
Old Quantum Theory (1900–1925)

 

E = hf = !ω
p = h / λ = !k

	        Quantization
      Rules :  E = nh ,  

 

pq ⋅dq = nqh
  one
period

!∫     Correspondence
      Principle : CM is recovered in the limit

of large quantum #s (n→∞)

Probability and some 3D Calculus
for a probability
distribution P(x) :   mean x = P(x) x dx

xmin

xmax∫ ,     variance σ x
2 ≡ x − x( )2 = x2 − x 2 ,       σ x ≡  standarddeviation

3D operators in   
Cartesian coord's

:       
!r = x x̂ + y ŷ + z ẑ             

 

!
∇ = x̂ ∂

∂x
+ ŷ ∂

∂y
+ ẑ ∂

∂z
                

 
∇2 ≡

!
∇⋅
!
∇ = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2

GGS Theorems :   
 

!
∇f ⋅d

!
l!a

!
b

∫ = f
!
b( )− f !a( )        

 

!
∇×
!
E( ) ⋅d !A =

!
E ⋅d
!
l

∂Surf"∫Surf∫       
 

!
∇⋅
!
E( )dV

Vol∫ =
!
E ⋅d
!
A

∂Vol"∫
Wave Mechanics 

Physical observables Q correspond to linear Hermitian operators Q̂ , which are defined by these properties :

	 1. Q *= Q       2. Ψ Q̂Ψ = Q̂Ψ Ψ        3. the eigenstates of Q̂  are complete over Hilbert space

Schrödinger
  Equation :  ĤΨ = ÊΨ        

 

Operators in 
3D !r -space :    

 
Ê = i! ∂

∂t
,        

 

!̂p = "
i
!
∇ ,            

!̂r = !r ,     
 
Ĥ = − !

2∇2

2m
+V ("r )

	 	 	 	   Operators in 
1D x-space :  

 
Ê = i! ∂

∂t
,         

 
p̂ = !

i
∂
∂x

,        x̂ = x ,     
 
Ĥ = − !

2

2m
∂2

∂x2
+V (x)

Plane-wave eigenfunctions of p̂, x̂  with Dirac normalization:     ψ p (x) = e
ipx/! / 2π! ,      ψ ′x (x) = δ (x − ′x )

Boundary
Conditions on
wavefunctions:

a.  Wavefunctions are always continuous.
b.  Wavefunctions have continuous derivatives, except at points where V = ±∞
          where 

 
lim
ε→0

′ψ (x + ε )− ′ψ (x − ε ) = 2m / !2( ) lim
ε→0

V (x)ψ (x)dx
x−ε

x+ε

∫
c.  Wavefunctions are zero in any region where V = ∞ .

 

Probability    
density ρ(!r ,t)

= Ψ(!r ,t) 2

= Ψ* Ψ    
       

 

Prob. current
density

!
j (!r ,t) = Re Ψ*

!̂p
m

Ψ
⎡

⎣
⎢

⎤

⎦
⎥        ContinuityEquation : 

 
− ∂ρ
∂t

=
!
∇⋅
!
j       

 
R,T =

!
jre,tr ⋅

!
A

!
jin ⋅
!
A

  

Expectation
Value

 Q  of observable  Q(
!r , !p)  :   

 
Q ≡ Ψ Q̂Ψ ≡ Ψ*

−∞

+∞

∫ Q̂ !r , – i"
!
∇( )Ψ d 3!r

        Ehrenfest'sTheorem  : Expectation values
follow classical laws.

   p
m

=
d x
dt

,    d p
dt

= − dV
dx

          Virial
Theorem :   2 T = x dV

dx

Wavefunction ψ(q) in eigenbasis eq = q  of any Hermitian operator Q̂ :    ψ (q) = eq ψ

→ Probability of obtaining eigenvalue q from measurement of Q̂  :  P(q) = ψ (q) 2 = eq ψ
2

→ wavefunction conversion
between x- and p-space :  

 
ψ (x) = 1

2π!
ei px/!φ(p) dp

−∞

+∞

∫  ⇔  
 
φ(p) = 1

2π!
e−i px/!ψ (x) dx

−∞

+∞

∫

→  Operators in 
1D p-space :   

 
Ê = i! ∂

∂t
,     p̂ = p ,     

 
x̂ = i! ∂

∂p
,     

 
Ĥ = p2

2m
+V i! ∂

∂p
⎛
⎝⎜

⎞
⎠⎟
	



Commutator :  Â, B̂⎡⎣ ⎤⎦ ≡ Â B̂ − B̂ Â 	 Theorem : Operators that commute share a common set of eigenfunctions.

