
Dislocations and plastic deformation 1

Peach-Kohler force Orowan equation

applied stress plastic strain

force on dislocations dislocation motion

dislocation mobility 
Peierls stress 

dislocation/obstacle interaction



Plastic response 2

• Stress-strain test 
• Necking, work-hardening, true stress/strain 
• Multiaxial loading 
• Crystal model of slip



• Uniaxial tension test: 
• Stress: what we do to the material 
• Strain: how the material responds 

• Quantify: 
• Initial gauge length L0 and area A0; instantaneous length L and area A

Stress-strain diagram 3
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• Engineering vs. true quantities 
• Engineering: loads and deformation from initial geometry 
• True: what the material experiences (stress), accumulated/additive 

dimension change (strain: 10% true + 10% true = 20% true) 
• Yield strength: highest stress that the material can withstand without 

undergoing significant plastic (irreversible) deformation 
• May be defined by a yield point (rapid drop in stress at yield) 
• May be defined as 0.2% offset (stress to get 0.2% plastic strain) 

• Ultimate strength: is the maximum value of stress (engineering stress) 
that the material can withstand 

• Fracture stress: the value of stress at fracture 
• Stiffness: ratio of stress to strain, primarily of interest in the elastic 

region. (elastic moduli) 
• Ductility: Materials that undergo large strain before fracture are classified 

as ductile materials. Necks before failure 
• Percent elongation: 100(Lf−L0)/L0 
• Percent reduction in area: 100(A0−Af)/A0

4Stress-strain diagram: features



� Rupture occurs along a 
cone-shaped surface that 
forms an angle of 
approximately 45° with the 
original surface of the 
specimen (“cup-cone” 
shape) 

� Shear is primarily 
responsible for failure in 
ductile materials 

� Axial loading: maximum 
shear stress occurs at 45o 

Necking Rupture

5Stress-strain diagram: ductile materials



Strain hardening 6



Yield point and Lüders band 7



From uniaxial to multiaxial stress
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Rankine: maximum principal stress > YS

Tresca: maximum shear stress > YS/2

von Mises: maximum distortion energy > yield
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Biaxial stress: yield surface
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10Basic theory of plastic deformation: slip

single crystal 
hcp Zn

• Plastic deformation involves flow (no volume change) due to shear 
• Suggests slip of crystal planes past each other.



11Basic theory of plastic deformation: slip
• Plastic deformation involves flow (no volume change) due to shear 
• Suggests slip of crystal planes past each other.
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12Basic theory of plastic deformation: slip
• Plastic deformation involves flow (no volume change) due to shear 
• Suggests slip of crystal planes past each other.
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30
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Litany of problems: 
Typical metals shear strength ~ 10−4 G 
Pure metal shear strength ~ 10−6 G for fcc 
No explanation of temperature or strain-rate effects 
No explanation for work hardening 
No explanation for alloying effects 
No differentiation between brittle and ductile

Describes one system: 
Metal whiskers have strengths ~ 1% G



Plastic response to Dislocations 13

• Stress-strain test 
• Necking, work-hardening, true stress/strain 
• Multiaxial loading 
• Crystal model of slip 

• Topological defects 
• Screw, edge, mixed



Volterra tubes 14



Dislocation plastic deformation
shear stress

shear stress slip by one 
Burgers vector

15



Dislocation plastic deformation 16



Edge dislocation
“extra” half-plane of atoms

Burgers vector
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Edge dislocation: Burgers circuit
“extra” half-plane of atoms

failure to close =  
Burgers vector

18



Screw dislocation 19



Dislocation motion: Slip steps

edge

screw

same stress, 
same Burgers vector, 
different dislocation type, 
same slip

20



• Where the “Volterra cut” ends = dislocation line (not required to be 
straight!) 
• Dislocation line cannot end in the crystal: must loop, or end at a surface 

or interface 
• Displacement after the cut = Burgers vector (a lattice vector, to not 

create planar defects (stacking fault) 
• A conserved quantity, like the “charge” of a dislocation 

• Note: line direction (t) and Burger vector (b) are paired by the circuit 

• Edge dislocation: b perpendicular to line direction (t) 
• Screw dislocation: b parallel to line direction (t) 
• Mixed dislocation: b neither perpendicular or parallel to line direction (t)

Dislocation line and Burgers vector 21

node
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Fundamentals of Materials Science and Engineering 
William Callister and David Rethwisch (3rd ed.)

