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Statistical Laws governing Radioactive Decay

Part 1: From Binomial Distribution to Poisson Distribution
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Consider the radioactive disintegration process in a sample, it follows the following 
four conditions:

F It consists of N trials.

F Each trial has a binary outcome: success or failure (decay or not).

F The probability of success (decay) is a constant from trial to trial – all atoms 
have an equal probability p of decay.

F The trials are independent.

In statistics, these four conditions characterize a Bernoulli process. 
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Given, p, N and t, what is the probability of observing n disintegrations within a 
time t?

F The number of ways to chose n atoms from a total of N atoms in the sample is

F So the probability of the n atoms chosen decayed during the time span t is 

F The above equation describes the so-called Binomial distribution.

F What are the mean and standard deviation of a Binomial distribution?
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For a binomial distribution, the mean or the expectation of the number of 
disintegrations in time t is given by 

The fluctuation in the number of disintegrations is given by the variance or the 
standard deviation of the number of disintegrations in time t is given by 
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The	decay	constant	for	42K	is	𝜆 = 0.0559ℎ!" = 1.55×10!#𝑠!"
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For a binomial distribution, the mean or the expectation of the number of 
disintegration in time t is given by 

and the fluctuation on the number of disintegrations is given by the variance or the 
standard deviation of the 
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the probability that an atom would survive a unit period of time

the probability that an atom would decay within a unit period of time
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Radioactive Disintegration – Bernoulli Process
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Consider the radioactive disintegration process in a sample, it follows the following 
four conditions:

F It consists of N trials.

F Each trial has a binary outcome: success or failure (decay or not).

F The probability of success (decay) is a constant from trial to trial – all atoms 
have equal probability to decay.

F The trials are independent.

In statistics, these four conditions characterize a Bernoulli process. 

What happens if 𝑁 >> 𝑛	 𝑎𝑛𝑑	 𝑝 → 0 ?
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Poisson Process
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The counting statistics related to nuclear decay processes is often more 
conveniently described  by the Poisson distribution, is related to situations that 
involves a collection of multiple trials that satisfy the following conditions:

1. The number of trials, N, is very large, 
e.g. , N>>1.

2. Each trial is independent.

3. The probability that each single trial 
is successful is a constant and 
approaching zero, p<<1. So, the 
number of successful trials fluctuates 
around a finite number.   

( ) µµµ −= !
"

"#
"

!
"

Standard  deviation :  

σ = µ = Np

Mean of n: 
µ(n) = µ = N ⋅ p

From the previous derivation, when N>>1, 
p<<1, a Binomial distribution can be 
approximated as 
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Statistical Laws governing Radioactive Decay

Part II: An Example of Using Counting Statistics to Extract Critical 
Information regarding the Activity of a Radioactive Source 
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2. Detection efficiency: 𝜆	=55%.

1. The detector covers 1% solid angle.

3. The measurement takes t = 1 s.

4. N particles reached the detector.

5. Detected k=0 count.
mean 𝑁 = 𝑚

Registered k 
counts

Det.N particles 
reached the 

detector

Source

Binomial Distribution and Poisson Distribution

An example: Consider the following particle counting experiment.

What do we learn from this experiment?
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Binomial Distribution and Poisson Distribution
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Suppose there are, on average, m particles reaching the detector during the given time t. The 
probability P(N|m) of having N particles reach the detector during the experiment would be 
given by the

Poisson distribution: 𝑃 𝑁|𝑚 = !!

"!
𝑒$!.

Once the N particles reached the detector, the number of particles detected would follow …

𝑃 |𝑘 𝑁 = 𝑁
𝑘 𝜆%(1 − 𝜆)"$%.

mean 𝑁 = 𝑚

Registered k counts on 
during the measurement 

Detector:
Covering 10% of solid angle

Efficiency: 𝜆	=55%

Suppose N particles 
actually reached the 

detector

Source

the Binomial distribution, so that the probability of detecting k particles is 

2. Detection efficiency: 𝜆	=55%.

1. The detector covers 1% solid angle.

3. The measurement takes t = 1 s.

4. N particles reached the detector.

5. Detected k=0 count.
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Poisson Distribution – An example
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Therefore, given the mean (average) number of particles reaching the detection during a 
period of t is m, the total probability of detecting k counts is

If we would like to ensure 90% chance of detecting at least 1 particle, then we could let

1 − 𝑃 𝑘 = 0 = 1 − e!"# = 0.9,

the average (mean) number of particles reaching the detector during the measurement 
should be

𝑚 = 4.18.

