Physics 509 Mathematical Methods in Physics Prof. M. Stone
Handout 4 https://courses.physics.illinois.edu/phys509/sp2022/ 2117 ESB
Spring 2023 HOMEWORK 4 University of Illinois

1) Old Exam problem: A two-form is expressed in Cartesian coordinates as,

W= %(zda:dy + xdydz + ydzdx)
r

where r = /22 + y? + 22.
a) Evaluate dw for r # 0.
b) Evaluate the integral

<I>:/w
P

over the infinite plane P = {—o0 < 2 < 00, —00 <y < 00,z = 1}.
c) A sphere is embedded into R? by the map ¢, which takes the point (6, ¢) € S? to the
point (z,y,2) € R3, where

xr = Rcos¢sinf
y = Rsingsinf
z = Recosé.

Pull back w and find the 2-form ¢*w on the sphere. (Hint: The form ¢*w is both
familiar and simple. If you end up with an intractable mess of trigonometric functions,
you have made an algebraic error.)

d) By exploiting the result of part c), or otherwise, evaluate the integral

b = / w
S2(R)

where S?(R) is the surface of a two-sphere of radius R centered at the origin.

2) Sphere Area: The sphere S™ can be thought of as the locus of points in R"*! obeying
Z?:Jrll (%)% = 1. Use its invariance under orthogonal transformations to show that the element
of surface “volume” of the n-sphere can be written as

1

d(Volume on S™) = —€arageang T AT dt
n!

Use Stokes’ theorem to relate the integral of this form over the surface of the sphere to the
volume of the solid unit sphere. Confirm that we get the correct proportionality between
the volume of the solid unit sphere and the volume or area of its surface.



3) Push and Pull: Use a local co-ordinate system to work the following exercises:

a) Show that the operation of taking an exterior derivative commutes with a pull back:
d[pw] = ¢*(dw), we \'T'N

b) If the map ¢ : M — N is invertible then we may push forward a vector field X on M
to get a vector field ¢, X on N. Show that

Lx[p'w] = ¢" [Lg.xw], wE /\pT*N.

c) Again assume that ¢ : M — N is invertible. By using the co-ordinate expressions for
the Lie bracket and the effect of a push-forward, show that if X, Y are vector fields on
TM then

(b*([Xv Y]) = [(b*X, ¢*Y]7
as vector fields on T'N.

4) Sterographic Co-ordinates: The stereographic map S? — C takes the point on 52
with spherical polar co-ordinates 6, ¢ to the complex number

¢ =etanf)/2.

We can therefore set ( = £ 4 in and take (,n as defining a stereographic co-ordinate system
on the sphere. Show that in these co-ordinates the sphere metric is given by

g( , ) = dI®dl+sin*0do ® de
2 _ _
= 7(1+|C|2)2(d(®dc+d(®d§)
4

and the area 2-form becomes

2
I

= sin6dAdo
2 _
= TrjepeE “nw
4
= —(1 s 772)2 d& N dn. (1)

5) Bogomolnyi Equations In this problem you will find the spin field n : z — n(z) that

minimizes the non-linear o-model energy functional
1

MMZ§AJWMF+NMP+N#mdﬁm2

for a given positive winding number N.



a) Use the results of the preceding exercise to write the winding number N = ﬁ [ n*Q,

and the energy functional E[n] as

4
4N = / ( 5 (815027’] — 0177825) dl’ldl'z,

T e + )
1 4 2 2 2 2 1 2
Bl = 5 [ e e (GO + (0 + (00 + (@unf?) da'ds’.

where ¢ and 7 are stereographic co-ordinates on S? specifying the direction of the unit
vector n.

b) Deduce the inequality

1 4
E—47N == Oy + iO in)|? dx'dz® > 0.
V=3 | T e P>

¢) Deduce that for winding number N > 0, the minimum energy solutions have energy
E = 47N and are obtained by solving the first-order linear equation

d) Solve the equation in part c) and show that the minimal energy solutions with winding
number N > 0 are given by

(z—ay)...(z —an)
(z=b1)...(z —bn)

E+in= A

where z = z' +iz?, and A, a1,...,ay, and by, ..., by, are arbitrary (except for the
condition that no a coincides with any b) complex numbers.
e) Repeat the analysis for N < 0. Show that the solutions are given in terms of rational

functions of z = x! — ix?.

The idea of combining the energy functional and the topological charge into a single, mani-
festly positive, functional is due to Bogomolnyi. The the resulting first order linear equation
is therefore called a Bogomolnyi equation. If we had tried to find a solution directly in terms
of n, we would have ended up with a horribly non-linear second-order partial differential
equation..



