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33. i) Let us first verify the result given in the hint:  For any f,g € H,

1F +gl* = Lf = glI? +allf +2gl® =l f —2gl? = 2(f,9) +2(g, f) + 2u(f,29) + 2029, f)
= 4(f.9),
where the first equality has followed by simply writing the norms in terms of inner products,

and then expanding the inner products and cancelling out some terms. The second equality
follows from the facts that

(falg):_z(fvg) and (2g7f) :Z(gaf)

Now since A = B, 3 |(f,&)> = A| f|?, and hence
DA+ 96012 = 1 = 9:6)12 +2l(f +29, )12 =2l (f —29,&)1%}
jeJ
= A{If + gl = IIF = glI” + 2l f +2gl® =l f —2g*}
From the hint just verified, the RHS is equal to 4(f,g); the LHS, on the other hand, simplifies

to (by simply multiplying out the inner products): 43¢ ;(f,&;) (&, 9). This leads to the
desired result, since LHS = RHS for all g € H.

ii) Let f = (v1,v2)’, where v; € C, i =1,2. Then,

I(F &) P+ 10 &) +1(f, &) = |va* + !fvl + %va +15 v = v

3 3
= S (jvil* + [vof*) = SI£11”

The frame bound is 3/2.  Note that the given set is linearly dependent.
iii) Clearly,
(f,&)=0vj = |fl=0 = [f=0

Therefore, {¢;} span all of H. To show that it is an orthonormal set, in the equality of part
i) pick f = & for an arbitrary k € J, and take inner product of both sides with &:

1817 =D 10k €)1 = 1€l + D 1€k &)1

jel 7k

Since, by hypothesis, ||| = 1, the equality above can hold iff (&,&;) =0V j # k. Since k
was arbitrary, the desired result follows.

34. i) Let

M = {z € Ly(P, R : 2= Kjy;; Kj€ Mnm}.

i=0



This is a closed linear subspace of Ly(€2,P; R™) which is a Hilbert space. Hence, from the
Projection Theorem, there exists a unique & € M, expressed as & = Zz':o K;yj, with

7
e 3 Kl = e~
i=0,...,i j=0

and a necessary and sufficient condition for z to be the minimizing solution is
(x—2,2)=0 Vze M
i

Ela"QKoy = " B [y] K] QKoye| VK€ My £=0,1,...,i
=0

T (B[ Q)Y = 30 T {8 [y TR} VG € Mo
j=0

Since () is positive definite, QK; € M, whenever K, € M,,,, and vice versa, and hence
the earlier condition is

7
Tr{(Agx—ZAKjKjT)K}:o VK € My, £=0,1,...,1
j=0

where

A A
Ay =FE [wa} s Ay = Elyey] ]|

Now, two random vectors are uncorrelated if their components (considered as random vari-
ables) are uncorrelated. Furthermore, since E[y,] = 0, we have

A= A =t
4 0 otherwise.

Hence, the condition now becomes
Tr {(Am —AMKET)K} =0 VK EMupm, £=0,....4

and assuming that Ay is invertible (¢ =0, ...,7), we have a unique solution

Ke=ALA,Y, £=0,1,... i

Note: Uniqueness of the K;’s follows from the fact that Tr [AB] = 0 VB = A is a matrix
with only zero entries (i.e., the zero matrix).

If Ay is singular, then the solution is still unique in M (which follows from the Projection
Theorem, as stated earlier), but the corresponding K;’s may not be unique. They will then
be solved from the equations:

KAy =AL, 0=0,1,...,i.



2 2

k-1 k-1 k=1
€ = ||T— Z Kjy; — Kyye| = ||z — Z Kjyj|| + 1 Kpyel® - 2 ($ - Z ijjaf{kyk)
j=0 j=0 Jj=0
€k—1
= €1+ Tr [AkkKEQKk} —2Tr {E [ykxTQKk]}
= it Tr [AQALAG] -2 Tr {AnQAT AL
&

€ = €1 — Tr {AkaAzxA];kl} .

35. i) Note that Z is a closed, convex subset of the Hilbert space Lo(f2, P; R) (closed, because
ap > 0,a9 > 0, and conver, because the set of (aj,as) € R?, a > 0,ay > 0, is convex).
Then the problem is one of minimizing ||z — z|| over z € Z, or (equivalently) one of finding
the minimum distance from =z € L2(Q2, P; R) to Z.

ii) It follows from Theorem 1, p. 69 of Luenberger that there exists a unique & € Z that
minimizes ||z — z|| on Z. Furthermore,

(x—2,2—2)<0 VzeZ

iii) Writing & and z € Z as & = a1y; + azy2 and z = a1y; + a2y, the condition in part (ii)
above becomes

(33 — &1y1 — &ng, (a1 — dl)yl + (GQ — dz)yQ) = (0.2 — &1)(&1 — &1) — (0.5 + &2)(@2 — &2)
< 0 Var >20,a2>0

