
Reminder: 
Multiple Linear Regression

Test-train data split to 
avoid overfitting



Multiple Linear Regression Model

Y = 0 + 1x1 + 2 x 2 + 3x3 +… k x k + 
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One can also use powers and products of other variables
or even non-linear functions like exp(xi) or log(xi)
instead of x3 ,… x k . 

Example: the general two-variable quadratic 
regression has 6 constants:
Y = 0 + 1x1 + 2 x 2 + 3(x1)2 +4(x2)2 + 5 (x1x2) + 



Logistic Regression
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How to know when to stop
adding new variables 
or model parameters

in any data fitting algorithm such as 
multiple linear regression?



A Regression Problem
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y = f(x) + noise
Can we learn f from this data?

Let’s consider three methods…
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Single Variable Linear Regression
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2-variable Linear Regression with x and x2
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Join-the-dots
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Also known as piecewise 
linear nonparametric 
regression if that makes 
you feel better
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Which is best?
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Why not choose the method with the best fit to the 
data?
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What do we really want?
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Why not choose the method with the best fit to the 
data?

“How well are you going to predict future data drawn from 
the same distribution?”
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The test set method
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1. Randomly choose 
30% of the data to 
be in a test set
2. The remainder is a 
training set
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The test set method
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(Linear regression example)

1. Randomly choose 
30% of the data to 
be in a test set
2. The remainder is a 
training set
3. Perform your 
regression on the 
training set
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The test set method
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(Linear regression example)
Mean Squared Error = 2.4

1. Randomly choose 
30% of the data to 
be in a test set
2. The remainder is a 
training set
3. Perform your 
regression on the 
training set
4. Estimate your 
future performance 
with the test set

Copyright © Andrew W. Moore 



The test set method
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(Quadratic regression example)
Mean Squared Error = 0.9

1. Randomly choose 
30% of the data to 
be in a test set
2. The remainder is a 
training set
3. Perform your 
regression on the 
training set
4. Estimate your 
future performance 
with the test set
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The test set method
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y

1. Randomly choose 
30% of the data to 
be in a test set
2. The remainder is a 
training set
3. Perform your 
regression on the 
training set
4. Estimate your 
future performance 
with the test set

(Join the dots example)
Mean Squared Error = 2.2
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Double descend- the main reason modern 
Machine Learning works so well 



The adjusted R2 is

• The adjusted R2 statistic penalizes adding terms to the 
MLR model.
• It can help guard against overfitting (including 
regressors that are not really useful)

18

R2 and Adjusted R2

The coefficient of multiple determination R2



How to know where to stop
adding variables?

• Adding new variables xi to MLR 
watch the adjusted R2

• Once the adjusted R2

no longer increases = stop. 
Now you did the best you can.



Credit: XKCD 
comics 



Matlab exercise on #2 on MLR
• Every group works with 

g0=2907;  g1=1527;  g2=2629; g3=2881;      
g4=1144; g5=1066;

• Compute Multiple Linear Regression (MLR): 
where 
y=exp_t (g0); x1= exp_t (g1); x2= exp_t (g2);

• How much better the MLR did compared to the 
Single Linear Regression (SLR)? 

• Continue increasing the number of genes in x 
until R_adj starts to decrease



How I did it
• g0=2907; g1=1527; g2=2629; g3=2881;g4=1144; g5=1066;
• y=exp_t(g0,:)’;
• %% first use one x to predict y
• x=exp_t(g1,:)';
• figure; plot(x,y,'ko')
• lm=fitlm(x,y)
• y_fit=lm.Fitted;
• hold on;
• plot(x,lm.Fitted,'r-');
• %% now use 2 x's to predict y
• x=[exp_t(g1,:)', exp_t(g2,:)'];
• lm2=fitlm(x,y)
• y_fit=lm2.Fitted;
• hold on; plot(x(:,1),y_fit,'gd’);
• %% now use m x's to predict y
• corr_matrix=corr(exp_t');
• g0=2907;
• [u v]=sort(corr_matrix(g0,:),'descend');
• x=[exp_t(v(2:m+1),:)'];
• lm3=fitlm(x,y)
• y_fit=lm3.Fitted;
• plot(x(:,1),y_fit,'s');



Clustering analysis
of gene expression data

Chapter 11 in 
Jonathan Pevsner, 

Bioinformatics and Functional Genomics, 
3rd edition

(Chapter 9 in 2nd edition)



How to find the entire groups of 
mutually correlated genes if you have 

many genes and many samples? 



Clustering to the rescue!



What is clustering?
• The goal of clustering is to

– group data points that are close (or similar) to each other
– Usually, one needs to identify such groups (or clusters) in an 

unsupervised manner
– Sometimes one takes into account prior information (Bayesian 

methods)
• Need to define some distance dij between objects i and j
• Clustering is easy in 2 dimensions but hard in 3000 

dimensions -> need to somehow reduce dimensionality
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How to define the distance?

