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Why You've Never Seen a Two-Sided Laplace Transform

Before

X(s):/ x(t)e tdt

— 0o
Warning: here are a few signals for which X(s) fails to converge
for any value of s:

x(t)=1
x(t) = cos(2007t)

X(t) _ efO.lt
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Why It's Useful Anyway

@ For practical purposes, the two-sided Laplace transform only
converges for two types of signals:

e Exponentially-damped causal signals
e Finite-duration, finite-amplitude signals
@ ...but if it converges, it is way, way, way easier to work with
than any other type of transform.
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Example: Causal Exponential

X(t) — eatu(t) Lo x(t)=exp(-100nt)u(t)

0.5

o0
X(s) = / x(t)e *tdt e o aor b o oh ok

Time (seconds)

—00
1 |X(j2nf)|=1/sqrt((100m) "~ 2+(2nf) ~2)
p— 0.003 4
sSs—a 0.002 4
0.001 1
The above transform is valid for 0.000 -1

T T T T T T T u
o] 250 500 750 1000 1250 1500 1750 2000

§R(s) > §R(a) Freq (Hertz)
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Example: Damped Sinusoid

x(t) = e@Hw)t (1)

X(s) = /Oo x(t)e *tdt

1
s—(a+jw)

The above transform is valid for
R(s) > R(a).

0.5+

0.0 9

0.003 4

0.002

0.001 4

0.000

x(t)=exp(-100mt)sin(1000mt)u(t)

-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03

Time (seconds)

|X(j2nf)|=1/sqrt((100m)~2+(2n(f-500))~2)

o

250 500 750 1000 1250 1500 1750 2000
Freq (Hertz)
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Example: Gammatone

x(t) = tel@H@)ty(¢)

X(s) = /oo x(t)e " dt

—00

(o)

The above transform is valid for

R(s) > R(a).

0.001 +

0.000 4

—0.001

0.5

0.0 4

x(t)=t exp(-100mt)sin(1000nt)u(t)

T
-0.03

T T T T
-0.02 -0.01 0.00 0.01 0.02 0.03
Time (seconds)

1e—s |[X(j2nf)|=1/((100m)~24(2n(f-500))"2)

0

250 500 750 1000 1250 1500 1750 2000
Freq (Hertz)
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Example: Rectangle

T
1 [t <5

Like the tranforms of every other
finite-duration, finite-amplitude
signal, the above transform is
valid for all finite values of s.

0 otherwise

0.5

0.0 1

0.010

0.005

0.000

x(t)=rect(t/0.01)

—0.01080.00750.00580.0029.00000.00250.00500.00750.0100
Time (seconds)

X(j2nf)=0.01 sinc(0.01nf)

T T T T T T T
—1000 —750 -500 -250 0 250 500
Freq (Hertz)

T U
750 1000
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Hyperbolic Functions

The three main hyperbolic functions are:
1
h _ = X —X
cosh(x) 2(e +e7)

sinh(x) = % (e —e™)
sinh(x)

tanh(x) = cosh(x)

Notice that hyperbolic functions are just like trigonometric
functions, but easier:

cos(f) = E (eje + e_ﬁ)

2
sin(0) = 21] (eje - e*j(’?)
tan(0) = sin(0)

~ cos(h)
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Example: Rectangle

t
X( t) = rect (7) x(t)=rect(t/0.01)

0.5

2 . sT
X(S) = 7S|nh _— 001 T T T T T T T T
2 —0.01080.00750.00580.0029.00000.00250.00500.00750.0100

S Time (seconds)

X(j2nf)=0.01 sinc(0.01nf)

In particular, if we plug in 00101
s = jw, we get that 0005
0.000 4

w T *1(‘]00 *7‘50 *5‘00 *2‘50 0 25‘0 560 7:';0 lObO
X( . ) _ T . Freq (Hertz)
jw) = Tsinc { —-
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Delay Property

If
y(t) = x(t —d),
then
Y(s) = _OO y(t)e *tdt
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© Solutions to the Acoustic Wave Equation
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The One-Dimensional Wave Equation

No matter what type of wave

you're talking about (water,

radio, light, sound, Slinky), they

are all written in exactly this way:
Pp 16%p

X2 2ot

where t =time, x =position,
¢ =speed of the wave, and

p(x, t) is the quantity that moves CC-SA 3.0,
in waves. https://commons.wikimedia.org/wiki/File:

