Lecture 16: Discrete-Time Fourier Transform
(DTFT)
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Response of LS| System to Periodic Inputs

Suppose we compute y[n] = x[n] * h[n], where

x[n] =

X[k]e’2”k”/N and

=]+~
= x =
TIMT

[n] Y[k]ej27rkn/N'

= \
>
<”3

The relationship between Y'[k] and X[k] is given by the frequency
response:

Y[k] = H(kuo)X[K]
where

= Z h[n]e~/“n

n=—oo
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Response of LS| System to Aperiodic Inputs

But what about signals that never repeat themselves?
Can we still write something like

Y(w) = Hw)X(w)?
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@ Discrete Time Fourier Transform
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Aperiodic

An “aperiodic signal” is a signal that is not periodic.

@ Music: strings, woodwinds, and brass are periodic, drums and
rain sticks are aperiodic.

@ Speech: vowels and nasals are periodic, plosives and fricatives
are aperiodic.

@ Images: stripes are periodic, clouds are aperiodic.

@ Bioelectricity: heartbeat is periodic, muscle contractions are
aperiodic.
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Periodic

The spectrum of a periodic signal is given by its Fourier series. In
discrete time, that's:

Np—1

: 27kn

1 —J
Xk:ﬁo Z x[n]e * Mo

No
2

Ng—1

R .
= Z x[n]e /"
0

_ Mo
2

n—=

n=

and that gives the frequency content of the signal, at the
frequency w = 2,(;—"
0

Here I'm using n € {—%, ce Nozfl}, but the sum could be over

any sequence of Ny continuous samples.
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Aperiodic

An aperiodic signal is one that never repeats itself. So we want
something like the limit, as Ng — oo, of the Fourier series. Here is
the simplest such thing that is useful:

Discrete-Time Fourier Transform (DTFT)
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Fourier Series vs. Fourier Transform

The Fourier Series coefficients are:

Ng—1
1 2
Xk = — Z x[n]e /"
N e
n=—=%
The Fourier transform is:
m .
X(w)= > x[nle "
n=—o00

Notice that, besides taking the limit as Ny — oo, we also got rid of
the Nio factor. So we can think of the DTFT as
X(w) = lim . NoXk

__2n
No—>oo,w——N0

where the limit is: as Ng — 00, and k — oo, but w = % remains

constant.
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Inverse DTFT

In order to convert X(w) back to x[n], we'll take advantage of
orthogonality:

4 ejw(m_n)dw _ 2r m=n
— 0  (m— n) = any nonzero integer
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Inverse DTFT

Taking advantage of orthogonality, we can see that

1 s

2r ),

X(w)e™dw

— 2i < Z x[n]e_jw”> M de
™ J %

n=—0o0

1 = L
=— > x[n] [ & Mdy
2T W o

= x[m]
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Fourier Series and Fourier Transform

Discrete-Time Fourier Series (DTFS):

1 No—l s 2mkn

X, = — x[nle”™ Mo
k Nonz::o [n]

No—1 :2mwkn

X[l =" Xie' Mo
k=0

Discrete-Time Fourier Transform (DTFT):

(e 9]

X(w)= > x[nJe "

n=—0o0
m

x[n] = 217r/ X(w)e*"dw

—T
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Go to the course webpage, try the quiz!
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Properties of the DTFT

In order to better understand the DTFT, let's discuss these
properties:

Q Periodicity

© Linearity

@ Time Shift

© Frequency Shift

@ Filtering is Convolution

Property #4 is actually the reason why we invented the DTFT in
the first place. Before we discuss it, though, let’s talk about the
others.
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0. Periodicity

The DTFT is periodic with a period of 27. That’s just because
e = 1:

X(w) =Y x[nle "

n

X(w+2m) =Y x[n]le7@T2Mn =3 " [n]e " = X(w)

n n
X(w=2m) =Y x[n]le /@27 =3 "x[n]e " = X(w)
For example, the inverse DTFT can be defined in two different
ways:
[n] = /7r X(@)erdw = L [ x(w)end
x[n] = o) w w = - w w

Those two integrals are equal because X(w + 27) = X(w).
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1. Linearity

The DTFT is linear:
z[n] = ax[n] + by[n] <+  Z(w) = aX(w) + bY (w)
Proof:

Z(w) =Y _ z[n]e I*"

=ay_ x[me "+ b ylnle "
= aX(w) + bY(w)
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2. Time Shift Property

