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Review: DFT

The DFT (discrete Fourier transform) of any signal is X[k], given
by

N—-1
X[k] — Z X[n]e—j27,\'\lkn
n=0
N—-1

x[n] = % 20: X[k]e/ W

Particular useful examples include:
fln] =4[n] <> F[k] =1

. 2mkn,

gln] = 8[(n— no)w] ¢+ G[k] = e
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Properties of the DTFT

Properties worth knowing include:
@ Periodicity: X[k + N] = X[]
@ Conjugate symmetric: x[n] Real +» X[k] = X*[—K]
@ Linearity:

z[n] = ax[n] + by[n] <+ Z[k] = aX[k] + bY[K]
@ Time Shift: x[n — ng] <> e‘jWX[k], paying attention to the
fact that x[n] is periodic in time

Q Frequency Shift: ejL/\klonx[n] < X[k — ko], paying attention to
the fact that X[k] is periodic in frequency
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Convolution

Convolution (finite impulse response filtering) is a generalization of
weighted local averaging:

y[n] = h[n] * x[n] = Zx[m]h[n —m] = Zx[n — m]h[m]

m m

o If all samples of h[n] are positive, then it's a weighted local
averaging filter
o If the samples of h[n] are positive for n > 0 and negative for

n < 0 (or vice versa), then it's a weighted local differencing
filter
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Frequency Response

@ Tones in — Tones out

x[n] = 4" = y[n] = H(w)e/*"
x[n] = cos (wn) — y[n] = |[H(w)| cos (wn + ZH(w))
x[n] = Acos (wn+ 6) — y[n] = A|H(w)| cos (wn+ 0 + ZH(w))

@ where the Frequency Response is given by

H(w) = h[m]e /™
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Putting it all together

If the input signal is

s 2mkn

=
x[n] = z_% X[K]e/ W
... then the output of y[n] = h[n] * x[n] is. ..

2mkn

1 N—-1 .
ylnl = 5 S HIKIX[Ke ™
n=0

HIK] = H (%")
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Convolution is an O {N?} Operation

Suppose we convolve an N-sample h[n] with an N-sample x[n].
Consider carefully where the nonzero terms are:

N—1
ylnl=> hlmlx[n—m], 0<n<2N-1
m=n
Let's do a computational complexity analysis:
@ There are 2N = O {N} output samples.
e The mt™" output sample results from a sum of length
N—m=O0O{N}
@ The total complexity is therefore O {N2}
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Fast Fourier Transform (FFT)

@ The regular DFT formula, X[k] = Zx[n]eﬁ.%, is also
O {N?} (N terms in the sum, N output coefficients).

@ In 1965, Cooley and Tukey found a way to re-arrange the
terms of the DFT so it can be computed in O {N log, N}
multiply-add operations. Their algorithm is called the “fast
Fourier transform” (FFT).

o For example, suppose N = 1024, then

o N2 = 1,048,576 operations
o Nlog, N = 10,240 operations (a factor of 100 savings)
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Can we use the FFT to speed up convolution?

Remember this formula:

s 2mkn

1 N-1
vl = 5 3 HIKXIK
n=0

How about the following?
@ Take the FFT of x[n] to find X[k] (O {Nlog N})
@ Take the FFT of h[n] to find H[k] (O {Nlog N})
© Multiply them to find Y[k] (O {N})
© Take the inverse FFT to find y[n] (O {Nlog N})

Is the total complexity O {Nlog N}, much faster than regular
convolution? YES!! Does it compute the desired answer? NO!!!
Why not, and how can we fix it?
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Multiplying two DFTs: what we think we're doing

hln] [HIK]|
14 20y
D—I 0-_Ml
25 0 25 50 0 10 20 30
x[n] [XIK]|
14 20y
O—I O-M
25 0 25 50 0 10 20 30
$y[n]=x[n]*h[n] [YIK]| = |HIKIXIK]|

I N S
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Multiplying two DFTs: what we're actually doing

Periodic h[n] [HIK]|
1 20w
0 o—_w
—25 0 25 50 0 10 20 30
Periodic x[n] IXIK]|
1+ 204w
o—]IIIIUIIIIEIIIIIE O-M
25 0 25 50 0 10 20 30
Periodic y[n] = x[n]*h[n] |YTk]1| = |HIKIXT k]|
50
250
0 0
25 0 25 50 0 10 20 30
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Circular convolution

Suppose Y[k] = H[k]X[k], then

1 N1 2k
ylnl = 4 > HIKIX[K]e x
k=0
1 N1 N-1 - 27k - 27k
=% > HIK] <Z x[m]e™ "N ) e
k=0 m=0
N-1 N-1
1 __:2mk(n—m)
= x[m] ( Hlkle = v )
N
m=0 k=0
N—-1