22Dislocation line and Burgers vector



Dislocation loop 23



Dislocation loop 24



Dislocations types to behavior 25

• Topological defects 
• Screw, edge, mixed 

• Dislocation motion 
• Peach-Kohler force 
• Stress field of a dislocation 
• Energy of a dislocation



• Stress to move a dislocation: “lattice friction stress” or “Peierls stress” 

• Dislocation density: 
• # of dislocations per area 
• typically ~1010−1014 m−2 

• mean dislocation distance ~ ρ−1/2

Dislocation properties 26
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• Dislocation line: separates “slipped” from “unslipped” parts of crystal 
• Displacement of top and bottom half; slip plane divides top and bottom 
• Slip: bottom displaced by b relative to top 
• Both line direction t and Burgers vector b in slip plane

Quantifying dislocation motion 27
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• Dislocation line: separates “slipped” from “unslipped” parts of crystal 
• Sweeping out area displaces top part of crystal 
• Force on top area times displacement = −work done on dislocation

Dislocation motion under stress 28
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• Force per length (“Peach-Kohler force”) 
• Always perpendicular to dislocation line 
• Force in slip plane: glide force 
• Force normal to slip plane: climb force (edge) or cross-slip (screw)

Dislocation motion under stress 29

b

n

v=b×n

t = v cos θ + b sin θ

θ

dF = (� · b) ⇥ dt

=

0
BBBBBB@

�vv �vb �vn
�vb �bb �bn
�vn �bn �nn

1
CCCCCCA ·
0
BBBBBB@

0

b
0

1
CCCCCCA ⇥
0
BBBBBB@

cos✓
sin✓

0

1
CCCCCCA dt

=

0
BBBBBB@

�bvb
�bbb
�bnb

1
CCCCCCA ⇥
0
BBBBBB@

cos✓
sin✓

0

1
CCCCCCA dt

=

��������

v b n
�bvb �bbb �bnb
cos✓ sin✓ 0

��������
dt

= �bnb(�v sin✓ + b cos✓)

+ �bvb sin✓n � �bbb cos✓n

glide force

cross-slip force

climb force



• Force per length (“Peach-Kohler force”) 
• Always perpendicular to dislocation line 
• Force in slip plane: glide force 
• Force normal to slip plane: climb force (edge) or cross-slip (screw)

Force on an edge and screw dislocation 30
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Edge dislocation: stress field 32
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Edge dislocation: stress field 34
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Edge dislocation: stress field 35
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Edge dislocation: stress field 37
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• Elastic energy per length: integrate elastic energy density

Dislocation energy per length 39
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• Stress from edge dislocation 1 gives force on edge dislocation 2

Dislocation/dislocation interaction 40
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Dislocation behavior to specific crystals 41

• Dislocation motion 
• Peach-Kohler force 
• Stress field of a dislocation 
• Energy of a dislocation 

• Dislocations in particular crystal structures: FCC, BCC, HCP, intermetallics 
• Kinks and dislocation mobility 
• Dislocation intersections and jogs



Slip systems: FCC, BCC, and HCP 42

Crystal structure Slip planes Slip directions Number of slip systems

Face-centered cubic {111} ⇥4 h11̄0i ⇥3 4 ⇥ 3 = 12

Body-centered cubic {110} ⇥6 h1̄11i ⇥2 6 ⇥ 2 = 12
{211} ⇥12 h1̄11i ⇥1⇤ 12 ⇥ 1 = 12
{321} ⇥24 h1̄11i ⇥1⇤ 24 ⇥ 1 = 24

Hexagonal-closed packed {0001}⇥1 h112̄0i⇥3 1 ⇥ 3 = 3
{101̄0}⇥3 h112̄0i⇥1 3 ⇥ 1 = 3
{101̄1}⇥6 h112̄0i⇥1 6 ⇥ 1 = 6

*sign of slip direction important

FCC: Al, Cu, Ni, Ag, Au ...

BCC: Fe, Nb, Mo, Ta, W ...

HCP: Zn, Cd, Mg, Ti, Zr ...



