ECE 534 SP26 HW6 Solutions

April 28, 2026

Problem 1. Define Doob’s martingales and prove that they are indeed martingales. Use Doob’s martingales to
prove McDiarmid’s inequality.

Solution.

PART 1: DEFINITION OF DOOB’S MARTINGALE

Let (Q, F,P) be a probability space. Let X be a random variable such that E[|X|] < oco. Let (Fy,)n>0 be a
filtration, which is sequence of o-algebras such that 7o C F; C --- C F,, C --- C F. A Doob’s martingale is a
stochastic process Z = (Z,,)n>0 defined by

Z, =E[X | F.]

for all n > 0.

PART 2: PROOF THAT A DOOB’S MARTINGALE IS INDEED A MARTINGALE

To show that the sequence (Z,),>0 is a martingale with respect to the filtration (F,,),>0, we must verify three
properties for all n > 0:

1) Adaptability: Z, must be F,,-measurable. By the definition of conditional expectation, E[X | F,,] is inherently
F,-measurable.

2) Integrability: We need to show that E[|Z,,|] < co. We can decompose X into its positive and negative parts,
X = X* — X—, where both X* and X~ are non-negative random variables. Since X is integrable by
assumption, we know E[|X || = E[X ] + E[X | < oc.

By the linearity of conditional expectation, we have
Z, =E[XT | F)-E[X™ | F..
Using the triangle inequality, we obtain
|Zo| < [B[XTF | Foll + [E[X ™ | Ful-
Because X and X~ are non-negative, the inequality above becomes
Taking the expectation on both sides and applying the tower property, we get
E|Zn]] <E[E[|IX] | Fn]] = E[X]] < cc.

Thus, Z,, is integrable for all n.
3) Martingale Property: We must show that for any n > 1, E[Z,, | F,—1] = Z,—1 almost surely. Using the
definition of Z,, and the tower property of conditional expectation (since F,,—; C F,,), we obtain:

E[Z, | Foo1]l =E[E[X | Fo] | Foo1] = EX | Fuoi] = Znoa.

Since all three properties hold for all n > 0, the process (Z,,)»>0 is indeed a martingale with respect to the filtration
(]: n)n20~



PART 3: PROOF OF MCDIARMID’S INEQUALITY USING DOOB’S MARTINGALE

Theorem 1.1 (McDiarmid’s Inequality). [/} Proposition 10.11] Let X1, ..., X,, be independent random variables
taking values in sets Xy, ..., X, respectively. Let f : X1 X --- x X, = R be a function that satisfies the following
bounded difference property: There exist c1,...,cn > 0 such that all i € {1,...,n} and for all x1 € X1, ...,z €
X, and x; € X;, we have

|f(.3617 e ,Ii_l,xi,$i+1, e 7In) — f(.fCl7 e ,xi_l,x;,xi_,_l, e 7In)| S C;.

Then, for any t > 0, we have

2 2
i=16
2 2
B(f(X1,. Xn) —~ E[f(Xn, .., X)] < —1) < exp <Zt) | (12)
i=1%
and consequently,
2 2
B(f (X1, Xo) ~EIf (X1, X)) 2 8) < 200 (—2'562) . (1.3)
i=1%

Before proceeding, we state the key inequality that governs the concentration of martingales with bounded
differences.

Lemma 1.1 (The Azuma-Hoeffding Inequality). Letr (Z;)I, be a martingale with respect to a filtration (F;)7—,.
Assume that there exists random variables Ay, ..., Ay, Bi,..., By, where A; and B; are F;_1-measurable for
each 1 < i < n, and positive constants c1, ..., cn, such that both the following hold for each 1 < i < n:

o B; — A; < c¢; almost surely.

o D;:=7Z; — Z;_1 satisfies A; < D; < B; almost surely.
Then, for any t > 0, we have )

P(Z, —Zy >t) <exp (_E?L_tlcf) .

Remark. The proof of Lemma [I.1] is essentially using the tower property of conditional expectation and repeat-
edly applying Hoeffding’s Lemma [1, Lemma 10.8]. See https://en.wikipedia.org/wiki/Azuma%?27s_inequality#A_
general_form_of Azuma’s_inequality| for more details. A variant of Lemma E] can be seen in [1, Proposition
10.9].

Proof of Theorem Note that it suffices to prove (1.1), since applying (I.1) to —f yields (1.2), and using the
union bound to combine (I.I) and (T.2) immediately leads to (T.3).

We seek to construct a Doob’s martingale. Before that, we need to check that f(X7,...,X,,) is integrable. Pick
arbitrary = € Xy, 2 € Xy, ..., a], € X,. By the bounded difference property of f and the triangle inequality, we
have

F(X1, o X)) = (X0, X)) = f(,
< (X, X)) — flah .

<D atlfah, L al)l
i=1

n) +f@,. 2l
W @)

8 8

Taking expectation shows that E [|f(X1,...,X,)|] < co.
Now we can construct the Doob’s martingale. Let F; = o(X7,..., X;) be the filtration generated by the first 4
variables, with Fo = {(), Q} (the trivial o-algebra). Define the Doob’s martingale:

Zi = E[f(Xh e 7Xn) | Fz]
Note that Zy = E[f(X4,...,X,)] and Z,, = f(X1,...,X,,). The total deviation from the mean is exactly Z,, — Zj.


https://en.wikipedia.org/wiki/Azuma%27s_inequality#A_general_form_of_Azuma's_inequality
https://en.wikipedia.org/wiki/Azuma%27s_inequality#A_general_form_of_Azuma's_inequality