...where the notation (n — m))y means “modulo N,” i.e., we
need to pay attention to the periodicity.
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Circular convolution

Multiplying the DFT means circular convolution of the
time-domain signals:

yln] = hin] @ x[n] < Y[k] = H[k]X[k],
Circular convolution (h[n] ® x[n]) is defined like this:

N-1 N-1

hln} @ x[n] = _ x[m]h[(n = m)n] = D hlmlx[(n — m)n]
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Linear convolution example

S

xIn] x[m]
1
_|—|—|—V—|__'V_ 07
10 20 30 40 50 60 70 0O 10 20 30 40 50 60 70
hln] h[0—m]
1_
T T T T T 0_ T T T T T T T
10 20 30 40 50 60 70 0O 10 20 30 40 50 60 70
ylm]=x[m]*h[m] linear
10
= 019 y y 7 ; 7 y T
10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
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x[n] x[m]
1 14
0- ; 0- ?
0 10 20 30 40 50 0 10 20 30 40 50
Aln] AL((0— m))sa]
1 —jT 14 »
0 - T T T T T 0_ T T T T
0 10 20 30 40 50 0 10 20 30 40 50
yln] = x[n]*h[n] circular ylm]=x[m]*h[m] circular
10 _m" IIIIIIIIIIIIIIIW 10
0 T T T o1+ ; y ; ; ’
0 10 20 30 40 50 0 10 20 30 40 50

S
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Go to the course webpage, try the quiz!
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How long is h[n] * x[n]?

If x[n] is M samples long, and h[n] is L samples long, then their
linear convolution, y[n] = x[n] * h[n], is M + L — 1 samples long.

x[n]

14

.

hin]

0l 'HHTHTTTTTT?????”QQT

y[n]l=x[n]*h[n] circular

10 4

o JrTﬂTnTTnT ”TTTTTTmm.,.....,

y
N-1=L+M-2
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Zero-padding turns circular convolution into linear
convolution

How it works:
@ h[n] is length-L
e x[n] is length-M
@ As long as they are both zero-padded to length
N>L+ M-—1, then
@ y[n] = h[n] ® x[n] is the same as h[n] * x[n].
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Zero-padding turns circular convolution into linear

convolution

Why it works: Either. ..

@ n— mis a positive number, between 0 and N — 1. Then
(n— m))ny = n— m, and therefore

x[mlh{(n — m))n] = x[m]h[n — m]

@ n— mis a negative number, between 0 and —(L — 1). Then
(n—=m)y=N+n—-—m>N—-(L-1)>M-1, so

x[m]h{(n — m)n] =0



Case #1: n — m is positive, so circular convolution is the

same as linear convolution

x[n]

h[n]

Zero-Padding
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x[m]

0 10 20 30 40 50
AL((50 — m))esl

ezl

T
10 20 30 40 50 60 70

yInl=x[n]* h[n] circular

T
o] 10 20 30 40 50 60 70

yIlm]1=x[m]*h[m] circular

04

04

o 0 30 40 50 60 70

I
10 2
m
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Case #2: n — m is negative, so it wraps around, but N is

long enough so that the wrapped part of h[(n — m))n]
doesn't overlap with x[m]

x[n] x[m]
14 14
01 e y . O—W
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
hln] hL{(0 — m))es]
1 1
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
y[nl=x[n]*h[n] circular yIm]1=x[m]*h[m] circular
N | ||||| N
0 ||||I||||||||| |||""|||Iln ola
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Zero-padding turns circular convolution into linear

convolution

x[n] x[m]
1 14
04 e —— O—W
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
hln] hL((0 = m))esl
14 14
OM PR [ [} F— M
o] 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
yIn]=x[n]*h[n] circular yIm]=x[m]*h[m] circular
10 10
|||II|||||||| | "l" |||||II||||.
oL L 0 L Py . . ‘ ; ; :

(=)bM+]
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Summary
Circular convolution

Multiplying the DFTs, instead of implementing convolution
directly, can save 100-fold computation or better. However,
multiplying the DFT means circular convolution of the
time-domain signals:

y[n] = hin] @ x[n] < Y[k] = H[k]X[k],
Circular convolution (h[n] ® x[n]) is defined like this:

N-1

hln] @ x[n] = 3 x[m]h[(n — m)n] = Zh[m]X (n = m)n]

m=0

Circular convolution is the same as linear convolution if and only if
N>L+M-—1.
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