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0 Review: DFT, DTFT, and Fourier Series
© DTFT of a Windowed Sinusoid
© DTFT of a Non-Windowed Sinusoid

@ Windowing in Time = Convolution in Frequency

e Summary
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Review: DFT, DTFT, and Fourier Series

Magnitude-summable signals have a DTFT:

Xw)= > x[nle?", < xMzé% 5m@awm)

n=—oo

Periodic signals have a Fourier series:

N—-1
1 [ 2TTKN TKN
n:N;4m2L x[n] = 2n2k

Finite-length or periodic signals have a DFT:

N-1

N-1
X[k] = Z X[n]efj%, RN X[n] — % Z X[k]ejz%kn
k=0

n=1
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Today’s Questions

Today's questions are:

© Can we use the frequency-shift property to find the DTFT of
a windowed sinusoid?

@ Can we use something like that to find the DTFT of a
non-windowed, infinite length sinusoid?
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© DTFT of a Windowed Sinusoid
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DTFT of a Windowed Sinusoid

First, let's find the DTFT of a windowed sinusoid. Since
1 - 1 _;
x[n] = cos(won)w(n] = <2W[n]e/w°” + Ew[n]e Jw°”>
We can just use the frequency-shift property of the DTFT to get

X(w) = %W(w—wo)—l-%W(w—Fwo)
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DFT of a Sinusoid

The DFT of a windowed sinusoid consists of samples of its DTFT:

x[n] = cos(won)w[n] = <;W[n]ei“°" + ;W[n]e_jw°">

&~

1 (2rk 1 (2rk
X[k]:2W<7,\TI—wo)+2W<Z—I—wo>

where W(w) is the DTFT of the window.
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DFT of a Cosine

Here are the DTFT and DFT of

x[n] = cos (27T2NO3n> w[n]

Magnitude DTFT and DFT of cos(2n 20.3/N)

Magnitude DFT of cos(2n 20.3/N)

[ 1 2 3 a H 6
Frequency (radians/sample)
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DFT of a Cosine

Here are the DTFT and DFT of a cosine at a frequency that'’s a
multiple of 2wk/N.

Magnitude DTFT and DFT of cos(2n 20/N)

Magnitude DFT of cos(2n 20/N)

[ 1 2 3 a H 6
Frequency (radians/sample)
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© DTFT of a Non-Windowed Sinusoid
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DTFT of a Non-Windowed Sinusoid

@ How about x[n] = cos(wpn), with no windows? Does it have a
DTFT?

@ It's not magnitude-summable!

[e.9]

Y Xl =0

n=—0o0

Therefore, there's no guarantee that it has a valid DTFT.

@ In fact, we will need to make up some new math in order to
find the DTFT of this signal.
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The Dirac Delta Function

The Dirac delta function, d(w), is defined as:
@ §(w) =0 for all w other than w = 0.
@ §(0) =00
@ The integral of §(w), from any negative w to any positive w,

is exactly 1:
€

d(w)dw =1

—€
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6
a=1/1
5
4
It's useful to imagine the Dirac 3
delta function as a tall, thin
function — a Gaussian, a =
rectangle, or whatever — with -
zero width, infinite height, and \_
an area of exactly 1. 0
gy

88-88 [3..

https://commons.wikimedia.org/wiki/File:

Dirac_function_approximation.gif


https://commons.wikimedia.org/wiki/File:Dirac_function_approximation.gif
https://commons.wikimedia.org/wiki/File:Dirac_function_approximation.gif
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Dirac Delta Function 5(x) Schematic

We usually draw it like this. The ,
arrow has zero width, infinite o
height, and an area of exactly g o
1.0. o
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Integrating a Dirac Delta

The key use of a Dirac delta is that, when we multiply it by any
function and integrate,

@ All the values of that function at w # 0 are multiplied by
d(w)=0

@ The value at w = 0 is multiplied by +o0, in such a way that
the integral is exactly:

i f(w)d(w)dw = (0)

-7
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Integrating a Shifted Dirac Delta

The delta function can also be shifted, to some frequency wg. This
is written as d(w — wp).
@ All the values of that function at w # wqg are multiplied by
dw—wp)=0
@ The value at w = wy is multiplied by 400, in such a way that
the integral is exactly:

i f(w)d(w — wp)dw = f(wp)