Shifting in time is the same as multiplying by a complex
exponential in frequency:

zln=x[n—ng] & Z(w)=e"X(w)

Proof:
Z(w) = Z x[n — ngle "
= Z x[m]e @ (m+no)  (where m = n — ng)

— e UM X (w)
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3. Frequency Shift Property

Shifting in frequency is the same as multiplying by a complex
exponential in time:

z[n] = x[n]e*" & Z(w) = X(w — wo)

Proof:
Z(w) = Z x[n]e/omewn
= 3 Knferiteer

= X(w — wp)
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4. Convolution Property

Convolving in time is the same as multiplying in frequency:
ylnl = hln] xx[n] < Y(w) = H(w)X(w)

Proof: Remember that y[n] = h[n] * x[n] means that
y[n] =32 h[m]x[n — m]. Therefore,

Yw) = ) < h[m]x[n — m]> eJjwn

= Z Z (h[m]x[n — m]) e *me=Jw(n=m)

m=—0o0 n=—00

— ( Z h[m]e—jwm) ( Z x[nm]ej‘”("m))

m=—o00 (n—m)=—o0

= Hw)X(w)
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Local Average Filters

Let's go back to the local averaging filter. | want to define two
different types of local average: centered, and delayed.
o Centered local average: This one averages (%) future

samples, (£51) past samples, and x[n]:

. (&)
yelnl =7 > xln—m
m=-(%3")

e Causal local average: This one averages x[n] and L — 1 of
its past samples:

L-1

yd[n] = % Z x[n — m]

m=0

Notice that yq4[n] = yc [n — (%)]
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Local Average Filters

We can write both of these as filters:

o Centered local average:

Yeln] = feln] + x(r]
fe[n] = {’1- -5 <n< (5

0 otherwise

o Causal local average:

yaln] = fa[n] * x[n]

1

+ 0<n<L-1
faln] =<t ~ ="~

0 otherwise



Averaging
[e]e] le]elelele]le}

Local Average Filters

Impulse response f:[n] of a centered local averaging filte
PP00000000F0

0.075 ~

0.050 A

0.025

0.000 - C:C:C?:CC: C:CC?C:CC:

Impulse response fg[n] of a delayed local averaging filte
9000000000

0.075 A

0.050

0.025 -

0.000 A C:C:C?:CC:C:CC: - 8-000

Notice that f,[n] = . [n — (551)].
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The relationship between centered local average and

delayed local average

Notice that f,[n] = f.[n — £52]. We can find the relationship
between their DTFTs using variable substitution, with the variable

_ o L1,
m=n 5 -

Faw)= Y fylnleF="

n=—oo
(o9}
L—-1. _.
= > filn— =yl
n=—oo
. L—1 e .
= e_JwT Z fc[m]e_me
m=—o0

— e Fo(w)
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The frequency response of a local average filter

Let's find the frequency response of

1

+ 0<m<L-1
fd[n] =t - B

0 otherwise

The formula is

Fa(w) = flmle ™,

so,

—jwm
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The frequency response of a local average filter

L1y
_ - —jwm
Fd(w) = Z Le
m=0
This is just a standard geometric series,
L-1
m 1—at
am = )
1-a

m=0

SO:
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The frequency response of a local average filter

We now have an extremely useful transform pair:
1 —jwL
+ 0<m<L-1 1 /1—e ¥
faln] =< L - < Fw)=-| ——
aln] {O otherwise a() L < 1—ew )

Let's attempt to convert that into polar form, so we can find
magnitude and phase response. Notice that both the numerator
and the denominator are subtractions of complex numbers, so we
might be able to use 2jsin(x) = e — e for some x. Let’s try:

1 /1— e Jwl 1 e—ij/Z eij/2 _ e—ij/2
L ( 1— e Jw > T L eJw/2 \ eiw/2 _ g—jw/2

_in(t=2\1 [2jsin(wl/2)
5 )(2jsin(w/2>>

L

- (24)

~|
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The frequency response of a local average filter

Now we have Fy(w) in almost magnitude-phase form:

_Jf ogm<L-1 _ (sin(wL/2)\ _j(t
folnl = {(; otherwise < Falw) = <Lsin(w/2)) e (5

By the way, remember we discovered that
Fa(w) = e 7“(52) F (w)