The Structure of Materials (Marc De Graef and Michael McHenry, som.web.cmu.edu)

FCC crystal structure 43

http://materials.cmu.edu/degraef/degraef.html
http://materials.cmu.edu/mchenry/web/McHenryHome.html
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(111) slip plane

a
2
[1̄01]

a
6
[2̄11]

a
6
[1̄1̄2]

FCC stacking fault



from Courtney, p. 119

FCC partial dislocations and stacking fault 45



http://www.tf.uni-kiel.de/matwis/amat/def_en/ version of figure from 
Seeger, “Dislocations and Mechanical Properties of Crystals,” p. 243 (1957).

(110) planes “alternate” with an “1-2” stacking (blue=1, yellow=2). 
perfect dislocation = new 1 and 2 planes;  

each partial puts in a 1 (first partial) or 2 (second partial) plane. 
N.B.: the ABC stacking is in each (110) plane—so every “1” plane has 

A, B, and C atoms, as does every “2” plane.

FCC partial dislocations and stacking fault 46
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FCC partial splitting: geometry 47
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FCC partial splitting: geometry 48
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49

SFE [mJ/m2] G [GPa] a [nm] dedge [nm]

Al 200 27 0.405

Cu 40 48 0.362

Cu-7%Al 4 48 0.38

0.441

3.13

34.5

“low” v. “high” stacking fault energy =  
large v. small splitting (relative to Burgers vector) 

small splitting = easier cross-slip for screw dislocation

Partial splitting: material dependence

dedge ⇡
Ga2

16⇡(SFE)
dscrew ⇡

Ga2

32⇡(SFE)



Differential displacement (arrows) and Nye tensor density (colors)
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Aluminum dislocation cores: screw and edge 50



Steve Roberts (Microplasticity)

Example reactions: 
AB->δB + Aδ  (111) plane 
AB->γB + Aγ  (11̅1̅) plane

|hkl> “points” in positive 
direction

Thompson tetrahedron and partials 51



The Structure of Materials (Marc De Graef and Michael McHenry, som.web.cmu.edu)

52BCC crystal structure

http://materials.cmu.edu/degraef/degraef.html
http://materials.cmu.edu/mchenry/web/McHenryHome.html


Trinkle and Woodward, Science 310, 1665 (2005)

53

bcc screw dislocation

[112]

[110]

bulk bcc
BCC [111] screw dislocation



54

• Below 15% of melting T, strongly temperature dependent 
• Often poor low-temperature ductility—related to high strength 
• Non-Schmid effects: tension/compression asymmetry 
• Controlled by [111] screw-character dislocations

0 0.15Tmelting T
0

~5x10-3
µ

yi
el

d 
str
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s

thermally activated
kink nucleation on
screw-character
dislocations

athermal slip
dislocation "bowing"

Classical theory (Hirsch) 
interpreted behavior as due to 
non-planar dislocation cores: 
dislocation moves by creating 
“kinks” to next lattice site

Nb-5at%Mo

[111]

BCC plastic deformation
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• Dislocation line from lattice site to site under applied stress 
• Large Peierls stresses requires dislocation move via kinks 
• Finite temperatures overcome enthalpy barriers for 

1. double-kink nucleation (both at and away from solutes) 
2. kink migration past solutes

Applied stress reduces enthalpy barriers for both processes

Energy

lattice spacing
τmaxapplied stress τ

Ebarrier

en
th
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py
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er
 ∆

H

energy scale

stress scale

Thermally-activated slip (including solutes)



LiF 
crystal

Fe-3.25%Si 
crystal

Dislocation velocity: thermal activation 56



picture from http://cst-www.nrl.navy.mil/lattice/

57

[11̅2̅0]

(0001) plane (11̅2̅0) plane

(10̅10) plane

HCP crystal structure



t bt
b

a basal screw a basal edge

c.f.: elasticity (34 mJ/m2) = 3.7b c.f.: elasticity (34 mJ/m2) = 7.3b

Yasi, Hector, and Trinkle, MSMSE 17, 055012 (2009)

Mg dislocation cores: a-type basal 58



Basal a-type screw dislocation Prismatic a-type screw dislocation

Basal and prismatic dislocation cores: Ti 59



The Structure of Materials (Marc De Graef and Michael McHenry, som.web.cmu.edu)

