
Useful Formulas

Quantum Mechanics Fundamentals

• Canonical Commutation Relations: [x̂, p̂] = i~

• Position-basis representations: x̂f(x) = xf(x), p̂f(x) = −i~ dfdx
• Schrödinger Equation: i~ ∂

∂t |ψ〉 = Ĥ |ψ〉

• Euler’s formula: eix = cosx+ i sinx

• Fine structure constant α = e2

4πε0~c

Perturbation Theory

Time-independent perturbation theory

Ĥ = Ĥ0 + λĤ ′

|ψn〉 =
∣∣∣ψ(0)
n

〉
+ λ

∣∣∣ψ(1)
n

〉
+ . . . ,

En = E(0)
n + λE(1)

n + λ2E(2)
n + . . .

Non-degenerate case

E(1)
n =

〈
ψ(0)
n

∣∣∣ Ĥ ′
∣∣∣ψ(0)
n

〉
,
∣∣∣ψ(1)
n

〉
= −

∑

m6=n

∣∣∣ψ(0)
m

〉
〈
ψ
(0)
m

∣∣∣ Ĥ ′
∣∣∣ψ(0)
n

〉

E
(0)
m − E(0)

n

, E(2)
n = −

∑

m6=n

∣∣∣
〈
ψ
(0)
m

∣∣∣ Ĥ ′
∣∣∣ψ(0)
n

〉∣∣∣
2

E
(0)
m − E(0)

n

Degenerate case

Let
∣∣∣ψ(0)
ni

〉
, i = 1, 2, . . . d be the eigenstates of Ĥ0 that span the degenerate subspace. Find

∣∣∣ψ(0),good
nj

〉
, j =

1, 2, . . . d, the eigenvectors of Ĥ ′ restricted to the degenerate subspace. Then E
(1)
nj =

〈
ψ
(0),good
nj

∣∣∣ Ĥ ′
∣∣∣ψ(0),good
ni

〉
.

Heisenberg and Schrödinger Pictures

• For time-independent Hamiltonians, Û(t) = e−iĤt/~

• Schrödinger picture: |ψ(t)〉 = Û(t) |ψ(0)〉

• Heisenberg picture: ÔH(t) = Û†(t)ÔH(0)Û(t)

• Heisenberg equations of motion: ∂ÔH

∂t = i
~

[
Ĥ, ÔH(t)

]
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Simple Harmonic Oscillator

Ĥ =
p̂2

2m
+

1

2
mω2x̂2 = ~ω(â†â+

1

2
),

â =
1√

2~mω
(mωx̂+ ip̂) ,

â† =
1√

2~mω
(mωx̂− ip̂) ,

|n〉 =
(â†)n√
n!
|0〉 ,

â |n〉 =
√
n |n− 1〉 ,

â† |n〉 =
√
n+ 1 |n+ 1〉

Pauli Matrices

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)

Variational Principle

Let E0 be the ground state energy of H. Then

RH(|ψ〉) =
〈ψ|H |ψ〉
〈ψ|ψ〉 ≥ E0

for ANY |ψ〉.

Time-dependent Hamiltonians

H = H0 +H ′(t) with En, |ψn〉 energies and eigenstates of H0:

•

|ψ(t)〉 =
∑

n

cn(t)e−iEnt/~ |ψn〉

i~ċn =
∑

m

H ′nm(t)eiωnmtcm

H ′nm(t) = 〈ψn|H ′(t) |ψm〉 ,
~ωnm = En − Em

• If |ψ(t = 0)〉 = |ψn〉, then Pn→m(t) = | 〈ψm|ψ(t)〉 |2 = |cm(t)|2

• Time-dependent perturbation theory: If ca(t = 0) = 1, cm 6=a(t = 0) = 0, then

ca(t) ≈ 1− i

~

∫ t

0

dt′Haa(t′)

cm 6=a ≈ −
i

~

∫ t

0

dt′Hma(t′)eiωmat

• Fermi’s Golden Rule: Ra→b = 2π
~ |Vab|2δ(ω − ωba) where H ′ab(t) = Vabe

iωt
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• Adiabatic approximation: instantaneous eigenstates H(t) |ψn(t)〉 = En(t) |ψn(t)〉. If |Ψ(t = 0)〉 =
|ψn(0)〉 and if H(t) varies slowly, then

|Ψ(t)〉 = eiθneiγn |ψn(t)〉

θn = −1

~

∫ t

0

dt′En(t′)

γn = i

∫ t

0

dt′
〈
ψn(t′)

∣∣∣ψ̇n(t′)
〉

Angular Momentum

• Commutation relations: [Ji, Jj ] = i~
∑
k εijkJk, where i, j, k are all one of x, y, z

• Eigenstates: |jm〉, J2 |jm〉 = ~2j(j + 1) |jm〉 , Jz |jm〉 = ~m |jm〉. j is integer or half-integer and
m ∈ {−j,−j + 1, . . . , j − 1, j}.

• Adding two angular momenta ~J = ~J1 + ~J2:

J2 = J2
1 + J2

2 + 2 ~J1 · ~J2[
J2
1 , ~J1

]
=
[
J2
1 , ~J2

]
=
[
J2
2 , ~J1

]
=
[
J2
2 , ~J2

]
= 0

Complete set of commuting observables for total angular momentum: J2
1 , J

2
2 , J

2, Jz. Clebsch-Gordan
coefficients give

|j1j2jmj〉 =
∑

m1,m2

C
jmj

j1j2m1m2
|j1j2m1m2〉

C
jmj

j1j2m1m2
= 〈j1j2jmj |j1j2m1m2〉

Gaussian Integrals

∫ ∞

−∞
e−bx

2

=

√
π

b∫ ∞

−∞
x2ne−bx

2

= (−1)n
√
π
dn

dbn
b−1/2

∫ ∞

−∞
x2n+1e−bx

2

= 0
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44. Clebsch-Gordan coefficients 1

44. Clebsch-Gordan Coefficients, Spherical Harmonics, and d Functions

Note: A square-root sign is to be understood over every coefficient, e.g., for −8/15 read −
√

8/15.

Y 0
1 =

√
3

4π
cos θ

Y 1
1 = −

√
3

8π
sin θ eiφ

Y 0
2 =

√
5

4π

(3

2
cos2 θ − 1

2

)

Y 1
2 = −

√
15

8π
sin θ cos θ eiφ

Y 2
2 =

1

4

√
15

2π
sin2 θ e2iφ

Y −m
ℓ = (−1)mY m∗

ℓ ⟨j1j2m1m2|j1j2JM⟩
= (−1)J−j1−j2⟨j2j1m2m1|j2j1JM⟩d ℓ

m,0 =

√
4π

2ℓ + 1
Y m

ℓ e−imφ

d
j
m′,m = (−1)m−m′

d
j
m,m′ = d

j
−m,−m′ d 1
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2
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2
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√
6

4
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2
sin θ
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2
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2
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Figure 44.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).
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