Uncertainty
Principle :     σ Aσ B ≥ 1

2i
Â, B̂⎡⎣ ⎤⎦       e.g.  

 
σ xσ p ≥

!
2

        Time-dep. of
Expec. Value  : 

 

d Q̂
dt

= i
!

Ĥ , Q̂⎡⎣ ⎤⎦ + ∂Q̂
∂t

Axioms of Wave Mechanics
1.  The state of a particle is represented by a vector Ψ(t) in a Hilbert space. 

2.  The independent variables x and p of classical mechanics are represented by linear Hermitian operators x̂  
and p̂  with the following matrix elements in x-space (i.e., in the eigenbasis of x̂ ) :   x̂(x) = x   &  

 
p̂(x) = !

i
∂
∂x

.

The operators corresponding to dependent variables Q(x, p)  are the linear Hermitian operators Q̂(x̂, p̂) .

3.  If the particle is in a state ψ , measurement of the variable Q will yield one of its eigenvalues q with 
probability P(q) = qψ

2  where q  (often denoted eq )  is the normalized eigenstate with eigenvalue q.
The state of the system will change from ψ to q  as a result of the measurement.

4.  The state Ψ(t)  obeys the Schrödinger Equ. 
 
i! d
dt

Ψ(t) = Ĥ Ψ(t)  where Ĥ = H (x̂, p̂)  is the Hamiltonian. 

Miscellaneous Math

Gaussian probability distribution:    P(x; x0,σ ) =
1
2πσ

e− x−x0( )2/ 2σ 2 	 Sums: 1= µ +1
j=0

µ

∑ ,  j = µ +1( ) µ
2j=0

µ

∑

Dirac δ
function

 :   δ (x) = 1
2π

eiqx dq
−∞

+∞

∫    Defining
Properties  : 

1. δ (x) = 0  when x ≠ 0
2. δ (x) = ∞ when x = 0
3. δ (x)dx

−∞

+∞

∫ = 1
  OR  δ (x) f (x)dx

−∞

+∞

∫ = f (0)

Fourier
Integrals 	 f (x) = 1

2π
A(k)

–∞

+∞

∫ eikx dk   where  A(k) = 1
2π

f (x)e− ikx dx
−∞

+∞

∫

Sinusoidal
Integrals 	

sin2(aφ)
cos2(aφ)

dφ =
0

π

∫
π
2
− sin(2πa)

4a
      sin(nφ) sin(mφ)

cos(nφ)cos(mφ) dφ = δ nm0

π

∫      sin(nφ) cos(mφ)dφ = 0
0

π

∫

Exponential
Integrals 	 xn e−x dx

0

∞

∫ = Γ(n +1) = n!     xe−ax dx∫ = − e
−ax

a2
ax +1( )      x2 e−ax dx∫ = − e

−ax

a3
a2x2 + 2ax + 2( )

Gaussian
Integrals 	 e−ax

2−bx dx = π
a
e
b2
4a

−∞

+∞

∫      xe−ax
2−bx dx = − π b

2a3/2
e
b2
4a

−∞

+∞

∫    x2 e−ax
2−bx dx = π

4a5/2
2a + b2( )e

b2
4a

−∞

+∞

∫

Classical Mechanics security blanket  ☺︎ "

 L qi , !qi ,t( ) = T −U       Lagrange EOM: 
 
  ∂L
∂qi

= d
dt

∂L
∂ !qi

⎛
⎝⎜

⎞
⎠⎟

 H ≡ !qi (∂L / ∂ !qi )− L  equals T+U when  
!ra =
!ra (qi )

dH / dt = −∂L / ∂t

Common
Forces : Fgrav =

Gm1m2

r2
,  Felec =

q1q2
4πε0 r

2 ,  Fcf =
mv2

r

Generalized momentum 
 
pi ≡

∂L
∂ !qi

, force Qi ≡
∂L
∂qi

Hamilton’s EOM:   − ∂H
∂qi

= dpi
dt

,    ∂H
∂pi

= dqi
dt

Special Relativity:  E2 = (pc)2 + (mc2 )2

γ = 1
1− (v / c)2

, E = γ mc2 , p = γ mv ,  v = pc2

E



z !
r = r r̂

x

y

!

