-1 leaves s? undefined (0/0)
For n=2, X is exactly halfway between x; and x,
making its sum of squares smaller than that of u

Dividing by n-1 on average corrects for a smaller
sum of squares: 52 is an unbiased estimator of o?






Example 7-4: Sample Variance S? is Unbiased

p(s) - e (E 1)

2y _
1 _ _
E Z(XE + X% — 2XX;)
=1

n—1

- :
1 i
=—|E ZXE—nXZ
=1

1 :n - 0-2 -
_ 2 2\ _ 2
n_lzl:(u +0) n(/,t +n)
1=

2

nu® +no? —nu? — g?] = [(n — 1)o?]

n—1
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Methods of Point Estimation

 We will cover two popular methodologies to
create point estimates of a population
parameter.

— Method of moments
— Method of maximum likelihood

 Each approach can be used to create
estimators with varying degrees of biasedness
and relative MSE efficiencies.



Method of moments for
point estimation



What are moments?

 The p-th population moment of a random variable is the
expected value of XP

— First moment: u = f;oo xf(x)dx
— Second moment: u? + g% = f;oo x2f(x)dx

+
— p-th moment: foooo xPf(x)dx
— The population moment relates to the entire population

e Asample moment is calculated like its population
moments but for a finite sample

: 1
— Sample first moment = sample mean ==)\", x;
n

iyn ,p
— Sample p-th moment -~ Zi=1xi

Sec 7-4.1 Method of Moments 20



Moment Estimators

Let X1, X5,...,X,, be arandom sample from either
a probability mass function or a probability density
function with punknown parameters 04, 0, ..., 0,.

The moment estimators 0, 0, ..., @p are found

by equating the first p population moments
to the first p sample moments and

solving the resulting simultaneous equations
for the unknown parameters.



Exponential Distribution: Moment Estimator-1s* moment

* Suppose that x,, x,, ..., X, is @a random sample
from an exponential distribution f(x)=Aexp(-Ax)
with parameter A.

 There is only one parameter to estimate, so
equating population and sample first moments,
we have one equation: E(X) = x.

e £(X)=1/\ thus
A=1/x isthe 1 moment estimator.



How | solved it

e Stats=100000;

e Y=random('Exponential', 1/3, Stats, 1);
%parametrization in MATLAB is 1/lambda
e 1/mean(Y) %matching the first moment
% ans = 3.0086

e sgrt(2/mean(Y.?2)) %matching the second
moment

% ans = 3.0081

e (factorial(20)/mean(Y.*20))*(1./20) %matching
the 20th moment
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Method of Maximum Likelihood
for point estimation



Maximum Likelihood Estimators

e Suppose that X is a random variable with probability
distribution f(x, 8), where 0 is a single unknown
parameter. Let x,, X,, ..., X, be the observed values in a
random sample of size n. Then the likelihood function of
the sample is the probability to get it in a random
variable with PDF f(x, 0):

L(B) = f(x1, 8) - flxy, 6) -...- fx,,, 6) (7-9)

 Note that the likelihood function is now a function of
only the unknown parameter 6. The maximum likelihood
estimator (MLE) of 6 is the value of B that maximizes the
likelihood function L(©).

e Usually, it is easier to work with logarithms: /(8) = In L(O)
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Example 7-11: Exponential MLE

Let X be a exponential random variable with parameter A. The
likelihood function of a random sample of size n is:

n
L(A) — l_lle_lxi — )lne_AZ?:l Xi
=1

InL (1) = nln(1) —Az X;

dinL(2) n Z": Ly
ar A LT
A . 1=1
A= nn = — (same as moment estimator)
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Example 7-9: Bernoulli MLE

Let X be a Bernoulli random variable. The probability mass
function is f(x;p) = p*(1-p)** x =0, 1 where P is the parameter
to be estimated. The likelihood function of a random sample
of size nis:

L(p) =p*r(1 —p)t ™ .p¥2(1 —p)l™2 .. . p*n(1 —p)l™*n
n

= np’”(l — )t = priz Xi(1 — )T
=1

InL(p) = (le)lnp + (n—in)ln(l —p)

dinl(p) _Ximyx  (n—Ximgx) _ o
dpn p (1-p)

p ===

same as moment estimator)
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Example 7-10: Normal MLE for p