2006-02-04_Metal_spiral. jpg


https://commons.wikimedia.org/wiki/File:2006-02-04_Metal_spiral.jpg
https://commons.wikimedia.org/wiki/File:2006-02-04_Metal_spiral.jpg
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Solution to the Wave Equation

82P(X, t) . l 82p(X’ t) ] Rightward Wave r(t-x/c) at t=0
ox2 2 o2’

The general form of the solution
IS 0.0‘00 0.625 0.650 0.675 0.1‘00 0.1‘25 O.iSD 0.1‘75
Leftward Wave I(t+x/c) at t=0

o= (D) (D)

where r(t) is a rightward wave, 0.000 0025 0050 0.075 0100 0125 0150 0.175
. Position x (meters)
and /(t) is a leftward wave.

(=Je(+)
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Laplace Transform of the Solution to the Wave Equation

e =+ (1) 1 (1+%)

Let's take the Laplace transform of that:

P(x,s) = /00 p(x, t)e stdt

—00

— R(S)efxs/c + L(s)exs/c
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Example: Causal Exponential

x(t)=exp(-100nt)u(t)

For example, suppose: Lo
0.51
_x X
p(x,t) = e (- %) W D —
C -0.03 -0.02 -0.01 0.00 0.01 0.02 0.03
Time (seconds)
Its transform is just . [X(j2rfl|=1/sqrt((100m) ~2+(2nf) ~2)

1 0.002 q
P(X, S) — efsx/c 0.001 1

s—a 0.000

o 250 500 750 1000 1250 1500 1750 2000
Freq (Hertz)




Volume Velocity

@ A wave equation is always caused by the trading of energy
between two quantities, e.g., between electricity and
magnetism, or between kinetic and potential energy in a
Slinky or guitar string.

@ In acoustics, pressure = potential energy, velocity = kinetic
energy.

@ In a tube like the vocal tract, instead of using average
velocity, it makes more sense to use volume velocity.
Definition: Volume Velocity is average air particle velocity,

multiplied by the cross-sectional area of the tube.

5]t ]

e Why this makes sense: if you blow 1 liter/second into the
small end of a tube, you expect 1 liter/second to come out
the big end.



Volume Velocity

The relationship between pressure and volume velocity is:
p(x,t):r(t—f) +/<t+f),
c c

0= (r(e-2) 1 (+47)).

where A(x) is cross-sectional area, and p is the density of air.
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Laplace Transform of Volume Velocity

The relationship between pressure and volume velocity is:
( ) (S) —sx/c + L(S)esx/c’
U(X S) ( ) (R(S) —sx/c L(S)esx/c)
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@ Boundary Condition at the Lips



Radiation from the Lips

A produstion 10 grer, sty 1o

The cross-sectional area of the
room is much larger than the
cross-sectional area of your lips.
No matter how much air you
blow out of your lips, you are not
going to appreciably change the
air pressure in the room.

. . g ; Vivid Drama of

We can express this constraint by g Lite ond
saying that, at the lips (x = d)), #il “ ,.f LIP
e T Vt;y May Ed‘mﬂ;m |

p(dl7 t) ~ 0 . i st featuring

HOUSE PETERSandFLCIRENCE VIDoi

P(d;,s) =0



https://commons.wikimedia.org/wiki/File:Lying_Lips_(1921)_-_14.jpg
https://commons.wikimedia.org/wiki/File:Lying_Lips_(1921)_-_14.jpg

Lips
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The Zero-Pressure Constraint at the Lips

Recall that
X X
p(x,t)zr(t—;) —l—/(t—i—E),
P(x,s) = R(s)e /¢ + L(s)e™/<.