Notice anything?
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DTFT of Local Averaging Filters

o Centered local average:
1 (L1 o (L2
fc[n]: L (2.)—’7—(2)
0 otherwise
sin(wl/2)
Fo(w) = ——22
@)= Ton(@2)

e Causal local average:

sin(wl/2) (L)

1
+ 0<n<L-1
f n| = L - - F = —— e
aln] {0 otherwise 4(w) Lsin(w/2)
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DTFT of Rectangular Window

The local summing filter is just a scaled version of the local
averaging filter. It is commonly called the “rectangular window,”
for reasons that we'll explore in future lectures.

e Centered rectangular window:

we[n] = {1 - (%) sn< (%)
0 otherwise

_sin(wL/2)

RRET)

e Causal rectangular window:

Wd (w) 2

waln] = 1 0<n § L—-1 _ S|r1(wL/2) e_jw(ﬂ)
0 otherwise sin(w/2)
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Dirichlet form

Of all four of these signals, the centered rectangular window has
the simplest DTFT. The textbook calls this signal the “Dirichlet
form:"”

sin(wl/2)
D =—"2
) = Ghw/2)
That is, exactly, the frequency response of a centered rectangular
window:

1) <n< (1)

dulr] = weln] = {1 —(5) <

0 otherwise
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Dirichlet form

Here's what it looks like:

Centered local sum filter (Dirichlet form), di1[n]

1.0
0.5
0.0
-15 -10 -5 0 5 10 15
Dirichlet Form D11(w)
10
5 o
/--‘\"\. —_—
1 N — T
T T T T T T
0 21m/11 a1l 6m/11 swmll  10m/11

Frequency w (radians/sample)
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Dirichlet form

Since every local averaging filter is based on Dirichlet form, it's
worth spending some time to understand it better.

_ sin(wl/2)
Duw) = Gniw/2)

@ It's equal to zero every time wL /2 is a multiple of . So

21k
D, (I) =0 for all integers k except k =0

e At w = 0, the value of Sl?rf(‘ff/;)) is undefined, but it's posssible

to prove that lim,_0 D;(w) = L. To make life easy, we'll just
define it that way:

DEFINE: D, (0) =L
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Dirichlet form

Here's what it looks like:

Centered local sum filter (Dirichlet form), di1[n]

1.0
0.5
0.0
-15 -10 -5 0 5 10 15
Dirichlet Form D11(w)
10
5 o
/--‘\"\. —_—
1 N — T
T T T T T T
0 21m/11 a1l 6m/11 swmll  10m/11

Frequency w (radians/sample)
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Local averaging filter

Here's what the centered local averaging filter looks like. Notice
that it's just 1/L times the Dirichlet form:

Centered local average filter, fc[n]
PP0000PPOOO

0.075
0.050 ~

0.025 A

0.000 A

-15 -10 -5 0 5 10 15

Magnitude Response of centered local averager, F-(w)
1.0

0.5 A

0.0 \//\_/"__"“ ~-

T T T T T
0 2n/11 Inf11 6m/1l 8mll 10m/11
Frequency w (radians/sample)
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Summary

The DTFT (discrete time Fourier transform) of any signal is X(w),
given by

oo

X(w)= > x[n]e "

n=—o00
1 (7 ;
= — X(w)e“"d
A = 5 [ X(@)erd
Particular useful examples include:

f[n] = 6[n] © F(w) =1

g[n] = 5[” - no] > G(w) — g—Jwno
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Properties of the DTFT

Properties worth knowing include:
@ Periodicity: X(w + 27) = X(w)
©Q Linearity:

z[n] = ax[n] + by[n] > Z(w) = aX(w) + bY (w)

@ Time Shift: x[n — ng] <> e 7™ X (w)
© Frequency Shift: e/“0"x[n] <+ X(w — wo)

@ Filtering is Convolution:

y[n] = h[n] x x[n] <> Y(w) = H(w)X(w)
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Summary: DTFTs of Rectangular Windows

@ The Centered Local Averaging Filter is 1/L times the
Dirichlet form:

P () <n< (5 _sin(wl/2)
el = {(; other?/vise i & Flw)= Lsin(w/2)

e The Causal Local Averaging Filter is f.[n], delayed by %
samples:

1

7 0<n<L-1 sin(wlL/2) _; (=1
faln] = < & Fyw) = 2R mju(57)
alrl {0 otherwise a(w) Lsin(w/2)
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