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l. Introduction



What is the finite element method?

FEM 1s a numerical method to solve boundary value
field problems (i.c. PDEs with boundary conditions)

For example, the heat equation over a finite domain with
specified boundary conditions:

heat egn Lonlh aVu force balance V. g =4

ot
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What is the finite element method?

Navier-Stokes egn

ov
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What is the finite element method?
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Why is it useful?

Solves PDEs over complex domains with spatio-
temporally varying properties

Analytical theory cannot easily resolve complex detalls

Intermediate between continuum and molecular methods

Used to predict and understand materials
broperties and behaviors under different conditions

Invaluable tool In equipment design, materials selection,
and reliability assessment

Extremely general and powerful methodology



What is it used for?

Structural modeling
- stress fields, deformations, heat fluxes,

weakness identification

Fluid mechanics
- flow fields, plant design, microfluidics

Electrostatics
- charge distribution, electrostatic forces

Bilomechanics
- skeletal analysis, prosthetic design &

modeling, dentistry

Reliability assessment & structural forensics
- stress testing, fallure analysis

http://www.engenya.com/the-finite-element-method-fem/ http://compbiomechblog.blogspot.com/2010/06/blog-post_20.html  http://www.ce.ncsu.edu/news/article/2 | 550/making-bridges-more-robust-to
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Is it used Iin industry?
YES!

Indispensable, standard tool In modern engineering design

Massive cost savings In engineering design:
- reduced labor; time & cost intensive experimentation
- reliability assessment and fallure prediction

- Identification of "'soft spots’ and reinforcement needs

Structural design and optimization of complex structures
can be performed In a matter of hours instead of months!®

Reported RO of 3:1 to 9:1 with investments of $5-20M

%NOJ[ SO fOr de NOVO mGtGI’IC]/S d@Slgn http://books.nap.edu/catalog.php?record id=12199 9
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1. Basic Principles



The fundamental idea
“Divide and conquer”

- find local solutions within subdomains and patch together
iNto approximate numerical solution

|. Split continuum Into finite subdomains  meshing
g IOl properties to each cell broperties
3. Choose basls set DASIS

4. Formulate & solve coupled equations solving



The fundamental idea

~or steady state solutions, we so

algebraic equations over the elements (linear a

Vctdis sl

f couplea

oebra)

For time dependent solutions, we solve a set of
coupled ODEs over the elements (numerical integration)

http://en.wikipedia.org/wiki/File:Heat eqn.gif



http://en.wikipedia.org/wiki/File:Heat_eqn.gif

Meshing

eshing Is flexible, conformal, dynamic, and adaptive
- fIit geometry of interest

- place more elements where solution expected to change
most rapidly, or where detall Is required

- mesh can evolve with domain in time
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Meshing

1) One-dimensional Elements
— - & o L & - 8
linear quadratic cubic
i) Two-dimensional Elements
ﬂ 1) Three-dimensional Elements
lincar quadratic cubic
triangular triangular triangular
. ey g . ey e IR ey tr i~ "I-"' . .

Lincar linca quadratic cubic Tetrahedron Right Prism Hexahedron

Rectangle  quadrilateral quadrilateral quadrilateral

Element types depend on the followings:

® Shape (1-D, 2-D, 3-D, triangular, quadrilateral, tetrahedron, etc.)

® Number and type of nodes (3-node, 4-node, ete.)
- - g

® Type of nodal variables {h,—.,—, elc.)
X oy

® Type of mterpolation functions

www.ferunizg.hr/_download/repository/FEM_pred_2009.pdf
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Weak solution
Mathematically, FEM 1s a Galerkin method

Vip=f ————

weak formulation

In this sense t

does not hold absolutely

The RHS should
Inear combinatio

feledi®or Al thial

()

-ormulate a weak solution to the governing PDE, and
fit trial functions to minimize the solution error

V2p) vdQ) = dS)
(V) vit = [ fo

‘unctions, Vv, which are
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General steps

Cu(F) = f(F

continuum
problem

Galerkin variational solution

%



Error sources

Residual errors from:
- domain discretization
- cholice of basis

- formulation errors

- numerical solution

. Domain discretization

~
N

Discretization error due to poor geometry
representation.

www.ferunizg.hr/_download/repository/FEM_pred_2009.pdf

/

Discretization error effectively eliminated.
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. Basis set

www.ferunizg.hr/_download/repository/FEM_pred_2009.pdf

Error sources

Plecewise linear
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Error sources

Ill. Formulation

Straight {prismatic ) bar Tapered bar
_ — - _ o
hinear wariation non-linear variation
Exact solubon ______—————________—_| e |

hinear wvaration lite ar waraton
FE solution ___————__________——1 ___————_________——_—_|

(ore limear elermernt)
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Adaptive FEM

Error estimation can quantity the error in the numerical
approximation relative to the continuum solution

Adaptive mesh optimization can refine the discretization
to reduce the error to within a user specified tolerance:

h-adaptivity - element refinement / unrefinement

Combinations are possible: hpr-refinement

2|



Adaptive FEM

Nr-adaptivity:
finer discretization at rapidly changing domain regions

D " Close

= e

www.ferunizg.hr/_download/repository/FEM_pred_2009.pdf
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Convergence