"
r

z

!
r = s ŝ+ z ẑ

x

y

!

s

z

Spherical Coordinates Line Element: 
 
d
!
l = dr !r̂ + r d! !!̂ + r sin! d" !"̂

x = r sin! cos"  x̂ = sin! cos" !r̂ + cos! cos" !!̂ # sin" !"̂

y = r sin! sin"  ŷ = sin! sin" !r̂ + cos! sin" !!̂ + cos" !"̂

z = r cos!  ẑ = cos! !r̂ " sin! !!̂  

r = x
2
+ y

2
+ z

2
r̂ = sin! cos" ! x̂ + sin! sin" ! ŷ + cos! ! ẑ

! = tan
"1
( x

2
+ y

2
/ z)  !̂ = cos! cos" ! x̂ + cos! sin" ! ŷ # sin! ! ẑ

! = tan
"1
(y / x)  !̂ = " sin! ! x̂ + cos! ! ŷ  

Gradient: 
!
!V =

"V

"r
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1

r

"V
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Divergence: 
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!
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r̂
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Acceleration: 
!
a = r̂ ""r ! r "" 2 ! r "# 2 sin2"$% &' + "̂ r""" + 2 "r "" ! r "# 2 sin" cos"$% &' + #̂ sin" (r""# + 2 "r "#) + cos" (2r "" "#)$% &'

Cylindrical Coordinates Line Element: d
!
l = ds! ŝ + sd! !!̂ + dz! ẑ !

x = scos! x̂ = cos! ! ŝ " sin! !!̂

y = ssin! ŷ = sin! ! ŝ + cos! !!̂

z = z ẑ = ẑ

s = x
2
+ y

2
ŝ = + cos! ! x̂ + sin! ! ŷ

! = tan
"1
(y / x) !̂ = " sin! ! x̂ + cos! ! ŷ

z = z ẑ = ẑ

Gradient:
!
!V =

"V

"s
ŝ +
1

s

"V

"#
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"V

"z
ẑ
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s

"
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s
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Acceleration:
!
a = ŝ ""s ! s "" 2#$ %& + "̂ s""" + 2 "s ""#$ %& + ẑ ""z[ ]

!s
!" !z

ŝ 0 !̂ 0

!̂ 0 ! ŝ 0

ẑ 0 0 0

!r  !
"

!"

r̂ 0 !̂ sin! "̂

!̂ 0 !r̂  cos! "̂

!̂ 0 0 
! sin" r̂

! cos""̂

Constants : mec
2 = 0.511 MeV       !c = 197 MeV ⋅ fm

≈ 200 MeV ⋅ fm 	 α ≡ e2

4πε0!c
= 1
137

a0 ≡
4π ε0 !

2

mee
2 = (!c)

α (mec
2 )

Angular Momentum L2 = −!2 1
sinθ

∂
∂θ

sinθ ∂
∂θ

⎛
⎝⎜

⎞
⎠⎟ +

1
sin2θ

∂2

∂φ 2
⎡

⎣
⎢

⎤

⎦
⎥

Lx = +i! sinφ ∂
∂θ

+ cosθ
sinθ

cosφ ∂
∂φ

⎛
⎝⎜

⎞
⎠⎟

,    
 
Ly = −i! cosφ ∂

∂θ
− cosθ
sinθ

sinφ ∂
∂φ

⎛
⎝⎜

⎞
⎠⎟

, Lz = −i! ∂
∂φ

Spin & Angular Momentum : L,l can be replaced by S,s! [L2,Lx,y,z ]= 0 ,
 
Lx ,Ly⎡⎣ ⎤⎦ = i!Lz , etc

 L
2 l m = !2l l +1( ) l m ,     Lz l m = !m lm ,    L± = Lx ± iLy ,     L± l m = ! l(l +1)−m(m ±1) l m ±1( )