—T
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Inverse DTFT of a Shifted Dirac Delta

Thus, for example,

1 (/" . 1 .
i _ wn — = aJwon
o /Wé(w wo )&/ dw 2ﬂ_ef

In other words, the inverse DTFT of Y(w) = 0(w — wp) is
y[n] = %efw‘)”, a complex exponential.
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DTFT Pairs

By the linearity of the DTFT, we therefore have the following
useful DTFT pairs:

e/ o 218 (w — wo),

and
cos(won) < wo(w — wp) + mO(w + wo)



Non-Windowed
0000000080

Why This Answer Makes Sense

Suppose we were to try to find the DTFT of x[n] = e/“°" directly:

o0

X(w) = Z x[n]e n = Z ol (w—wo)n

n=—0o0 n=—0o0

@ At frequencies w # wp, we would be adding the samples of a
sinusoid, which would give us X(w) = 0.

@ At w = wp, the summation becomes

X(wo) = Z 1=o00

n=—0o0

@ So X(wp) = o0, and X(w) = 0 everywhere else. So it's a
Dirac delta! The only thing the forward transform doesn’t
tell us is: what kind of infinity?
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Why This Answer Makes Sense

@ So X(wp) = oo, and X(w) = 0 everywhere else. So it's a
Dirac delta! The only thing the forward transform doesn’t
tell us is: what kind of infinity?

@ The inverse DTFT gives us the answer. It needs to be the
kind of infinity such that

1 & . .
2r | X(@)endu = elor,

and the solution is X(w) = 2md(w — wp)
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@ Windowing in Time = Convolution in Frequency
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Windowing in Time = Convolution in Frequency

Remember that windowing in time = convolution in frequency:
1
y[n] = x[n]w[n] <+ Y(w)= Z—X(w) * W(w).
T
But if x[n] = cos(won), we already know that
1 1
y[n] = cos(won)w[n] <+ Y(w)= 3 W(w —wo) + 3 W (w + wo)

Can we reconcile these two facts?
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Convolving with a Dirac delta function

The delta function is defined by this sampling property:

/_7r 0(w — wo)f(w)dw = f(wo)

What does that mean about convolution? Let's try it:

5w — wo) + W(w) = [ 6(8 — wo)W(w — 0)do

—T

= W(w — wp)
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Convolving with a Dirac delta function

So we see that:

O(w — wp) * W(w) = W(w — wp)
This is just like the behavior of impulses in the time domain:

pulsel & reaction

.1/Unit impulse u(T1)htTHu(T2) — pulse? & reacti
& oy | MT2hET2)
reaction o
\ h(t) /] Co T2 } reactions
i i : ‘1) sum up
0 T1 T2t '
0 t ; 1»

t-T1
Public domain,

https://commons.wikimedia.org/wiki/File:Convolution_of_two_pulses_with_impulse_response.svg


https://commons.wikimedia.org/wiki/File:Convolution_of_two_pulses_with_impulse_response.svg

DTFT of a Windowed Cosine

So if:
cos(won) < wo(w — wp) + mo(w + wo),
and
y[n] = x[nlw[n] <+  Y(w)= %X(w) « W(w),
then

cos(won)w([n] < (;(5(w —wp) * W(w) + %(5(w + wp) * W(w))

= (W) + W+ )
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DFT of a Cosine

So again, we discover that:
2720.
x[n] = cos (7TI\I()3n) w(n]

Magnitude DTFT and DFT of cos(2m 20.3/N)

Magnitude DFT of cos(2m 20.3/N)

o 9vvvtvvvvvv?\‘?TTTTT[ TT?!!... ..ovaTT [TTTTT??Y!?!vvvvvvv

o 1 2 3 4 5 6
Frequency (radians/sample)
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Try the quiz!

Go to the course web page, and try the quiz!
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Summary

@ DTFT of a complex exponential is a delta function:
efon s 2o (w — wo)
@ DTFT of a cosine is two delta functions:
cos(won) <+ mo(w —wo) + TH(w + wp)

@ DTFT of a windowed cosine is frequency-shifted window
functions:

cos(won)w([n] < %W(w —wp) + %W(w + wo)
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