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Fourier Series

Any periodic signal, x(t + To) = x(t), can be written as

X(t): Z Xkej27rkt/To

k=—o00

In discrete time, you only need Tg harmonics, because the period
only has Ty samples:

To—1 )
x[n] — Z Xkej27rnt/T0
k=0
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Analysis and Synthesis

o Fourier Synthesis is the process of generating the signal,
x(t), given its spectrum. Last lecture, you learned how to do

this, in general.

@ Fourier Analysis is the process of finding the spectrum, X,
given the signal x(t). I'll tell you how to do that today.
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Fourier Analysis

Fourier said that any periodic signal, with a period of Ty seconds,
can be written

X(t): Z Xkej27rkt/To
k=—0o0

What | want to do, now, is to prove that if you know x(t), you can
find its Fourier series coefficients using the following formula:

1 [T ,
Xy = / x(t)e 2Kt/ To gy
To Jo

Important note: the integral can be over any complete period. We
usually write it from 0 to Ty, but it can be from —% to % or any
other period.
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Proof of Fourier Analysis: Step 1

T

i ° X(t)efj27rkt/To dt

TO 0

_ i To i X ej27r£t/To —j27rkt/Tod

= v e t
TO 0 {=—00

_ 1 i TOX 27 (k) To gy
- To l=—00 0 ‘

Now we need to find out what is fOTO Xpe/2m(t=k)t/Togy.



Coefficients
00800

Proof of Fourier Analysis: Step 2

To
/ X, 2 (E=K/ To gy
0

To 21(0 — k)t To 27m(0 — k)t
= / Xy cos (7T()> dt +j/ Xy sin (W()) dt
0 To 0 To

0 0+ k
O Xpdt = ToXp = ToXx €=k
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Proof of Fourier Analysis: Step 3

To .
X(t)e—127rkt/ To dt

T 00
_ 0 ( Z Xgefzwgt/T‘)) e—jZﬂkt/Todt
To Jo

l=—00

_ / X,el2r(—k)E/ To gy

Z—oo

1
=7 X (o 0+0+0+ ToXe +0+0+---)
0
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Fourier Series

e Analysis (finding the spectrum, given the waveform):

1 [To ,
Xy = / x(t)e J2mkt/To gy
To

e Synthesis (finding the waveform, given the spectrum):

X(t Z X ejZﬂ'kt/Tg

k=—o0
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Square wave example

Suppose that

1 0<t< Ty
x(t) =
0 T1§t<To

What is X, ?
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Square wave example
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Cosine example

Suppose that x(t) = cos(27fit) for 0 < t < Ty. Notice that there
are two very different cases:
e If f1 Ty is not an integer, then x(t) has a discontinuity:

o As t approaches Ty, x(t) approaches cos(27f Tp).
o When t reaches Ty, x(t) suddenly resets. x(t) must be
periodic, so x(To) = x(0) = 1.

e If 1Ty is an integer, then x(t) is continuous.
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Cosine example when f; Ty is not an integer

1 [T _jenkt
= — x(t)e 7 To dt
A (t)

1 To _j2L’<f
= — cos(2rfit)e * To dt
To Jo
L [T01 0 o onfit) AR
== 7<ef“+e’f’”t>e To dt
ToJo 2

1 To ﬁ.zw(k—flro)t To 7j27r(k+f1T0)t
—</ e To dt—i—/ e To dt>
2To \Jo 0

1 .
—j2m(k—fiTo) _ 1
“jan(k — i To) (e )

1 )
—j2n(k+ATo) _ 1
T Tian(k+ ATo) (e )
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Cosine example when f; Ty is an integer

1 To 7j2rr(k—f1T0)t To 7j27r(k+f1T0)t
Xk = — e o dt+ e o dt
2Ty 0 0

|3 k£ATe=0
|0 k+h To = any other integer
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Another Square Wave

Let's try this square wave:

To To
1 —g<st<

x(t) =

0 otherwise

Square wave example

A5T0  TOo  TOR o TO2 TO 15T0
Time (seconds)
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Square wave: the Xj term

To/4
Xo = 1/ o/ e*j2ﬂ'kt/Todt
To J_15/4

_..but if k =0, then eJ27kt/To — 1111
1 T0/4

1
Xo = — 1dt = -
To J_715/4 2
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Square wave: the X terms, k # 0

To/4
X = 1/ ’ e~J2mkt/To gy
To J_15/4

Lt [eﬁ?ﬂkf/To} To/4
To *j27Tk/ Tg —To/4

_ <2J7rk> (e—jwk/2 B ejfrk/2>
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Square wave: the X; terms

1
X =~
™

Square Wave x(t)

J_ 1 1 1
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Square wave: the X, term

Xo=0

Square Wave x(t)

1 I o O O o

cos(2nZt)

DAARAAYS

T cos(ZmZEx(E) T
integral =10.001

AN N\
N/ A AN

" 0.5co5(2n0t)+0.32cos(2n1t)+0.00Icos(2n2t)

04 -==
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i
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Square wave: the X3 term

Square Wave x(t)

o I o O e

cos(Zn3t)

TANANA NN
NEAYAVAYAVVAVAVAYA

T Cos(ZMIEXTE) T

integral =1-0.11

9 Y WY N\
e VY

.5cos(2n0t)+ cos[ZnIt)+ cos[2n2t)+- cos(Zn3t)
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wave: the X5 term

Square Wave x(t)

J_ 1 1 1

" " —cos(Zish " "
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Square wave: the whole Fourier series

x(t)—1+1 cos @ —Ecos @ +1cos —107” —E
207 To 3 To 5 To 7

Square Wave x(t)
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Try the quiz! Go to the course webpage, and click on today’s date.
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Summary

e Analysis (finding the spectrum, given the waveform):

1 [To ,
Xy = / x(t)e J2mkt/To gy
To

e Synthesis (finding the waveform, given the spectrum):

X(t Z X ejZﬂ'kt/Tg

k=—o0
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