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Constitutive equations

In a lossless tube we have:

@ Mass continuity:

@ Newton's second law:

9 _pdu
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@ Wave equation:
Pu 1 0%
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Solution: Forward-going and backward-going waves

Any combination of a forward-going wave plus a backward-going
wave is a solution to the wave equation:

u(x,t) = ugp(t —x/c) — u_(t+ x/c)

plx,t) = I2 (us (£ = x/) + u—(t +x/c))

The Fourier transforms of u(x, t) and p(x, t) are:

U(x, Q) = Uy (Q)e /e — U_(Q)e//e

P(x,Q) = % (u+(9)e-fﬂx/c + U_(Q)eJQX/C)
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@ Concatenated Tube Model
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Concatenated-Tube Model (Kelly and Lochbaum, 1962)

N - Section Acoustic Tube
Lips
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Concatenated-Tube Model

Let the it" tube have length /;, area A;, forward-going wave ufr(t),

and backward-going wave u; (t). The flow and pressure in this
tube are

= uf (t —x/c) —u; (t+x/c)
p,-(x,t) %(u (t — x/c) + u (t + x/¢))
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© Flow and pressure continuity at the boundary between two tubes
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Flow and pressure continuity at the boundary between two

tubes

Flow and pressure are continuous at the boundary between tubes i
and i + 1:

ui(li, t) = ui+1(0, t)
pi(li,t) = pi+1(0,1)
Substituting forward and backward waves:

uf (t—7) —u (t+7) = Ui++1(t) — u;y4(t)

A,i\tl (6 (t =) +ui (t+ 7)) = (uf 4 (2) + iy (1)

...where 7; = [;/c is the time it takes a wave to traverse the ith
tube.
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Incident vs. Reflected Waves

ut(t—m7) —u (t+7) = uf 1 (1) — u 4 (t)
Ait1

A (6 (t = mi) + uy (£ + 7)) = ufy (8) + upy (1)
The waves u;"(t — 7;) and u;(t) are incident on the boundary.
The waves u; (t + 7;) and uif,(t) are reflected from the
boundary. Writing the latter in terms of the former,

2Ai11 Aiq1 — A _
o) = |2 | ) 4 [ DL AN
() = | e -+ | G i
_ _ (A A L . 2A; _
ur (t+m1) = [AH—I +A/} u(t — 1) + [AH-I +A,} u 4 (t)
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Reflection Coefficients

We can simplify the reflection equations by defining a reflection
coefficient:

A — A
At A
Then:

uf g (1) = (L 4+ )y (¢ —7) + rivg 4 (t)
ui (t+7) = —riuf (t—7) + (1 — ri)ui, 4 (t)

i
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Reflection Coefficients

A — A
At A
pitn+1) pit(n) o P () Piri (n-1)
(1+r;)
oO—>» : ——-0
o f <~—o0
(1-r)
pi(n-1) pi(n) © o Pig(n) Pir(nt+1)
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Reflection at the Lips

The Nth tube connects at the lips, with reflection coefficient
pc
rn = 7AN ZL
= S
AN + ZL

...where Z; is the radiation impedance, P;(2) = Z,(Q)UL(w).
The reflected wave is

uy(t +7n) = —rvug (t — n)
... and the volume velocity of air leaving the lips is

un(Iy, t) = uw(t — 1) — uy(t +75)
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Reflection at the Glottis

Similar to the lips, some flow might be transmitted backward
through the glottis with Pg(Q2) = Zg(Q2)Ug(R2) and

C

Zc — 4
0= Ze 1 6c
G AL

The forward-going wave in the first tube includes the glottal source
ug(t) and the reflection of the backward-going wave:

uf(t) = (1 + ro)uG(t) + rouf(t)
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Summary: Concatenated-Tube Model

The impedance of a tube is Z; = %, and

ri =

A1 — A;
Aiy1 +A;
_Zi—Zin
 Zi+Zin

The scattering equations at each boundary are:

uf (0) = 1+ rm)u (t—75) + rjuz 4 (t)
ui (t+75) = —ruf (t—7) + (1 = r)ui ()
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@ Discrete-time implementation
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Discrete-time implementation

Suppose each tube has the same length, such that 7; = F% is one
sampling time. Then the discrete-time implementation is

ufyIn] = (L4 r)uf [n— 1] + ruj,y[n]
ui[n+1] = —riu[n = 1] + (1 = r)u4[n]
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Discrete-time implementation

Using z~! to express a one-sample delay, we get:

pit(n+l) pit(n) . Pl () Pivi (n-1)
(]+r[) S
pi(n-1) pi(n) C pir(n) piri(ntl)
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Discrete-time implementation: Half the sampling rate

We can make this even more efficient if we use shorter tubes,
T = i only half of one sample time. Then the discrete-time
implementation is

1 _
il = (U I 21 o
1 1
u; [+ 5] = —rju[n— E] + (1 = ri)ui (]
Define f;[n] = u;" [n+ %] and b;[n] = u;” [n+ %], then we have

fivrln] = (1 + ri)filn = 1] + ribja[n]
bi[n] = —rifiln — 1] + (1 — ri) biya[n]
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© Example
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Example

In the last lecture, we considered two-tube models in which one of
the two tubes had much lower area than the other. What is the
reflection coefficient at the juncture between two such tubes?
What are the equivalent boundary conditions for pressure and flow?
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Aiy1 — A;
T A1+ A;
Zi—Ziy1
T Zi+Zin
pit(n+l) pit(n) . P () Pivi (n-1)
(I4r,)
o—> : —0
O4— E ~—0
i(1-r;)
pi(n-1) pi(n) C P pis(ntl)



	Review: Acoustic waves in a lossless tube
	Concatenated Tube Model
	Flow and pressure continuity at the boundary between two tubes
	Discrete-time implementation
	Example
	Summary