To apply the Azuma-Hoeffding inequality, we must bound the conditional range of the martingale differences
D, = Z; — Z;_;. Define two random variables U; and L; which depend only on X,...,X;_; (and are therefore
JF;_1-measurable):

Ui ‘= sup E[f(Xl, e 7Xi,1,$,XZ‘+17 N 7Xn) | \/_'.1'71},

rEX;

Li = zlél)f; E[f(Xl, ce ,Xi_l, Z, XZ‘+1, ce 7Xn) | -/—"i—l}-

Now we claim that L; < Z; < U, for each i. Define the deterministic function
gi(xl, e ,J,‘,*) = E[f(a:l, e ,Jii,XH_l, e ,Xn)}

Because X1, ..., X,, are independent, conditioning on F; simply integrates out the unobserved variables. Thus, Z;
is just this deterministic function evaluated at the random observations:

Z; = gi(Xla B X’L)
Similarly, we have

Ui = sup gi(Xl,...,Xifl,fE)
TEX;

L, = xlgc 9i(X1,..., Xi—1, 1)

Since the actual realization of X; must belong to &, the value Z; is naturally bounded by its infimum and supremum
over that coordinate, proving L; < Z; < U;.
Subtracting Z;_; from all sides, we find that the difference D; is almost surely bounded by

Li—Z; 1 <D; <U; — Z;_y. (1.4)

The length of this interval is exactly U; — L;. By the bounded difference property of the function f, varying the
i-th coordinate can change the expected value by at most c¢;. Therefore, we have

Ui—L; <c¢. (1.5
From (I.4) and (I.3), we can directly apply Lemma [I.1] to get

P(Z, — 7y > 1) < ( 2t°
n — 40 Z SeXp\ —=n 3
Dic sz

Substituting Z,, = f(X1,...,X,) and Zy = E[f(X1,..., X,,)] yields the desired result:

2
P(f(X1,...,X,) —E[f(X1,..., Xp)] > ¢) <exp (—Zzt Cz) :

This completes the proof. O
Problem 2. [1, Problem 4.7].

Solution. See the solution set for HWS.

Problem 3. [1, Problem 4.9].

Solution. 4.9 Brownian bridge
(a) See Figure [T}
(b)

For s,t € [0,1], if s <&

Rp(s,t) = E[(Ws — sW1)(Wy —tW1)] = s — st — st + st =s— st =s(1 —1t).
It follows by switching s and ¢ that if s > ¢: Rp(s,t) = (1 — s)t. Therefore,

s(1—t) for0<s<t<1
t(l—s) for0<t<s<l1

RB(S,t) = {

Equivalently, Rp(s,t) = (s At)(1 — sV t) for s,t € [0,1].
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Fig. 1: Corresponding sample paths of a Brownian motion and a Brownian bridge

©
Letting p(s,t) denote the correlation coefficient between X, and X, we find that for s < ¢:

Cov(Bs, By) s(1—1t) B s 1—t¢
P = R BovaBy) el —s i ViV &

Therefore, for 0 < r < s <t < 1, p(r,s)p(s,t) = p(r,t), so that by Example 4.8.3 of the notes, the Gaussian
process B is a Markov process.

d
It is enough to show that Cov(B;, W7) = 0 for 0 < ¢ < 1, because uncorrelated jointly Gaussian vectors are
independent. But

COV(Bt7 Wl) = COV(Wt — th, Wl) = COV(Wt, Wl) — tCOV(VVl7 Wl) =t—t=0.

(e)
For 0 <s<t<l,

S t
= < 15 Therefore,

Rx(s,t) = Cov ((1 — )
:(l—s)(l—t)C0v< . Wﬁ>
= (1=8)(1—t)7— =s(1-1).

This expression holds for 0 < s < ¢t = 1 as well. Similarly, if 0 < ¢ < s < 1, Rx(s,t) = (1 — s)t. That is,
X has the same autocorrelation function as the process B. Since both X and B are mean zero Gaussian random
processes with identical autocorrelation functions, they have the same finite-dimensional distributions. Also, both
have continuous sample paths. So X is also a Brownian bridge process.

Problem 4. [1, Problem 4.10].
Solution. See [1, Chapter 12].
Problem 5. [1} Problem 4.11].

NG —t)Wﬁ)

Solution. 4.11 Some Poisson process calculations

(a) (Method 1) Given N, = 2, the distribution of the locations of the first two jump points are as if they are
independently and uniformly distributed over the interval [0,2]. Thus, each falls in the second half of the
interval with probability 1/2, and they both fall into the second interval w1th probablhty (3 )2 = 1. Thus, at

least one of them falls in the first half of the interval with probability 1 — 3 Z'



(Method 2) Since N7 and Ny — Nj are independent, Poi(A) random variables,
P{N; >1,Ny =2} = P{N; =1, Ny =2} + P{N; = 2, N, = 2}
=P{N;=1,Ny — Ny =1} + P{N; =2,N, — N; =0}

A2 3N2e—2X
= e M) + ( ; ) e = %
2em2A - 2 —2X
and P{N,} = B2 Thus, P(N, > 1|N, = 2) = 3,\2g Y (23’ ) _3

Z.
(b) P{N; > 1} = 1 — e~ Therefore, P(Ny > 2|N; > 1) = 222 /(1 — =),
(¢) Yes. The process N is Markov (because Ny is constant and N has independent increments), and since X;

and N, are functions of each other for each ¢, the process X is also Markov. The state space for X is
S =1{0,1,4,9,...}. For i,j € Z and t,7 > 0,

(AT) i 0<i<i
. . - . N = 1 = .7
pizj2(7) = P(Xpyr = j°| X = %) = (j —)!
0 else

Problem 6. [1, Problem 4.22].
Solution. See [1, Chapter 12].
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