Let X be a normal random variable with unknown mean p and
variance o?. The likelihood function of a random sample of
size nis:

n

1 _(Jéi—ﬁztgz
L = | [—=e @7
i=1o-

_ 1 ezgzzl (=)

(27’[0‘2)2

InL (u) = —ln(Zna2 — —E(XL n)?

dilnlL
k (“) Z(xl 1w =0

A~ l1l_
n

X (same as moment estimator)



Example 7-11: Normal MLE for o2

Let X be a normal random variable with the estimate of mean pu
determined by MLE (see the previous slide) and an unknown
variance 0. The likelihood function of a random sample of size n is:

n

1 _(Dgi—ﬁgz
L(o) =‘ ‘ e (20
L lovV2m
L=11

820.2 Zl 1( i H’)Z
(27‘[0‘2)2

n

In L(o) =_—ln(27w2 — 2—1zz(xi — 1n)?

dinlL
ndg(a) —E+—Z(xl D2 =0

g% = (=1 rlz M (biased estimator)




MLE for Poisson distribution
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Confidence Intervals
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Two-sided confidence intervals

Calculated based on the sample X, X,,...,X,

Characterized by:
— lower- and upper- confidence limits L and R
— the confidence coefficient 1-a

Objective: for two-sided confidence interval,
find L and R such that

— Prob(u>R)=0/2

— Prob(u<L)=a/2

— Therefore, Prob(L<u<R)=1-a

For one-sided confidence interval, say, upper
bound of u, find R that

— Prob(u>R)=c

Assume standard deviation sigma is known
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Exercise

Ishikawa et al. (Journal of Bioscience and Bioengineering 2012)
studied the force with which bacterial biofilms adhere to a solid
surface.

Five measurements for a bacterial strain of Acinetobacter
gave readings 2.69, 5.76, 2.67, 1.62, and 4.12 dyne-cm?2.

Assume that the standard deviation is known to be 0.66 dyne-cm?2
(a) Find 95% confidence interval for the mean adhesion force

(b) If scientists want the width of the confidence interval to be
below 0.55 dyne-cm2 what number of samples should be?



Ishikawa et al. (Journal of Bioscience and Bioengineering 2012)

studied the force with which bacterial biofilms adhere to a solid
surface. Five measurements for a bacterial strain of Acinetobacter gave
readings 2.69, 5.76, 2.67, 1.62, and 4.12 dyne-cm2. Assume that

the standard deviation is known to be 0.66 dyne-cm?2

(a) Find 95% confidence interval for the mean adhesion force

(b) If scientists want the width of the confidence interval to be
below 0.55 dyne-cm2 what number of samples should be?

3.372,



Confidence Intervals







Two-sided confidence intervals

Calculated based on the sample X, X,,...,X,

Characterized by:
— lower- and upper- confidence limits L and U
— the confidence coefficient 1-a

Objective: for two-sided confidence interval,
find L and R such that

— Prob(u>U)=0/2

— Prob(u<L)=a/2

— Therefore, Prob(L<u<U)=1-a

For one-sided confidence interval, say, upper
bound of u, find R that

— Prob(u>U)=a

Assume standard deviation o is known



Confidence Interval on the Population Mean,
Variance Known

) o

X—Zyjp =< U< X+ Zyp—

Vn

Vn

f(z)~exp(—z*/2)




Matlab exercise

1000 labs measured average P53 gene
expression using n=20 samples drawn from the
Gaussian distribution with mu=3; sigma=2;

Each lab found 95% confidence estimates of the
population mean mu based on its sample only

Count the number of labs, where the
population mean lies outside their bounds

You should get ~50 labs out of 1000 labs




8-2 Confidence Interval on the Mean of a Normal
Distribution, Variance Known

| [ ]
L ] | l [ »
u }
L 3 L | | ]
! L ]

Figure 8-1 Repeated
construction of a con- 1 2 3 4 5 6 7 8 9 1011121314 1516
fidence interval for pv. Interval number

Figure 8-1 Repeated construction of a confidence interval for p.



