Physics 509 Homework 2 Professor M. Stone
Spring 2023 University of Illinois

1 Lie Bracket Geometry

Recall the definition of the flow associated with a tangent-vector field (equation (11.24) in the
textbook): it is the map that takes a point zp and maps it to x(t) by solving the family of equations

dxt
E:Xu(xlax2a"')? (1)

with initial condition 2#(0) = z{. The resulting (differential) equations are found easily enough.

T = x(t) = yot + x
X =90, — Y = () =50 0 ,
y=0 y(t) = o
and likewise for Y,
=0 z(t) =z
Y =0, = == ®) 0
y=1 y(t) =t +yo

Hence the flows associated with X and Y are
X (t) = (yot + 0, Y0) and oY (t) = (zo,t + yo)-
The commutator is easily calculated:

[X,Y]=XY -YX

The geometric interpretation of the Lie bracket is discussed in section 11.2 of the textbook (see

figure 11.3). Figure 1 shows this geometric interpretation for the case of the vector fields X and Y.

2 Frobenius’ Theorem

Remember that a set of vector fields, {X;}, are said to be in involution with each other if the Lie

bracket is closed; i.e.,
[X;, Xj] = 5" X, (2)



(—st 4+ 20,0 + 5) ®X by —t (yot + 0, Yo + 5)
OY by —s ®Y by s
st[X,Y]
LR et () L]
(—st + 0, y0) (o, Y0) ®X by t (Yot + xo,¥0)

> Oy

Figure 1: The trajectory of an initial point (zo,yp) as it first flows along X by ¢, then along Y by s,
and - starting the trip back - along X by —t, and finally along Y by —s. In agreement with the
geometric interpretation discussed in the textbook, the difference between the initial and final points
(dashed line) is just st[X,Y] = —st0;.

for some set of functions cl-jk. By direct calculation (or in analogy with angular momentum),

Ly, L;| = [20; — 20, x0y — yO,]
= (20, ©0y] — [200y05] — [20520,] + (20, YOy (linearity of [-,-])
= Zay —y0, (: _LI)
= 2 (20, — ydy) +2 (20, — 20.)
= (@8 —y8a) += (20, — 20.).

=L, =L,

z
Y

involution. If

This shows ¢, = z/x and ¢}, = y/x, which satisfies definition (2), and hence L, and L, are in

L.f=(x0y—y0;)f =0 and — Lyf = (20, — 20,) f =0,

then L2f = (L2 + Lz + L2)f = 0 as well, since L, and L, are in involution. In other words, f
is an eigenfunction of the “total angular momentum” operator and therefore must be spherically

symmetric.

3 Rolling Ball

Expressions for (wg,wy,w;) in terms of the Euler angles can be read off directly from the diagram

(given in the problem).



wy = —1sinfcos ¢ + Osin ¢, (3a)
vV v
project ¥ to project 6 to
yz-plane yz-plane
wy =Psinfsing + Ocos e, (3b)
v v
project ¥ to project 6 to
xz-plane xz-plane
wy =1cosh + ¢ (3c)
~—— ~—~—

project ¢ to already in
zy-plane xy-plane

For example, to find w, we project all the angular velocities (i.e., 9, ¢, <;5) to the plane perpendicular

to the z-axis. This procedure yields equations (3a) through (3c).

(a) The rolling conditions for a ball on a table mentioned in class are

i = 1)sinfsing + 6 cos ¢,
y = —¢sin9cos¢+ésin¢>
0 =1)cosb + ¢.

Comparison with equations (3a), (3b), and (3c) shows that these are identically the no-slip

rolling conditions:

T = Wy,
y. = —Wg,
0=w,.

This problem can, essentially, be thought of as the reverse of problem one where we were given
a vector field and asked to find its associated flow. Here, we are gifted a system of differential
equations that specify a flow and asked to solve for the associated vector field. In the case
of rolly, it is a flow of unit velocity along the z-direction specified by & = 1, y = 0, and the
three no-slip conditions, which give a system of five equations in five unknowns (the dotted

variables). The case of rolly is analogous.