Ni Ni3Al

L12 (based on FCC) crystal structure 60

http://materials.cmu.edu/degraef/degraef.html
http://materials.cmu.edu/mchenry/web/McHenryHome.html


61L12 (111) stacking fault
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x

y

z

(010)−APB

a/2[101]

a/2[101]

(111)−APB

L12 Kear-Wilsdorf lock



Dislocation/dislocation interactions 63

• We’ve already encountered two: 
• Stress + Peach-Kohler force (long-range) interaction 
• Dislocation reaction: two dislocations combining into a third 

• Third type of dislocation/dislocation interaction: jogs 
• A dislocation passes through another dislocation, each leaves behind a 

“step” in the other dislocation corresponding to the Burgers vector. 
• If the step is in the slip plane, it is a kink (kinks are usually mobile) 
• If the step is out of the slip plane, it is a jog (jogs are immobile) 
• Jogs will usually pin a dislocation line to that point in space



64Edge / edge dislocation intersection



65Edge / screw dislocation intersection



66Screw / screw dislocation intersection



67Screw dislocation displacement (t=b=z)



68

J. Hornstra, Acta Met. 10, 987 (1962)

⇤j1 = ⇤b2

�
⇤t1·(⇤r1⇥⇤t2)

|⇤t1·(⇤r1⇥⇤t2)|

⇥
⇤j2 = ⇤b1

�
⇤t2·(⇤r2⇥⇤t1)

|⇤t2·(⇤r2⇥⇤t1)|

⇥

⇥b1 ⇥b2

⇥t1 ⇥t2

⇥r1 ⇥r2

⇥b1
⇥b2

⇥t1

⇥t2

Jog/kink formation after intersection



Dislocations in crystals to plasticity 69

• Dislocations in particular crystal structures: FCC, BCC, HCP, intermetallics 
• Kinks and dislocation mobility 
• Dislocation intersections and jogs 

• Relationship between dislocation motion and plasticity



• Force per length (“Peach-Kohler force”) 
• Always perpendicular to dislocation line 
• Force in slip plane: glide force 
• Force normal to slip plane: climb force (edge) or cross-slip (screw)

Dislocation motion under stress 70
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• Force per length (“Peach-Kohler force”) 
• Always perpendicular to dislocation line 
• Force in slip plane: glide force 
• Force normal to slip plane: climb force (edge) or cross-slip (screw)

Force on an edge and screw dislocation 71

b

n

v=b×n

t = v cos θ + b sin θ

θ

glide force

cross-slip force

climb force

dF = �bnb(�v sin✓ + b cos✓)

+ �bvb sin✓n � �bbb cos✓n
dF

edge

= �bnbb � �bbbn
dF

screw

= ��bnbv + �bvbn



Slip systems: FCC, BCC, and HCP 72

Crystal structure Slip planes Slip directions Number of slip systems

Face-centered cubic {111} ⇥4 h11̄0i ⇥3 4 ⇥ 3 = 12

Body-centered cubic {110} ⇥6 h1̄11i ⇥2 6 ⇥ 2 = 12
{211} ⇥12 h1̄11i ⇥1⇤ 12 ⇥ 1 = 12
{321} ⇥24 h1̄11i ⇥1⇤ 24 ⇥ 1 = 24

Hexagonal-closed packed {0001}⇥1 h112̄0i⇥3 1 ⇥ 3 = 3
{101̄0}⇥3 h112̄0i⇥1 3 ⇥ 1 = 3
{101̄1}⇥6 h112̄0i⇥1 6 ⇥ 1 = 6

*sign of slip direction important

FCC: Al, Cu, Ni, Ag, Au ...

BCC: Fe, Nb, Mo, Ta, W ...

HCP: Zn, Cd, Mg, Ti, Zr ...
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Dislocation motion 73

slip: �
i

= b

x

i

L

total slip: � =
N?X

i=1

�
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=
b

L

N?X

i=1

x

i

dislocation density

average dislocation displacement

shear strain: � ⇡ �
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=
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hL
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1
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N?X

i=1

x

i
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Two competing effects as plastic strain increases: 
 ρ⟂ increases → suggests softening (e.g., yield point) 
 v⟂ decreases→ suggests hardening (e.g., all others)



Dislocations and plastic deformation 74

Peach-Kohler force Orowan equation

applied stress plastic strain

force on dislocations dislocation motion

dislocation mobility 
Peierls stress 

dislocation/obstacle interaction



Orientation effects 75

• Resolved shear stress: computing σbn for a particular slip system.