Pick a1 = a1 = (0.54—&2)(0,2—&2)20 Yas >0 < a9, =0
Now pick ag = a2 =0 = (0.2—a1)(a1 —a1) <0 Va3 >0 < a3 =0.2. Hence,

£=02y1, El(x—12)%=|z—2|*=|z—0.2y]*=0.96

36. Let H be the Hilbert space of second-order random variables defined on (2, F,P). Then, this
problem can be posed as a minimum norm problem on H, subject to equality constraints.
That is, letting (-, -) denote the norm on H,

min ||z]| such that (z,1)=—-1 and (x,y) =2
zeH



37.

i) Note that y and 1 are linearly independent on H, because if they were linearly dependent,
then we would have from E[y| = 1, y = 1 with probability 1, which however contradicts with
E[y?] = 2. Then, from the Projection Theorem the problem admits a unique solution in
M =[1,y].

ii) Since the solution is in M, it is in the form z° = a1 + agy, for two real numbers «; and
. These can be obtained from the given two constraints:

(a14agy,1) = -1, (t1+aoy,y) =2 = a+ae=-1l,ag+2a0=2 = a3=-4,a3=3

iii) Replace the constraint (z,1) = —1 above with (z,1) = ¢ where ¢ > —1. For each fixed c,
the problem again admits a unique solution (by the same reasoning as above), and is given
by

=01 +ay, agtar=ca+2a=2 = a;=2(c—1),aa=2-c¢

Then, |[z°? =4(c—1)%4(c—1)(2 — ¢) +2(2 — ¢)?, which is minimized uniquely by choosing
c =1 (simply find the stationary point of the strictly convex function ||z°||?). This then leads
to

o

ap=0,a=1 = ao =y

Let E[Y;] 2 g, E[Y?] = r;, and take w to be a positive function in C[0,1]. Let k;(t) =

ki(t)/w(t). ki and ko linearly independent in C[0,1] = k; and ko are linearly independent in
L5[0,1]. Then, the optimization problem is:

min || X|); X € La(Q,P;C[0,1])

such that 3 .
(X, k1Y1) =13 (X, k2Y2) = co.

Let us first consider the case where X is allowed to be in La(2, P; L2]0,1]). Since this is a
Hilbert space, the conditions of Theorem 2, p. 65 of the text, are satisfied, implying that the
solution to the second problem, say &, is unique and is given by

&(t,w) = Brk1(t)Y1(w) + Baka(t)Ya(w)

where B . 3 .
B1 | k1Y1]]? (k1Y7, k2Ys c1

B2 (kaYo, kY1) ||koYal? C2

The matrix here is invertible, because l~§1 and I~€2 are linearly independent (WHY 7). Since Y}
and Y5 are uncorrelated

(k1Y1,koY2) = (kYo kaY7) = E[/o1 ]:;((f))

= Ki291¥2, where K3 :/0

ko (t) dt Y1 Y]



38.

Furthermore,

P = [ O /wl0) e 2 ik

_ -1 _
rik Ki21192 1 roky —K120192

rro K1 Ko — (K120172)?

Ki2y1y2 1Ko —Kioy12 1K,

B = (araKs — coKiaihye)/[rireKi1Ke — (Ki29192)]
Be = (cor1Ki1 — a1Kiaihe)/[rire K1 Ko — (Ki25192)]

(t,w) = Piki(t)Yi(w) + Boka(t)Ya(w)

Note that & also belongs to La(2, P; C[0, 1]), because k1 and ko are continuous. Hence, # is
the unique vector solving the original problem.

i) First note that m as defined is a second-order random variable if K(-) is square-
integrable, because by the Cauchy-Schwartz inequality,

Bl?) < [ 1K @)Pde [ By @)t

and the second product term is finite. Now, the set of all m’s corresponding to such K’s is a
closed subspace M of Ly(€2,P; R), and hence by the Projection Theorem, there is a unique
projection of X onto M, and by orthogonality we have the equation

2 A
Ry (t) = /0 R (s)Ryy (s, t)ds
which has a solution K , and in terms of this,
A 2 A
X = / K(6)Y (t)dt
0

is the unique element of M. And K is unique if vy (s,t) is positive definite.

ii) Now M is the one-dimensional subspace generated by the random variable

Z(w) = /02 Y (tw)dt.

Note that this random variable has second moment (or equivalently norm squared)

2 2
O'% ::/ / Ryy(s,t)dsdt,
0o Jo



and )
E[XZ] :/ ny(t)dt =:0xZ7.
0

Now we have projection of one random variable (X) into the subspace generated by another
(Z), and the result follows from standard theory discussed in class:

X =(oxz/0%)Z

where we have assumed without any loss of generality that o*% is nonzero, because otherwise
Ryy (s,t) would be identically equal to zero. Clearly the solution is unique.



