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Coupled Linear Oscillators Mg =-Kg T = EMUc'[iqj U= Esz‘]z‘%

o°T
94,94,
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40 aql‘aq]'

ij=

Transverse oscillations of taut string: k, =
length|
G=0 equilib

Inner Product Space description and Normal Coordinates q = column vector of generalized coord
* Space : |G (7)) = solutions of a linear oscillator system

« Inner Product :  (G,|4,)=4,"M4, and associated magnitude : |g* =(g|q)

* Basis : |a, ) of eigenvectors defined by Kd, = ®’Mad, and normalization 4, =ad,/|d,,
* Basis is Orthonormal : (d,|a,)=3,,

e Completeness for g(r) and Normal Coordinates & :

m *

a,|gm= > a,&.

&, is the component of G alongmode m:  [G(1))= Y, |a, ){

m

modes m modes m
& is projected out of g by : & =1{(a,|q®) =A,cos(@,t-6,)
* Transformation betw g-space and E-space :
vectors: E=R§  G=R'E R =( :&1 :212 ) R=(R")'M
tensors:  M‘=(R') MR' > M =6, & K =02,

. . i3 -~ . 5: EE 0\ = .
inhomogeneous EOM : Mg +Kg =F in g-space - ME+KE= (R ) F in E-space

Fourier Series as an Inner Product Space

s Space : | f) = t-periodic functions f(7) that are periodic over t =[-7/2 —7/2],with 0 =27 /7

sin(nwt) n=1,...,00

T/2
eBasis #1 : |n)=< 1/2 n=0 s Inner Product #1 : (g| f) E— J g(®) f()dt
cos(nwt) n=-1,...,—o0 T n
7/2
« Basis #2 : |n)= ™ « Inner Product #2: (3| f)=— j g'(t) f(t)dr
—1/2
- Basis is Orthonormal : (n|m)=3§,, - Completeness : any | f)= Y, |n)(n|f)

n=—oo

Miscellanea  dl =ds$+sdpd+dz5 dl =dri+rd00+rsin6dpé
a=3[5- 56" ]+ 8 s+286]+2[2)
a= f['r'— 0’ — r¢?* sin’ 0]+ é[ré+ 270 — r¢’ sin9c050]+q3[sin9(r(}5+ 2fq5)+ cos@(Zréqﬁ)J

L=T-U a—L:i[
dg, dt

i

a_L H = a_L _ canonic_al / _ a_L 0= B_L
9¢; aq, L generalized Pi = 2 2o

Accel Frames: f=F/m — f. =-A fi= (QXr )XQ Qs's f =25 xQ
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2-Body Central Force Problems & Scattering

- 2ur’

* Coordinates & Reduced Mass : FI:R+&7, 3 :R—ﬂﬁ F=F—-7F, MU= I, Y & V
M M M KBSV
. r el
* Centrifugal force & PE: F,=—7, U, ,  effective radial U*=U+U J <
| |

. L 1
* Angular EOM: ¢=— *Radial EOMs: ui=F(r)+ F.(r), E=T+U= E,ur'2 +U,+U
ur
 Path Equation : u(¢)=1/r(¢) — u”+u= —%}liu) and w=-*
* Conics : With (7, ¢») centered on a focal point and E = Ellipse, H = Hyperbola
+: E or H-near-branch Z1p? —E
l=%(J_r1+ecos¢) with o e=S2NY P i
r b —: H-far-branch a a H
L2 2 2 _ 1
* Kepler Orbits F:—l2 Cr(g)= %o with roz_:_:a‘l_g ’ E:$MZ|Y|(8 )
r sgn[y]+ecos¢ ,Ll|j/| a 2a 2r,
4’ 27, —r.
Bounded orbits: T8 = ﬂcf , k= oinmax_ ,  e= Tmax ™ Fmin.
7/ rmin +7 max n max + rmin
i b ; ..
Unbounded orbits: scattering 0=mr—-20 with tanox=—, impact p = Semil-minor p o
angle g parameter axis
dA sinfdOd d b |db ; dN
*XSec: dQ=—= AU L PR Saterin e Lumi: L=n,N,, === Lo
rt |d6,do, dQ  sin6|de angle dt

+ Earth Specs: R, =6.4 x 105m, GM, = gR., g=10m/s2
e Earth Orbit: ro=a=1AU.=15x10"'m, v, =3x10*m/s

e Atomic Data: 1 amu = mass of 1 nucleon (proton or neutron) = 1.66 x 10-27 kg = (5/3) x 1024 g
Gas at STP has Nayog = 6.02 x 1023 molecules in 22 4 liters; 1 barn = 10-22 m? = 10-24 cm?

Inertia Tensor V42 —xy -z Rotations: v =Rv, I =RIR™, passive rot» :
= . 2 2 —
_ e 1= Idm g ¥z from S frame {x,y,2} B e Gr G
I,=|dm (6;r" —rr,) 4y DI R e e, e,
to $* frame {¢,,e,,e,} ey e} e}
Principal Axes : Ie= e I=1,+T > ~ S
) Free symmetric top : precession of @ is
7(B) _ 1(B) 7 . R . R -
L” =1""@® V body-fixed point B T = 5(0 | (0] O = [(13/11)_ 1:|0)3e3 body, Q=L/I, lab
I simplifies for lamina, reflection @, ,=&,, +®,, L,@,é, coplanar, 2
symmetry, n-fold axisymmetry O=-Q +Q
Euler Equations Euler Angles
T=L=@dxL+L O=9z+08&+ye, ; Z=cosfe,—sinOe
within body . . <., . i R
1, =10+, - L)oo, © (—([)sm@el + Oez)+(1// + gi)cos@)e3
— 2
General dr? 2 dr? o M=GM, Ic
Relativi 5 =dt (1—2M/r)—m—r d¢ =t
elativity  —do r Ly, =—mc>dt | dt &