So far in estimating
confidence intervals for population mean u
we assumed that the population variance o?
is known

Then (or when n>>1, say 20 and above)
one can use the Normal Distribution
to calculate confidence intervals




Q: What to do if the sample is small
& the population variance is not known?

A: Use the sample variance

1
S° = 1Z(Xi — X)*

but carefully:

- Variable X has to be normally distributed
- Student t-distribution has to be used
instead of
the normal distribution (z-distribution).




Another researcher at Guinness had previously published a
paper containing trade secrets of the Guinness brewery. To
prevent further disclosure of confidential information,
Guinness prohibited its employees from publishing any
papers regardless of the contained information. However,
after pleading with the brewery and explaining that his
mathematical and philosophical conclusions were of no
possible practical use to competing brewers, he was allowed
to publish them, but under a pseudonym ("Student"), to
avoid difficulties with the rest of the staff. Thus, his most
noteworthy achievement is now called Student's, rather
than Gosset's, t-distribution.

Gosset had almost all his papers including “The probable
error of a mean” (1908) published in Pearson's journal
Biometrika under the pseudonym Student



Student’s t-distribution

2 -n/2
fo)~ (1 b )

n—1

William Sealy Gosset
British statistician
(1876-1937)



Play with Mathematica
notebook

http://demonstrations.wolfram.com/Compari
ngNormalAndStudentsTDistributions/

By Gary McClelland



8-3 Confidence Interval on the Mean of a Normal
Distribution, Variance Unknown

B S Student’s t
X—tyon-1—=< istributi

a/2n—1 n U distribution
<x+t . n/2

X a/2n-1"— t2 \
Vi f(t)~ (1 | )
n—1
[ _{IQ
tl_(f?ml:_tﬂil (,\v([:] fﬂ/,i\/ he| I

Figure 8-5 Percentage points of the ¢
distribution.
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8-3 Confidence Interval on the Mean of a Normal
Distribution, Variance Unknown

8-3.2 The t Confidence Interval on (Eq. 8-16)

[f X and s are the mean and standard deviation of a random sample from a normal
distribution with unknown variance o2, a 100(1 — «)% confidence interval on p is
given by

X = lapa18/Vn=p =X+ typ,—15/Vn (8-16)

where 7,5 ,,—1 1s the upper 1000 /2 percentage point of the ¢ distribution with n — 1
degrees of freedom.

on the mean are found by replacing t,, ., in Equation 8-16
witht ;.



Confidence intervals for
the population variance o
based on the sample variance s?

2



Confidence interval for

the population variance g2

Up until now we were calculating the
confidence interval on the
population average

What if one wants to put confidence interval
on the population variance ¢4?

We know an unbiased estimator of g*:

1 _
52 = 1Z(xi—x)2
l

How to determine the confidence interval?







8-4 Confidence Interval on the Variance and
Standard Deviation of a Normal Distribution

Definition (Eq. 8-17)

Let X,, X5, ..., X, be a random sample from a normal distribution with mean p and

variance o, and let S be the sample variance. Then the random variable

n—1)5?
o = D;,) (8-17)

. ] . . . . Y
has a chi-square (x°) distribution with » — | degrees of freedom.




8-4 Confidence Interval on the Variance and

Standard Deviation of a Normal Distribution
X=(n-1)5°/0?
We know n, S?
want to estimate o?

flx,n) ~ x("-/21exp(-x/2)

It is just Gamma PDF
with r=(n-1)/2, and A=1/2

Mean value:
n-1

Standard deviation:

J2(n—1)

x 20



Play with Mathematica
notebook

http://demonstrations.wolfram.com/ChiSquaredD

istributionAndTheCentralLimitTheorem/

By Peter Falloon






8-4 Confidence Interval on the Variance and
Standard Deviation of a Normal Distribution

Definition (Eq. 8-19)

I[f s is the sample variance from a random sample of n observations from a normal dis-
- - - . 9 . T .
tribution with unknown variance o, then a 100(1 — ®)% confidence interval on o~ is

(n — 1)s° < o? < (n — 1)s°

5 = (8-19)
Xﬂ!;"'z,ﬁ—l Xl—&;‘ﬁ,n—l

g 2> . -
where Xg /5,1 and X{_q/2,— are the upper and lower 100a/2 percentage points of
the chi-square distribution with n — | degrees of freedom, respectivelv. A confidence
interval for o has lower and upper limits that are the square roots of the correspond-

ing limits in Equation 8-19.