𝑃 𝑘 = .
"&%

'

𝑃 𝑘|𝑁 𝑃 |𝑁 𝑚

=-
$%&

' $!
$!& !&!

𝜆& 1 − 𝜆 $!& ⋅ "
!

$!
e!"

= "# "

&!
e!("#)

𝜆 = 𝟎. 𝟓𝟓: detector efficiency
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Finally, we can conclude that:

Because we did not detect any count during the 1-second measurement, we have 90% 

confidence to claim that the source strength (average number of particles emitted per second) is

𝐴 ≤
4.18

1% ⋅ 1	𝑠
= 418 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠	𝑝𝑒𝑟	𝑠𝑒𝑐 = 418	𝐵𝑞

mean 𝑁 = 𝑚

Registered k counts on 
during the measurement 

Detector:
Covering 10% of solid angle

Efficiency: 𝜆	=55%

Suppose N particles 
actually reached the 

detector

Source

2. Detection efficiency: 𝜆	=55%.

1. The detector covers 1% solid angle.

3. The measurement takes t = 1 s.

4. N particles reached the detector.

5. Detected k=0 count.
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The probability of observing n successful trails 
out of a total of N  independent trails:

Pn =
N
n
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Binomial distribution

Standard  deviation:

Std(n) ≡ n−µ( )2
⋅Pn

n=0

N

∑ = Npq

( ) µµµ −= !
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Standard  deviation :  

σ = µ = Np

Mean of n: 
µ(n) = µ = N ⋅ p

Poisson distribution when 
N>>1, p<<1
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Statistical Laws governing Radioactive Decay

Part III: Application of the Gaussian Distribution in Counting Statistics
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The probability of observing n successful trails 
out of a total of N  independent trails:

Pn =
N
n
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Binomial distribution

Standard  deviation:

Std(n) ≡ n−µ( )2
⋅Pn

n=0

N

∑ = Npq
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Standard  deviation :  

σ = µ = Np

Mean of n: 
µ(n) = µ = N ⋅ p

Poisson distribution when 
N>>1, p<<1

Gaussian distribution, If N is further increased, and p is further decreased
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The Gaussian (Normal) Distribution
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As p (the prob. of an atom decay within t) is getting even smaller and N is getting 
larger, both Binomial and Poisson distributions are approaching an extremely 
useful form of distribution – the Gaussian distribution.

Gaussian distribution is defined for a continuous variable x

but it is very useful for describing the counting fluctuation on discrete numbers.
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Comparing Binomial and Poisson Distributions
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Comparing Binomial and Gaussian (Normal) Distributions
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Binomial and Poisson distributions practically match the normal distribution when 
µ >=30.
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The Gaussian (Normal) Distribution
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For a variable, x, following the normal distribution, the probability that it takes a 
value between x and x is equal to the area under under the curve p(x) between 
these two values:

Many common manipulations when carried out on counting data that were 
originally Gaussian distributed will produce derived values that also follow 
Gaussian shape:

FMultiplying or dividing the data by a constant,

FCombining two Gaussian-distributed variables through addition, subtraction, or 
multiplication or, 

FCalculating the average of a series of independent measurements. 
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The Gaussian (Normal) Distribution
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Turner, pp. 316-317.

𝜎=28.5
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Error Propagation

Part I: The Quadratic Error Propagation Equation and Its Limitations
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Two ways to express the error associated with a given measurement:

Probable error: 

FThe symmetric range about the mean, within which there is 50% chance that a 
measurement will fall. 

FThe width of the range depends on the distribution of the variable. For example, 
for Gaussian distributed error, the probable error is ±0.675 s.

Fractional standard deviation: 

FThe ratio of the standard deviation and the mean of the distribution of the 
random variable. 

FFor Poisson distributed random variable, the fractional standard deviation is 
simply 
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Error Propagation
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In some situations, the variable of interest (Q) is not measured directly but derived 
as a function of more than one independent random variable whose values are 
directly measured. The error on the measured values is propagated into the 
uncertainty on the resultant quantity Q.  