Pauli Spin Matrices  Sx , Sy, Sz{ } = !2 σ x ,σ y,σ z{ } where  σ x ,σ y,σ z =
0 1
1 0

⎛
⎝⎜

⎞
⎠⎟
, 0 −i

i 0
⎛
⎝⎜

⎞
⎠⎟
, 1 0

0 −1
⎛
⎝⎜

⎞
⎠⎟

Spherical Harmonics  Y l
m (θ ,φ) ! ! ! ! H-like atom : radial wavefunctions Rnl (r)

Z e ≡  nuclear charge (Z=1 is hydrogen)

R10 = 2 Z
a0

⎛
⎝⎜

⎞
⎠⎟

3/2

exp − Zr
a0

⎛
⎝⎜

⎞
⎠⎟

R20 =
Z
2a0

⎛
⎝⎜

⎞
⎠⎟

3/2

2 − Zr
a0

⎛
⎝⎜

⎞
⎠⎟

exp − Zr
2a0

⎛
⎝⎜

⎞
⎠⎟

R21 =
1
3

Z
2a0

⎛
⎝⎜

⎞
⎠⎟

3/2
Zr
a0

⎛
⎝⎜

⎞
⎠⎟

exp − Zr
2a0

⎛
⎝⎜

⎞
⎠⎟

En = −
Zα( )2

2n2 mec
2( )



44. Clebsch-Gordan coefficients 1

44. Clebsch-Gordan Coefficients, Spherical Harmonics, and d Functions

Note: A square-root sign is to be understood over every coefficient, e.g., for −8/15 read −
√

8/15.

Y 0
1

=

√

3

4π
cos θ

Y 1
1

= −
√

3

8π
sin θ eiφ

Y 0
2

=

√

5

4π

(3

2
cos2 θ −

1

2

)

Y 1
2

= −
√

15

8π
sin θ cos θ eiφ

Y 2
2

=
1

4

√

15

2π
sin2 θ e2iφ

Y −m
ℓ = (−1)mY m∗

ℓ ⟨j1j2m1m2|j1j2JM⟩
= (−1)J−j1−j2⟨j2j1m2m1|j2j1JM⟩d ℓ

m,0 =

√

4π

2ℓ + 1
Y m

ℓ e−imφ

d j
m′,m = (−1)m−m′

d j
m,m′ = d j

−m,−m′ d 1
0,0 = cos θ d

1/2

1/2,1/2
= cos

θ

2

d
1/2

1/2,−1/2
= − sin

θ

2

d 1
1,1 =

1 + cos θ

2

d 1
1,0 = −

sin θ√
2

d 1
1,−1

=
1 − cos θ

2

d
3/2

3/2,3/2
=

1 + cos θ

2
cos

θ

2

d
3/2

3/2,1/2
= −

√
3
1 + cos θ

2
sin

θ

2

d
3/2

3/2,−1/2
=

√
3
1 − cos θ

2
cos

θ

2

d
3/2

3/2,−3/2
= −

1 − cos θ

2
sin

θ

2

d
3/2

1/2,1/2
=

3 cos θ − 1

2
cos

θ

2

d
3/2

1/2,−1/2
= −

3 cos θ + 1

2
sin

θ

2

d 2
2,2 =

(1 + cos θ

2

)2

d 2
2,1 = −

1 + cos θ

2
sin θ

d 2
2,0 =

√
6

4
sin2 θ

d 2
2,−1

= −
1 − cos θ

2
sin θ

d 2
2,−2

=
(1 − cos θ

2

)2

d 2
1,1 =

1 + cos θ

2
(2 cos θ − 1)

d 2
1,0 = −

√

3

2
sin θ cos θ

d 2
1,−1

=
1 − cos θ

2
(2 cos θ + 1) d 2

0,0 =
(3

2
cos2 θ −

1

2

)

Figure 44.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).



f (x) = f (n) (x0 )
n!