( , )( , ) 1 ( , ) 1
( ( ) ( )
Cov X Yd X Y X Y
Var X Var Y

   


Correlation coefficient distance



Common types of clustering algorithms
• Hierarchical if one doesn’t know in advance 

the # of clusters
– Agglomerative: start with N clusters and gradually 

merge them into 1 cluster
– Divisive: start with 1 cluster and gradually break it up 

into N clusters
• Non-hierarchical algorithms

– K-means clustering: 
• Iteratively apply the following two steps:
• Calculate the centroid (center of mass) of each cluster 
• Assign each to the cluster to the nearest centroid

– Principal Component Analysis (PCA)
• plot pairs of top eigenvectors of the covariance matrix Cov(Xi, 

Xj) and uses visual information to group



Hierarchical clustering



UPGMA algorithm

• Hierarchical agglomerative clustering algorithm
• UPGMA = Unweighted Pair Group Method with 

Arithmetic mean
• Iterative algorithm:
• Start with a pair with the smallest d(X,Y)
• Cluster these two together and replace it with 

their arithmetic mean (X+Y)/2
• Recalculate all distances to this new “cluster 

node”
• Repeat until all nodes are merged



Output of UPGMA algorithm



Clustering in  
Matlab



Choices of distance metrics in 
clustergram(… ‘RowPDistValue’ …,

‘ColumnPDistValue’ …,) 



Choices of hierarchical clustering algorithm 
in clustergram( …’linkage’,…)



Clustering group exercise
• Each group will analyze a  cluster of genes identified in the 

T cell expression table
• Analyze the table of top 100 genes by variance in 

47 samples
• Cluster them using:

– Group 1: ‘linkage’, ‘average’, ‘RowPDistValue’, ’euclidean’, 
– Group 2: ‘linkage’, ‘single’, ‘RowPDistValue’, ’cityblock’,
– Group 3: ‘linkage’, ‘average’, ‘RowPDistValue’, ’correlation’, 
– Group 4: ‘linkage’, ‘single’, ‘RowPDistValue’, ’euclidean’,
– Group 5: ‘linkage’, ‘weighted’, ‘RowPDistValue’, ’correlation’, 

• Use clustergram(…, 'Standardize','Row', 
‘linkage’, as specified for your  group, 
‘RowPDistValue’ as specified for your  group, 
'RowLabels',gene_names1,'ColumnLabels‘, array_names)



load expression_table.mat
gene_variation=std(exp_t')'; 
[a,b]=sort(gene_variation,'descend');
ngenes=100;
exp_t1=exp_t(b(1:ngenes),:);
gene_names1=gene_names(b(1:ngenes));
%%% for group 1
CGobj1 = clustergram(exp_t1, 
'Standardize','Row',...
'RowLabels', 
gene_names1,'ColumnLabels',array_names)
set(CGobj1,'RowLabels',gene_names1,'ColumnLab
els',array_names,'linkage', 
'average','RowPDist','euclidean');
set(CGobj1,'RowLabels',gene_names1,'ColumnLab
els',array_names,'linkage', 
'average','RowPDist','correlation');



Before clustering



UPGMA hierarchical clustering, Euclidian distance



UPGMA hierarchical clustering, correlation distance



Search for shared biological functions
• copy the list of displayed genes 
• go to "Start Analysis" on https://david.ncifcrf.gov/tools.jsp
• Paste genes from gene list displayed by Matlab into the box in 

the left panel of the website
• select ENSEMBL_GENE_ID and  “gene list” radio button
• Click "Functional Annotation Clustering“
• Select groups in “Annotation Summary Results” which have 

many genes from your list. Definitely select “PUBMED_ID” and 
interaction databases like “Biogrid”

• First look at "Functional Annotation Chart" rectangular button 
below to display all overrepresented terms. Sort by “Benjamini” 
correction for multiple hypotheses testing

• Select "Functional Annotation Clustering" rectangular button 
below to display annotation results for gene list broken into 
multiple groups (clusters) each with related biological functions

• Write down the # of genes in the cluster and the top functions in 
two most interesting clusters



%%%
%Which biological functions are 
overrepresented in different clusters?
%1) Pick a cluster:
%2) Select a node on the tree of rows, 
%3) Right click
%4) Choose “export group info” into 
the workspace
%5) Name it gene_list
%Run the following two Matlab 
commands to display genes
g1=gene_list.RowNodeNames;
for m=1:length(g1); 
disp(g1{m}); 
end;



% select ENSEMBL_GENE_ID and “gene list” radio button
% Click "Functional Annotation Clustering“
% Select groups in “Annotation Summary Results” 
% which have many genes from your list. 
% Definitely select “PUBMED_ID” and 
% interaction databases like “Biogrid”
% First look at "Functional Annotation Chart" rectangular button below 
% to display all overrepresented terms. 
% Sort by “Benjamini” correction for multiple hypotheses testing
% Select "Functional Annotation Clustering" rectangular button below 
% to display annotation results for gene list broken into multiple groups 
% (clusters) each with related biological functions
% Write down the # of genes in the cluster and the top functions 
% in two most interesting clusters



Using options:
‘linkage’, ‘average’, ‘RowPDistValue’, ’euclidean’,













Credit: XKCD 
comics 