Suppose a quantity Q(x,y) that depends on two independent random variables x 
and y. 

The sample mean and variance of variables x and y are derived as sx and sy, by 
repeating measurements. 

The standard deviation of the indirect quantity Q is approximately given by 
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Error and Error Propagation
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A Taylor series of a real function of a single variable, f(x), around a point x0 is given by  

A Taylor series of a real function of two variables, f(x,y), is given by 
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By	de4inition, the	mean	of	Q	is	

@𝑄 =
1
𝑁
.
(&)

"

𝑄( =
1
𝑁
.
(&)

"

𝑄 𝑥( , 𝑦(

and	the	variance	of	Q	is	

𝜎* 𝑄 =
1
𝑁
.
(&)

"

𝑄( − @𝑄 *
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@𝑄 ≡
1
𝑁
.
(&(

"

𝑄( =
1
𝑁
.
(&)

"

𝑄 𝑥( , 𝑦(

	 ≅ )
"
∑𝒊&𝟏𝑵 𝑄 𝑥̅, @𝑦 + M./

.0 0̅, 34
𝑥( − 𝑥̅ + M./

.4 0̅, 34
𝑦( − @𝑦  = 𝑄 𝑥̅, @𝑦 ,    E.36
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Error and Error Propagation
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Assumptions ??
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Error Propagation Formula
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The error propagation formula is exact only when 

•   the two variables, x and y, are independent to each other,

•   and when Q(x,y) could be approximated as a linear function of both x 
and y. 

𝜎#$ ≅%
%

&
𝜕𝑄
𝜕𝑥% &#

$

𝜎&"
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Error Propagation

𝜎#$ ≅%
%

𝜕𝑄
𝜕𝑥%

$
𝜎&"

$ ,

or

𝜎# 	≅ %
%

𝜕𝑄
𝜕𝑥%

$
𝜎&"

$ .

36

Case 1: Sums or differences of counts – u is the sum or difference of two random 
numbers representing counts measured in two independent experiments. 

Example: estimating the net counts from a sample.
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Error Propagation
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Case 2: Multiplication or division by a constant 

Example: estimating the count rate, 

Assuming that the error in the measuring time is negligible, we get
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Case 3: Multiplication or division of counts 

Using the equation 

One gets

𝜎NO =
PN
PQ

O
𝜎QO +

PN
PR

O
𝜎RO = 𝑦O ⋅ 𝜎QO + 𝑥O ⋅ 𝜎RO .

Therefore,
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Error Propagation

Part II: Error on the measured net count rate
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Error Propagation in Net Count Rate Measurement
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Turner, pp. 324.

Assuming no error on t

where	 𝜎'($ ≡ 𝜎$ 𝑟' , 	 𝜎)$ ≡ 𝜎$ 𝑛) , 	 𝜎*$ ≡ 𝜎$ 𝑛* ,

and      𝜎)($ = 𝜎$
'$
+$

=
,$#

+$#
, 	 𝜎*($ = 𝜎$ '%

+%
= ,%

#

+%
# .
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Error Propagation in Net Count Rate Measurement
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Turner, pp. 324.
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Solution:
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Solution:
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Error Propagation in Net Count Rate Measurement

The chance of the measured net count rate to fall 
within +-5% of its true value is therefore 95%.

If we assume that the measured net count rate of 114 cpm is close enough to the true net count rate, 
then to ensure there is 95% chance that the measured net count rate would fall within +-5% of its true 
value, we need

114 𝑐𝑝𝑚 ×5% = 1.96×𝜎'(.

Remember that 

then

5.71 𝑐𝑝𝑚 = 1.96 ⋅
𝑟)
𝑡)
+
𝑟*
𝑡*
= 1.96

𝑟* + 114 𝑐𝑝𝑚
𝑡𝒈

+
𝑟*
𝑡*
	 , 𝒔𝒐	 𝑡) = 17.5	(𝑚𝑖𝑛)

measured net count rate: 114 cpm
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Error Propagation

Part III: Optimization of experimental design and data processing
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Error Propagation
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Case 5: Combination of independent measurements with unequal errors

If N independent measurements of the same quantity have been carried out and 
not all the measurements have the same precision, what is the best way to 
estimate the best estimate of the mean value of the quantity to be measured?

