PHYS 598 GTC Homework 3

1. Consider the projector product representation of the Wilson line,

k<0
Wit o(kr) = (i, x, | H Pk, k1) [tmox, )
where
N
Pk, ki) = Z |, ks ) (b e, | -

n=1
Show that W (k| ) satisfies

iD,W =0,

where D, is the covariant derivative.

Hint: start with the definition

QW (k) = tim - (W olks) — Wi (ko))

of the derivative.

2. In this problem, we will show that

det{ Wi, o(ky)} = exp (@ / dk/ tr [Au(k;,kl)]) ,

where tr denotes the matrix trace. We will proceed via the following steps:

(a) Show that Eq. (1) can be rewritten as

kp<+0

Wi,colks) = lim [T M(k] k., A),

where
M™™ (k,, ki, A) = (Unk,+ak, |Umku,kL>

(b) Show that det M (k) k1, A) = exp (iAtr [A, (k] k1)]) + O(A?).
(c) Using (a) and (b), prove Eq. (5).
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3. Consider the product of four Wilson lines around a small square of area dk;0ks,
W = WiWsWoWy (®)

depicted in the figure below.

ko + 0ko <55 ko + 0k1 + dko
° W; °

“ v

® ®
ko L ko + 0kq

(a) Using Stokes’s theorem and the results of Problem 2, show that

5k1£1522!0 8k10ks Imlogdet W = tr{(ko), )

where ()(kg) is the Berry curvature.

(b) Show that the combination of inversion and time-reversal symmetry requires det W to
be real

(c) Deduce the constraint on tr({2(ko)) implied by (a) and (b). What does this mean
for Wannier functions when we have a single isolated band with inversion and time-
reversal symmetry?

4. Consider the k - p Hamiltonian
H(k) =vk- 7, (10)
where v > 0 and & is a vector of three Pauli matrices.

(a) Find the energies e (k) and the eigenstates |uy ).
(b) Compute the Berry connection A, = i (u4 k|0, us k) for the upper band.

(c) Find the Berry curvature €2, (k). What is the integral of Q2 (k) over a constant energy
surface? Hint: Work in polar coordinates for as long as possible.