To find the vector field rolly associated to the flow of unit speed along the x direction, we set



=1, y =0, and then solve the resulting system of equations,

1 = ¢ sinfsing + 6 cos ¢ (4a)
0= —1)sinfcos d + fsin ¢ (4b)
0=1)cosf + o, (4c)

in terms of the local coordinates (here, only ¢, 6, and ). A little bit of arithmetic yields

(4b)tan ¢ + (4a) = 6 = cos ¢ (ba)
(4b)(— cot @) + (4a) = 1) = sin¢csch. (5b)
Lastly, substituting equation (5¢) into equation (4c) gives

xsmf) cos) = ¢ = —singcotd. (5e)

éz—écos@z—(

sin
Using (5a) through (5c), one can write the vector field in terms of the local coordinates,

roll, = (:'c(t),g(t),g&(t),e'(t),w)) = 9, — (sin ¢ cot 0)y + (cos $)3p + (sin pesc 0)dy.  (6)

In the second equality, I've have written the vector field in terms of the (tangent space) basis
elements {0y, 0y, 0p, 0, Oy }-

We use the analogous procedure to find Y, which instead satisfies the conditions # = 0 and

y = 1. This gives the following system of equations:

0 = ¢ sinfsing + 0 cos ¢ (7a)
1= —tsinfcos¢+ Osing (7b)
0 = 1) cos O + ¢. (7¢)
These again are solved easily.
(7a) cot ¢ + (Th) = 6 = sin¢ (8a)
(7a)(—tan @) + (7Th) = 1) = — csc b cos ¢. (8b)

Finally, substituting (8b) into (7c), we find
b= —tcosh = cospcot) = ¢ = cos ¢ cot b. (8¢)
Using equations (8a) through (8c), one finds

rolly = 0, + (cos ¢ cot 0)0y + (sin )y — (csc O cos ¢)0y,. (9)



(c) Having found both vector fields rolly and rolly, we can compute the commutator by direct

calculation.

[rolly, rolly] = (roll)(rolly) — (rolly)(rolly)
= (0 — (sinpcot §)0y + (cos @)y + (sin g cscd)0y)
(Oy + (cos pcot 0)0y + (sin )y — (cscf cos ¢)0y)
— (Oy + (cos pcot 0)0y + (sin )0y — (cscf cos ¢)0y)
(Or — (sin g cot 0)0y + (cos ¢)0g + (sin ¢ csc §)0y)
(plug in (6) and (9))
= ((Sim2 ¢ cot® 0)9,, — (sin ¢ cos ¢ cot 8)Jy — (csc O cot O sin? ¢)0,
— (cos® ¢ esc? 0)d, + (cot ¢ csc ¢ cos® )y )
— (—(cos? ¢ cot? 0)dy, — (sin ¢ cos ¢ cot §)Jp + (cos® ¢ esc O cot 0) Iy,
+ (sin® pesc® 0)0, — (sin® ¢ cot 0 esc 0)0y)
= (cot® § — csc? 6) Oy

N— ———
=—1

Since spin, = 0, we arrive at the desired result,

[rolly, rolly] = — spin, . (10)

(d) The commutators can be computed directly:

[sping, rolly] = (sping)(rolly) — (rolly)(spin,)
= —(cospcot§)dy — (sin )0y + (cscf cos ¢)dy = —(rolly —0,) = spiny

and

[sping, rolly] = (spiny)(rolly) — (rolly)(spin,)
= —(sin¢g cot 0)dy + (cos 0)dy + (cscOsin )0y = (rolly —0,) = spiny, .

Note that we have generated five linearly independent vector fields by taking commutators of
rolly and rolly. This shows in fact that any point on the manifold can be reached only by

rolling in the x or y direction.

4 Killing Vector

Using equation (11.38) from the textbook for the Lie derivative of a type (0,2) tensor,

(Lx 9w = X% + 91a0v X + 900, X, (11)



we can check by direct computation that Ly, g = 0, where

g(, ) =db ®df +sin®(0)do @ do

and
Vi = —sin(¢)dy — cot(8) cos(¢)0s.

We first calculate all the necessary derivatives.

dogpe = 2sin(0) cos(0) eV = csc?(0) cos(¢)
sV, = — cos(¢) 9,V = cot(6) sin(6)

All other derivatives vanish. Next, just show that all the components vanish identically:

(Lv, 9o = Vi Dogoo + Vi Oogso + 90005V
+ 96006 VE + 94605 VE + gog0sVE
= (—sin(¢))(2sin(6) cos(h)) + (sin(8))(cot() sin(¢))
+ (sin?())(cot(8) sin(¢))
=0,

(Lv, 9)o0 = V.LDpg00 + V. O9g00 + 900V
+ 90099V + 9000V + gopdp VY
=0, (all terms multiplied by zero)

(Lv, 9)op = V.2Os900 + VI Dogsn + gos0a VY
+ 96090V, + gpp0s Vi + go0s VY,
= (sin(6))(csc®(0) cos(¢)) — cos(¢h)
—0,

(Lv, 9)06 = Vi 0p966 + Vi 09906 + 96606V
+ 95608V + 9006V + 9o0s VY
= —cos(¢) + (sin®(0))(csc?(0) cos(¢))
—0.

Hence, Ly, g = 0 as expected.
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