The best estimate of the quantity, <x>, can be achieved by the weighted average 

How to assign the weighting factors ai’s ?



NPRE 441, Principles of Radiation Protection, Spring 2024

Chapter 3: Counting Statistics

Error Propagation

𝜎#$ ≅%
%

𝜕𝑄
𝜕𝑥%

$
𝜎&"

$ .

49

Knoll, p. 91.
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𝛼 ≡%
%./

0

𝑎%
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Error Propagation
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Error Propagation
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S
TCD
E 	~	creditability of the measurement 𝑥%.

𝑎U = *S
VFG
E ∑UWSX S

VFG
E 	~	relative creditability of the measurement 𝑥%.
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Error Propagation
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Case 5: Combination of independent measurements with unequal errors 
(continued)

The proper choice for the normalized weighting factors for xi is 

And the error (variance) on the weighted average is

𝜎 ,
- = @

.%/

$
1
𝜎,1
-

!/
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Case 6: Measuring the net count rate from a long-lived radioisotope.

If the total measurement T=TS+B+TB is fixed, how to minimize the statistical error on 
the measured net count rate?
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Optimization of Counting Experiments
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N1: measured counts during the 
source+background measurement. 

N2: measured counts during the background-only 
measurement. 

S:   measured count-rate during the 
source+background measurement.

B:   measured count-rate during the background -
only measurement.
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False Positive  Rate and Minimum Significant Net Count Rate – An 
Example

59

Turner, pp. 315-316
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Limits of Detectability

Part I: Detection limit, false-positive error, and false-negative error
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Limits of Detectability
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For a counting system, it is useful to set a detection limit. That is  the amount of activity 
can be detected reliably.

The basic procedure could be 

(1) Setting a certain confidence level – the probability that a decision (on whether or not 
a source is present) is correct.

(2) Define a quantity based on which the decision can be made. In the source counting 
case, it is the net count per unit time

(3) Finding a critical level, Lc. If ns exceeds Lc, we assume source activity is present, 
otherwise we assume that the source does not contain activity.
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False Positive and False Negative Errors

64

Due to the statistical fluctuation on the counts measured within a given time t, 
there will be  

(1) many instances in which a positive nS is above the critical level even for samples 
with no activity, which leads to the false positive.

(2) and similarly, measured counts is lower than the critical level even when the 
source contains non-zero activity, which leads to the false negative.
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Type I error (false positive)  and Type II error (false negative)  are two types of 
errors that carry different implications. 

False positive  ßà minimum significant measured activity

False negative ßà minimum detectable true activity
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Limits of Detectability

Part II: False Positive Error and Minimum Significant Net Count Rate
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False Positive  Rate and Minimum Significant Net Count Rate – An 
Example

Turner, pp. 315-316
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False Positive  Rate and Minimum Significant Net Count Rate – An 
Example

Turner, pp. 315-316
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Minimum Significant Net Count Rate
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Minimum significant measured net count rate (r1) – the minimum measured net 
count rate that enables one to confirm the presence of activity while ensuring the 
probability of making a false positive error to be less than a given threshold a. 

To derive the minimum significant measured net count rate (r1), we write
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To derive the minimum significant measured net count rate (r1), we write

Solving for r1, we get the minimum significant measured net count rate (r1) as



In many instances, we have !"# <<!"#α
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When the gross and background only counting times are equal (t), we can derive 
the minimum significant count difference, D1 as

The minimum difference in the counts measured in both measurements (gross and 
background) that ensures the probability of having Type I error to be smaller than 
the threshold a. 

Then
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Often, the background can be measured accurately. The expected number of 
background counts B in time t is known. 

In such case, if there is no source activity, the standard deviation of the net count is 
equal to sqrt(B). It follows that the minimum significant net count difference is  

The minimum significant net count difference is lowered by a factor of 1.414 when 
the background is well known.

!"# <<!"#α
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Consider that the measurements were done with a detector of efficiency e, 
then the minimum significant measured activity is

If the measured net activity A>AI, we state that the source contains 
activity, with the probability of false positive is < a.
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