(x − x0 )
n

n=0

∞

∑

• (1+ x)n ≈ 1+ nx

• sin x ≈ x

• cos x ≈ 1− x2

2

• ex ≈ 1+ x • ln(1+ x) ≈ x

• tan x ≈ x

• sin−1 x ≈ x

• tan−1 x ≈ x

• cos−1 x ≈ π
2
− x

Integral Table

sin2φ dφ
0

2π

∫ = cos2φ dφ
0

2π

∫ = π

eiθ = cosθ + i sinθ

im
ag

 

x 
� 

 z = x + iy = re
iθ

r 

real 

y 

 z* ≡ x − iy = re
− iθ

 | z | ≡ z * z = r

cosnθ  sinθ  dθ = −
cosn+1θ
n +1∫

dx
a2 + x2

=
1
a
tan−1 x

a
⎛
⎝⎜

⎞
⎠⎟∫

dx
x2 ± a2

= ln x + x2 ± a2( )∫

dx
(a2 ± x2 )3/2

=
x

a2 a2 ± x2∫

 

x dx
a2 ± x2( )3/2

= 
1

a2 ± x2∫

x dx
a2 ± x2

= ± a2 ± x2∫

x dx
a2 ± x2

= ±
1
2
ln a2 ± x2( )∫

(x − acosθ) sinθ  dθ
(x2 + a2 − 2ax cosθ)3/2

=
1
x2

a − x cosθ
x2 + a2 − 2ax cosθ∫

dx
a2 − x2

= sin−1 x
a

⎛
⎝⎜

⎞
⎠⎟∫

a2 − x2 dx =
x
2

a2 − x2 +
a2

2
tan−1 x

a2 − x2
⎛
⎝⎜

⎞
⎠⎟∫

x2 ± a2 dx =
x
2

x2 ± a2 ±
a2

2
ln x + x2 ± a2∫

 

v = (v ⋅ r̂i ) r̂i
i=1

3

∑

df (x1,..., xn ) =
∂f
∂xi
 dxi

i=1

n

∑

 
d

lpath =

d

l
du
 du

 
cos

θ
2

⎛
⎝⎜

⎞
⎠⎟
=

1+ cosθ
2  

sin
θ
2

⎛
⎝⎜

⎞
⎠⎟
=

1− cosθ
2

x2

a2 − x2
dx = −

x
2

a2 − x2 +
a2

2
tan−1 x

a2 − x2
⎛
⎝⎜

⎞
⎠⎟∫

 
d

A =

∂

l

∂u
×
∂

l
∂v

⎛
⎝⎜

⎞
⎠⎟
dudv

 
dV =

∂

l

∂u
×
∂

l
∂v

⎛
⎝⎜

⎞
⎠⎟
⋅
∂

l

∂w
dudvdw

x dx
(a ± x)2

= a
a ± x

+ ln a ± x( )∫

 

dx
(a ± x)2

 =  1
a ± x∫

Taylor

cosa cosb = 1
2 cos(a + b) + cos(a − b)[ ]

0° 30° 45° 60° 90° 

sin 0 1 

cos 1 0 

tan 0 1 

1
2

3
2

1
2

1
2

1
2

3
2

3
1
3

∞

sin(a + b) = sina cosb + cosa sinb
cos(a + b) = cosa cosb − sina sinb

Complex Numbers

sina sinb = 1
2 cos(a − b) − cos(a + b)[ ]

1st order approx for           :   x 1

Conceptual 
version: 

 
d

lu ≡

∂

l

∂u
du

 d

lpath = d


lu

 d

A = d


lu × d


lv

 dV = (d

lu × d


lv ) ⋅d


lw

 
v ≡ v ⋅ v

cos3θ dθ∫ = sinθ −
sin3θ
3

sin3θ dθ∫ =
cos3θ
3

− cosθ
dx

a2 − x2
=
1
2a
ln a + x

a − x
⎛
⎝⎜

⎞
⎠⎟∫

ln(ax)
x

 dx = 1
2
ln(ax)[ ]2∫

sin2φ dφ∫ =
φ
2
−
sin(2φ)
4

cos2φ dφ∫ =
φ
2
+
sin(2φ)
4

ln(ax) dx = x ln(ax) − x∫

sina cosb = 1
2 sin(a + b) + sin(a − b)[ ]

dx
x x2 − a2

=
1
a
cos−1 a

x
⎛
⎝⎜

⎞
⎠⎟∫