If we apply the condition that p(dj,t) = 0, we learn that /(t) is a
reflection of r(t), delayed by 2d;/c and multiplied by -1:

I(t) = —r <t - 2Cd'>

L(s) = —R(s)e‘25d’/c



Reflections from the Lips

Rightward Wave r(t-x/c) at t=0

0.000 0025 0.050 0.075 0.100 0125 0.150 0.175 0.200
Leftward Wave I(t+x/c) at t=0

The equation p(d;, t) =0 is
satisfied if /(t) is a reflection of g
r(t), multiplied by -1: =

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

Pressure p(x,t)=r(t-x/c)+I(t+x/c)

L(s) = —R(s)e_25d’/c

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

Velocity u(x,t)=r(t-x/c)-l{t+x/c)

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
Position x (meters)

BN
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Dividing R(s) from both Numerator and Denominator

Fujimura had the following brilliant insight. (1) Both pressure and
velocity are proportional to R(s). (2) R(s) is totally arbitrary, it
can be anything. (3) The math will be easier if we just get rid of
R(s).

He did this by defining a quantity called “susceptance” (B(x,s)),
the ratio of volume velocity over pressure:

U(x,s)
P(x,s)

B A(X) R(S)e—sx/c_ (5) sx/c

= c R(S)e sx/c_|_L( )eSX/C
A(X) s(x d/)/c+es(x—d/)/c

T pc \ esGd)je — gst—dp/e |

where the last line takes advantage of the constraint at the lips:
L(s) = —R(s)e_25d’/°

B(x,s) =
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© Boundary Condition at the Glottis



Closure at the Glottis

Glottis
®000

The cross-sectional area of the
glottis is much smaller than the
cross-sectional area of your vocal
tract.

No matter how high the pressure
gets inside the vocal tract, it is
not able to push very much air
back through the glottis.

We can express this constraint by
saying that, at the glottis

(x= dg)'

terminalis

= Foramen cecum

- Tubercle
Aryepiglottic fold

Glottis
Cuneiform cartilage

Corniculate cartilage

Public Domain, https:
//commons .wikimedia.org/wiki/File:Gray955.png


https://commons.wikimedia.org/wiki/File:Gray955.png
https://commons.wikimedia.org/wiki/File:Gray955.png
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The Zero-Velocity Constraint at the Glottis

Recall that
0 =2 e (- 2) (1)),
U(x,s) = Ap(:) (R(s)e—sx/c - L(s)esx/C) .

If we apply the condition that u(d,, t) = 0, we learn that /(t) is a
reflection of r(t), delayed by 2d,/c and multiplied by +1:

I(t) = r (t X _Czdg>

L(s) = R(s)e %%/
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Reflections from the Glottis

Rightward Wave r(t-x/c) at t=0

é

0.000 0025 0.050 0.075 0.100 0125 0.150 0.175 0.200
Leftward Wave I(t+x/c) at t=0

The equation u(dg,t) =0is
satisfied if /(t) is a reflection of g
r(t), multiplied by -1:

:

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

I(t)y=r (t - X_C2dg> o]
L(s) = R(s)e 2%/c

Pressure p(x,t)=r(t-x/c)+I(t+x/c)

S

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

Volume Velocity u(x,t)=r(t-x/c)-l(t+x/c)

|

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
Position x (meters)

BN
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Dividing R(s) from both Numerator and Denominator

Fujimura had the following brilliant insight. (1) Both pressure and
velocity are proportional to R(s). (2) R(s) is totally arbitrary, it
can be anything. (3) The math will be easier if we just get rid of
R(s).

He did this by defining a quantity called “susceptance” (B(x,s)),
the ratio of volume velocity over pressure:

U(x,s)

P(x,s)

Ax) R(s)e™/¢ — L(s)e™/¢

= c R(S)e_sx/c + L(S)esx/c

A(X) (e—s(x—dg)/c _ es(x—dg)/c>

pc e—s(x—dg)/c —+ es(x—dg)/c

where the last line takes advantage of the constraint at the glottis:

L(s) = R(s)e 2%/¢

B(x,s) =
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Conclusions

@ A Laplace transform is a Fourier transform, but easier:
o0
X(s) = / x(t)e—tdt
—00
@ Every one-dimensional wave equation has the following
solution:

P(x,s) = R(s)e™ /¢ + L(s)e™>/¢
U(x,s) o R(s)e™ /¢ — L(s)e™/¢

@ Air pressure drops to nearly zero at the lips, causing a
reflection inside the vocal tract:

L(s) = —R(s)e /<

@ Volume velocity drops to nearly zero at the glottis, causing a
reflection inside the vocal tract:

L(s) = R(s)e™%/<
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