23




Confidence estimates of the
population proportion



1 1

C ollect o 3amplc
Ovﬂ RMI vw/wes

6ese means
BMI >30



Large sample confidence estimate of
population proportion
Want to know the fraction p of the population that belongs to

a class, e.g., the class “obese” kids defined by BMI>30.

Each variable is a Bernoulli trial with one parameter p.
We can use moments or MLE estimator to estimate p

Both give the same estimate: sample fraction p=(# of obese
kids in the sample)/(sample size n)

How to put confidence bounds on p based on p

# of obese kids in the sample follows the binomial distribution:
“success” = sampled kid is obese : -(
p — probability of success, 1-p — failure

Expected # of successes is np = Expected fraction of
successes is p

Standard deviation of # of successes is \/np(l —n)>

Standard deviation of fraction of successes is \/p(l —p)/n



8-5 A Large-Sample Confidence Interval For a
Population Proportion

Normal Approximation for Binomial Proportion

[f n 1s large, the distribution of ?
paL
£

) \
zzv}‘(_lﬂp): I,P(l_f*’ = P -r
‘np(l1 — p Pl —=p /\ A
v P(1-F)

is approximately standard normal.

O

The quantity \/ I'j(]__ f)) / n is the standard error of the point estimator

27




8-5 A Large-Sample Confidence Interval For a
Population Proportion (Eq. 8-23)

[f p 1s the proportion of observations mn a random sample of size n that belongs to a
class of interest, an approximate 100(1 — a)% confidence mterval on the proportion
p of the population that belongs to this class is

: [p(1 = p) ) Ip(1 = p) :
P — Zyp \ p” =p=p+z, ;;2-\:.-' 7 (8-23)

where z,, is the upper a/2 percentage point of the standard normal distribution.
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Did you know that M&M's® Milk Chocolate Candies are
supposed to come in the following percentages: 24%
blue, 20% orange, 16% green, , 13% red,
13% brown?

http://www.scientificameriken.com/candy5.asp

“To our surprise M&Ms met our demand to review their procedures in determining candy ratios. It is, however, noted that the figures presented
in their email differ from the information provided from their website (http://us.mms.com/us/about/products/milkchocolate/). An email was
sent back informing them of this fact. To which M&Ms corrected themselves with one last email:

In response to your email regarding M&M'S CHOCOLATE CANDIES

Thank you for your email.
On average, our new mix of colors for M&M'S® Chocolate Candies is:

M&M'S® Milk Chocolate: 24% blue, 20% orange, 16% green, 14% yellow, 13% red, 13% brown.

M&M'S® Peanut: 23% blue, 23% orange, 15% green, 15% yellow, 12% red, 12% brown.

M&M'S® Kids MINIS®: 25% blue, 25% orange, 12% green, 13% yellow, 12% red, 13% brown.

M&M'S® Crispy: 17% blue, 16% orange, 16% green, 17% yellow, 17% red, 17% brown.

M&M'S® Peanut Butter and Almond: 20% blue, 20% orange, 20% green, 20% yellow, 10% red, 10% brown.
Have a great day!

Your Friends at Masterfoods USA
A Division of Mars, Incorporated

How to estimate these probabilities from a finite sample and how
to set confidence interval on these estimates?



Did you know that M&M's® Milk Chocolate Candies are supposed to come in
the following percentages: 24% blue, 20% orange, 16% green, , 13%
red, 13% brown?

How large is a sample needed for 95% Cl
on the percentage of blue M&Ms to be less than +/- 4%

Same question for red M&Ms?



Did you know that M&M's® Milk Chocolate Candies are supposed to come in
the following percentages: 24% blue, 20% orange, 16% green, , 13%
red, 13% brown?

How large is a sample needed for 95% Cl
on the percentage of blue M&Ms to be less than +/- 4%

Same question for red M&Ms?
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Hypothesis testing:
one sample



Is P53 gene expressed at a lower level
in cancer patients than in healthy people?