Increasing refine

ment / discretization

energy

refinement

- convergence that solution converges with
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Limitations and Caveats

No closed form solution generated

Computationally expensive

A



l1l. Simple Example

25



FEM of ID steady-state heat equation

ou 1
B VQ I
s pCy
= VZiu A : —0
| apCpq ¥
5 1
dear 1
= | L
il

q

CONSt props

steady state

temperature =
thermal diffusivity  [a] =
heat capacity [&4 —
density p| =

volumetric source [C]] 2\

thermal conductivity [k] —

26



C=4 kW/m3
gl =00z

Find steady-state temperature
profile in the iron bar, u(x)

20



Analytical solution

Tl — 2}, xSl

G

=l —x )z, O Sz
u<x>{g

k

20

0 0.2 0.4 0.6 0.8
position /m




l. Meshing

=0 ¢ 1 < To < ... < T, <ia =

INGE = @B gs| — a5 = COEh

=0 X==il o

ll. Element properties

All elements identical size and thermal conductivity, k

2



111. Basis set

Simplest choice: “tent functions”
- one-dimensional linear interpolants with compact support

fk—_xw’“k__ll o, = T
Up() = § o, for @ < <@y

0, otherwise

wk—;k—17 GRS < T
= xkﬂl_xk, 05T gop S8 = g

0, otherwise A

_>/_|

Appropriate choice for
problem - expect linear soln

http//www.panoramatech.com/papers/book/bookse | |.php 30



http://www.panoramatech.com/papers/book/bookse11.php

1V. Weak formulation

C

u'(z) = ——6(x — x,)

*If u(x) satisfies for every smooth v(x)
that satisfies BCs, then u(x) solves:

) — —%5(:13 — Xs)

g — () =0

| D, steady state, const props, heat equation

1 1
/ _%5(3; i $s) v(x)dx — / u”(gg)v(aj)dx weak formulation®
0 0

— i / o (@) (¢)da

by parts

1
:—/ u’(x)v’(gj)daj v({O)=v(1)=0
0

31



1V. Weak formulation

Explorting finite support of each basis function:

7—1

/$j+1 ’
x .

g
Sl
k

(x — x4)

governing egn In each element

Expanding solution in basis set:
n
— Z U, U ()
1=1

Inserting solution expressed Iin basis set:

/fL‘j+1
x .

71—1

C
_Eé

1B — e

n
/
= E u;V; (T
i=1

uj are expansion coefficients

Lt

0 Zuz / o (z)da

Lj—1

governing egn In each element
32



1IV. Matrix form

I Tj41 Ti+1 [

By . / o)) (2)ds = / —%5(.7;—3;5) vi(o o

i=1 o] i g

governing egn In each element

Finite dimensional basis admits simple matrix representation:
Tj+1
—Lu = b where ng — / v (gj)ful(gj)daj
xr

“stiffness’” matrix & Lj+4+1

These matrix & vector elements can be explicitly evaluated!

aE



V. Matrix elements
Grinding through the (simple) algebra:

L+ —— if i=
Lj—Lj—1 Lj4+1—Lj
1 . Y e e
e -, ergmeg if i=(—1)
U onk 1 b ek >
B ) if L= (J S5 )
0, otherwise

compactly supported basis
functions make L sparse

C ;-1
g ! )

i C Tj4+1—%s ; . .
05— E ROTE 1 Sl @88 = IS 95

O PSS a7 g

0, otherwise

A



1V. Solve

Stiffness matrix Is sparse, symmetric, and positive definite

Efficient solution via LU factorization or Cholesky decomposition

n MATLAB: u= —L\b

n
Recovering solution: u(x) = E u; Vi ()
P uj are expansion coefficients

General case - recover solution at arbrtrary points x*:

* X
D=5 Yo O
p P
Dpdell = el —

vi are compactly supported, at most two are non-zero

Special case - recover solution only at grid points Xp:

U(Tp) = Up + very simple - the solution is the expansion coefficients! ;.
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1V. Solve

T

T

§ (VR
D b@“
@D C
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1V. FEM Packages

S



/\ AUTODESK
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Ly
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2
2S SIMULIA

FEM software

NIST
www.ctcms.nist.gov/oof/oof2

Autodesk Simulation Multiphysics
www.autodesk.com

ANsys
WWW.aNsys.com

©OREN

www.oofem.org/en/oofem.html

Impact
http://impactprogram.wikispaces.com

@«

www.csc.fi/english/pages/elmer

Dassault Systemes
www.3ds.com/products-services/simulia

inuTech GmbH
www.diffpack.com

FREE

$4k

UIUC lic.

FREE

RiREE

FREE

SR

$$3

38


http://www.gromacs.org
http://www.gromacs.org
http://www.autodesk.com/
http://www.autodesk.com/
http://www.oofem.org/en/oofem.html
http://impactprogram.wikispaces.com/
http://www.csc.fi/english/pages/elmer
http://www.3ds.com/products-services/simulia/overview/
http://www.autodesk.com/