⌧
RSS

=
(force resolved in slip direction)

(area of slip plane)

=
F cos�

A/ cos�
=

F
A

cos� cos�

�YS = m⌧CRSS

1

m
= cos� cos� =M  1

2

cos� = F̂ · n̂ = F · n
|F||n|

cos� = F̂ · b̂ = F · b
|F||b|

M = (F̂ · n̂)(F̂ · b̂) =
(F · n)(F · b)

|F|2 |n||b|



CRSS with temperature and strain rate

thermal 
+ 

athermal

thermalathermal
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CRSS with temperature and material

from Courtney, p. 144

alloying

ionic

fcc

bcc ceramic
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Plasticity to solute strengthening 78

• Relationship between dislocation motion and plasticity 

• Solute-dislocation interactions 
• Solid solution strengthening



Solutes and dislocations: How they do?

Solutes interact by changing matrix properties 

• different atomic size (elastic interaction) 

• different bond stiffness (modulus interaction) 

• different stacking fault energy (chemical interaction) 

• different charge (electrostatic interaction) 

• different short-range ordering preference 

• messing up long-range order (intermetallics)

All result in change in dislocation energy 
that is solute/dislocation position dependent.

~F = �rE

79



Strengthening via solid solutions

Smaller impurity atoms

Larger impurity atoms

•  Impurity atoms distort the lattice & generate stress. 
•  Stress can produce a barrier to dislocation motion.

80



Edge dislocation: Stress field
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maximum ΔEb = 99.2 meV. 
Fmax = ∂xΔEb = 12.3 meV/Å resistive force to glide past solute

Aluminum in magnesium edge dislocation 82

Yasi, Hector, Trinkle, Acta Mater. 58, 5704 (2010).



Aluminum in magnesium screw dislocation

Yasi, Hector, Trinkle, Acta Mater. 58, 5704 (2010).

maximum ΔEb = 59.6 meV. 
Fmax = ∂xΔEb = 11.4 meV/Å resistive force to glide past solute

Solute strengthening from both edge and screw dislocations

83



• Peach-Kohler force (τb) balances solute resistance (Fmax) when the 
dislocation becomes unpinned: τb = Fmax/L 

• Line tension (E) balances Fmax as it becomes unpinned:  
Fmax = 2E sin(θ) ≈ 2Eθ 

• Mean spacing of random solutes: 

• Solute strengthening scales as (Fmax)3/2 and c1/2 

• Fmax can be determined computationally, or with simple models.

R. L. Fleischer, The Strengthening of Metals, ed. D. Peckner (1964) 93-140

Dilute solute strengthening: Weak obstacles
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2

(3�2

)

1/4

E
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L =
4�3
4

�
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b c: solute conc. 
b: Burgers vector

Yasi, Hector, Trinkle, Acta Mater. 58, 5704 (2010).
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Strength vs. critical bowing angle

Courtney, fig 5.3
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��
CRSS(0001)

=
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0.30

�
Fscrew

max

�
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⇣
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max

⌘
3/2
�
· c1/2

Solute Exp Δτ/c1/2 Model Δτ/c1/2

Al 21.2 MPa 19.6 MPa

Zn 31.1 32.7

In 9.02 7.5

Cd 6.03 5.3

Li 11.2 14.4

Tl 8.25 10.8

Pb >14.0 40.1

Sn 24.3 17.1

Bi >25.0 60.6

1. Akhtar and Teghtsoonian (1969) 2. Akhtar and Teghtsoonian (1971) 
3. Scharf et al. (1968)  4. Yoshinaga and Horiuchi (1963) 
5. Levine et al. (1959)  6. Van der Planken and Deruyttere (1969)

Basal strengthening for Mg from first-principles

Yasi, Hector, Trinkle, 
Acta Mater. 58, 5704 (2010).