We are interested if a P53 gene expression is lowered in
population of cancer patients compared to the healthy population.

We know that mean gene expression in the healthy population is
1,=50 mRNAs/cell We are interested in deciding whether or not
the mean expression in cancer population is lower than in
healthy population. Let’s call hypothesis H,. Here H, is one-sided

If we asked: cancer is not equal to healthy H, would be a two-
sided hypothesis

Assume we have a sample of 100 cancer patients with
sample mean X =48 mRNAs/cell and standard deviation 0=10
MmRNA/cell

Can we use our sample to reject the “business as usual” or
null hypothesis H,: cancer = healthy and select one-sided
hypothesis H,: cancer < healthy




Two types of errors

a = P(type | error) = P(reject Hy when Hy 1s true)

Sometimes the type | error probability a
is called the significance level, or the a-error

Instructions: get oo from your boss or Pl (e.g., 5% or 1%)

Prob(H, is true given the sample data) < a
—reject Hyand accept H,

Prob(H, is true given the sample data) > a
—> accept Hyand reject H,

Type Il error is much harder to estimate. Will deal with it later



P-Values of Hypothesis Tests

e P-value: what is the probability to get the observed value
of sample mean of x =48 mRNAs/cell (or even smaller)

and 0=10 mRNAs/cell in a healthy population with i, =50
MmRNAs/cell

e If P-value is small —the null hypothesis is likely wrong
and thus, the probability of making a type | error
(incorrectly rejecting the null hypothesis) is small

e P-value answers the question: if | reject the null
hypothesis H, based on the sample, what is the
probability that | am making a type | error?



P-Value vs a in Hypothesis Testing

Problem with using a predefined a: you
don’t know by how much you exceeded it

Another approach is to calculate Prob(H, is true given
the sample data) referred to as P-value.

It the smallest o that would lead to rejection of null
hypothesis

You give your boss the P-value and let him/her decide
if it is good enough

Routinely with big datasets in genomics and systems
biology P-values can be

10-large number~10-100 ' This number is used to judge
the quality of the hypothesis
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Generalizations
 What if H, is a two-sided hypothesis?

e A:P-valueis 2(1-®(|Z|)), where Z=(X-u,)/[S// 1]
Compare it to: For one sized u, >u, it is 1-Q(Z)
For one sized u, <u,it is @(Z)

* If ais given, use p,+/-z,,,*S as thre%\wolds

to reject the null hypothesis 7/}{
— 32
% é&

e What if the sample size n is small (say n<10):

e A: Use t-distribution with n-1 degrees of freedom for
2-sided P-value=2(1-CDF_Tdist(|T|))
where T=(X -uo)/[S/\/n_] .

* Foragiven a use u,+/-t,, ., T toreject the null hypothesis




Type Il Error and Choice of Sample Size

Assume you know the minimum 6 = |u; — pg| that you care about.
What is the minimal sample you should use to separate HO and H1 hypotheses if
your tolerance to type | and type Il errorsisaand 8 ?

Under#@ p=pg Under%: [# Mg

N(O,1)

din )
(‘}rr .- l_l:|

Figure 9-9 The ) '
distribution of Z, ~Z_, o 0 5y -~ Z,
under H, and H,. \‘(‘9 ZKQC(Q%
o 2
5y/n /

— =7z + z
o a/2 T 2B

(zap2 + zp)*0”
82

H =

where O =W — Mg (9-22)




Standard notation

to indicate P-value with

X kk  kkk
) )



p-VALWE  INTERPRETATION

0.001 7
0.0l |
0.02 ——HIGHLY SIGNIFICANT
0.03 |
g'gf‘ﬂ  SIGNIFICANT

OH CRAP REDD
0.050— CALCULATIONS

0.051"] N THE EDGE
006 _| OF SIGNIFICANCE.

007

HIGHLY SUGGESTIVE,
002 | _gIGNIFICANT AT THE
0.09 | P<O.I0LEVEL

0.07%_1  HEY LOOK AT
>().] TS INTERESTING
SUBGROUP ANALYSIS
Happy Credit: Trust me,
Halloween! I’'m a “Biologist” Credit: XKCD

(belated) Facebook community comics
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