Caveats

 Problems in the slide will be independent from midterm problems
* P(p1lpyinslide) = P(pq)

* All numbers will be replaced by symbols in the slide
* |n midterm, you may need to compute

 We will cover top-K options from the Slido survey
* Survey does not cover all topics
* You still need to review all topics by yourself



Agenda & Survey result
* Generating RV with a specific distrition
* Function of RV

* Central Limit Theorem + Approx.

* BHT



Generating RVs Un Unioym. o, 1]
e Goal: Given Fy(c). Find g(:) s.t. X = g(U) follows Fy

1. Start from Fy. Derive Fy if given fy, py, Fx, etc.

2. U=Fx(X)forany X

A
3. letu=f(x),findg=f"1@st.x=g
j:. 'F;(‘j

x = Fx (A




Example — Generate from PDF

£ ) = {Ze‘zx © =0 £ing g(-) s.t. g(U) follows f (")

0 else
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 More examples after functions of RV

qlw = Qn(“_



Functions of RV
 Goal:LetY = g(X) and fx/Fx , find fy /Fy

1. IsY continuous? What is the support? Write trivial regions
first

2. K@ =P <c)=Plgl)<c}=]

3. £(c) = Fy/(c) eL{] >j 400 Ix )y du,

cltJ=} Y 76)((/{&)0(4&
J(x)ﬁc

(X)<c fX(u)du



1. Find support and continuity
Example — Piecewise function 2. /() =/ ... fx()dx

3. fr=F
Y =2|X|+3,X~N(1,4),find Fy(c) interms of ®

[ SuPPort Y = [3, =) Fole) = {
1 else

2. TPy 23 < "\\
20, X20. P{2X+3<C} {O< g’f}

>b. x <o ?P{ 2)(4—34'03 F{"—S <o }
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1. Find support and continuity
Examples — Case by case 2. Fy(6) = [ e fx ()X

3. fr=F

, Wwhere X ~ Uniform|[—1,1], find fy
else 1

. Fy(c) SWPFWtT = Lo/t FY(C) { g
< SX<og )
prosxccl + pfFEx <o} —-i_ﬁ;x(w”{'ﬂ

e LetY =gU),findg \1\/

PAX < 3
-p{x2-E]

X if x =0

LetY = {XZ







Central Limit Theorem (CLT)

If many independent random variables are added together, and if
each of them is small in magnitude compared to the sum, then
the sum X has an approximately Gaussian distribution X.

. P{X<v}~P{X<v}

* X N(MX» O-X) ”\hfmt
‘ P 09
* E.g. X ~ Bi(100,0.5) + Bi(25,0.9) . /
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Gaussian Approxumatlon

Prscrete.

Approximate X ~ Bin(10,0.2) with X ~ N(2,1.6)

e Fy(2) = Fy(2.1) = Fy(2.9)
* Fz(2) # F3(2.9)

e How should we approximate? Lo
cont. Comection =2 ‘Fxx H’;-" o, S‘ 0.8}
. PX<K}~ 0.l
| e PX<k}~= S
o P{X >k}~ 0-4
e P{X>k}= 0.2

(T/F) £ ERHS

Binomial
Normal
e Approx

— Pr?oﬂ) le - (“V’F) kecLHS = 00l
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Example -

Consider a binary game, Py (2) = 0.9 and Py(—2) = 0.1. Play the game
100 times, denoted as X; ... X1go
 ConsiderZ; = (X + 2)/4, what distribution does Z; follows?

00/ 2i= (24 (4 =] 7. =
i . Gty ez o i ~ Bern (F 0.9)
p X|mate P{X>40}|n terms of © é" 2
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Lo tore. (b0260) 3 (402 §9.%)
Binary Hypothesis TestmgPLZ -0 > y?,g ?0

 Likelihood matrix/ function — } (9 5
* fi(k) = P{X = k|H;} u @ T3
Tk . A

Likelihood Ratio A(k) = XS

» ML method - (k) vs. fo(k) orA(k) >1? (laim H,

<l O[Aﬂw Ho,

 Joint Probability Matrix P(X;H;)
 MAP method-A(k) > Tyap = %
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Crom Sudel  Disante PME urrrbxc‘thw

P (X=H) = Ty (£+0.9) - Fx (o9



Example -

letfy ~N(u=1,0°=2)and fy ~ N(u=0,0%=1)
* Find ML rule and MAP rule correspondlngmalse alarm

}‘(X)/DE?L— ( i":) ﬁ()«_’e ( 7(2)
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Bernoulli Process y Poisson Process

 Assume each trial takes h duration to complete

o Bern(p) - h — O,/l — E — (P(Head)) ——  Poi(A=10)
——  Bin(n= H p = Ah) h I'ime — Exp})
+«— Geo(p = Ah) <« =» FErlang(k, 1)
<« —=» NB(r,p = Ah) L L
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Properties

Mean
Variance
PDF/ PMF

CDF
Example

Special

Exp(4)

System lifetime

POl(A = }{reft)

Event occurrence within t