Completely first-principles design map for solute strengthening
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What if I don’t have a fancy supercomputer? 87

• Simple “classical” (empirical) models have been around for decades 
• Interaction with stress field approximated by “size” and “modulus” misfit 
• Size misfit: difference in atomic radii (or change in lattice constant) 
• Modulus misfit: difference in “stiffness” (change in elastic constant)
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�⌧CRSS ⇡ �Gc1/2 � ⇠ 1

spherical 
distortion:

tetragonal 
distortion:

R. L. Fleischer, The Strengthening of Metals, ed. D. Peckner (1964) 93-140



Interstitials (C, N, O) 
occupy octahedral 

sites on a BCC lattice

All sites are 
equivalent in an 

unstrained lattice

Strain along a [100] axis 
breaks symmetry and can 
drive interstitial diffusion

88Octahedral interstitial sites in BCC



What if I don’t have a fancy supercomputer? 89



Edge dislocation: Stress field
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Solute strengthening to work-hardening 91

• Solute-dislocation interactions 
• Solid solution strengthening 

• Dislocations as obstacles 
• Work-hardening stages



Work-hardening 92

• Dislocations as obstacles 
• Stress fields of dislocations (low density) 
• Jogs created by intersections with “forest” dislocations (high density) 

• Separation distance L ≈ ρ⟂
−1/2 

• Three stages of work-hardening: 
• Stage I: easy glide (θ ~ 10−4 G) 

• single slip system, weak dislocation interactions 
• Stage II: linear hardening (θ ~ G/300) 

• multiple slip, intersection from slip systems, jog formation 
• Stage III: exhaustion hardening (decreasing θ) 

• cross-slip to avoid obstacles, recovery mechanisms reduce ρ⟂ 
• formation of “cells” decreases elastic energy

⌧work-hardening

CRSS

= ⌧
0

+ ↵Gb
p
⇢?

↵ ⇡
8>><>>:

0.2 : fcc
0.4 : bcc
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Cu CRSS vs. dislocation density

adapted from H. Weidersich, J. Metals 16, 425 (1964)
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Cold-working microstructure
single x-tal Mo single x-tal Ni

Ti:
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Stage III: Single crystal Cu [100] load

from H. Mughrabi
cell dislocation wall
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Effect of (repeated) cold-working

repeated wire-drawing: 
raises yield stress 
raises tensile stress 
lowers ductility
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Effect of cold-working 97



Annealing stages

annealing 
stage microstructural changes dislocation 

density

recovery
strains relieved 
dislocation rearrange to reduce energy 
climb to form low-angle grain boundaries

slightly ↓

recrystallization cold-work microstructure reduced 
strain-free grains nucleated greatly ↓

grain growth grain size increases 
reduction in grain boundary area slightly ↓

increasing time/ 
temperature



Recystallization: brass

from Callister, 6nd edition0.6mm

33% cold-worked 3s anneal, 580oC
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Recystallization: brass, con’t.

from Callister, 6nd edition0.6mm

4s anneal, 580oC 8s anneal, 580oC
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Grain growth: brass

8s anneal, 580oC 15min. anneal, 580oC

from Callister, 6nd edition0.6mm
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ECAP: Al microstructure

from M. Furukawa et al., J. Mater. Sci. 36, 2835-2843 (2001)
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ECAP Ti microstructure & properties

V. V. Stolyarov et al., Mat. Sci. Eng. A 299, 59-67 (2001)
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Dislocations and plastic deformation 104

• Stress-strain test 
• Necking, work-hardening, true stress/strain 
• Multiaxial loading 
• Crystal model of slip 
• Topological defects 
• Screw, edge, mixed 
• Dislocation motion 
• Peach-Kohler force 
• Stress field of a dislocation 
• Energy of a dislocation 
• Dislocations in particular crystal structures: FCC, BCC, HCP, intermetallics 
• Kinks and dislocation mobility 
• Dislocation intersections and jogs 
• Relationship between dislocation motion and plasticity 
• Solute-dislocation interactions 
• Solid solution strengthening 
• Dislocations as obstacles 
• Work-hardening stages



Dislocations and plastic deformation 105

Peach-Kohler force Orowan equation

applied stress plastic strain

force on dislocations dislocation motion

dislocation mobility 
Peierls stress 

dislocation/obstacle interaction


