
Last lecture

Minimum mean square error estimation (Ch 4.9)
• Recap

• Constant estimators
• Unconstrained estimators 
• Linear estimators

• Examples

Joint Gaussian Distribution (Ch 4.11)
• Motivation
• Facts
• Examples



Agenda

• Law of Large Numbers and Central Limit Theorem (Ch 4.10) 
• Equations
• Examples

• Expectation Maximization (Not tested)
• Motivation
• Application
• Intuition
• Algorithm
• Visualization



Equations – Law of Large Numbers
𝑋1 …𝑋𝑁 are uncorrelated, and 𝜇𝑋𝑘 = 𝜇 and 𝜎𝑋𝑘

2 ≤ 𝐶
• Let 𝑆𝑛 = σ1

𝑛 𝑋𝑛, we have 𝑃 𝑆𝑛
𝑛
− 𝜇 ≥ 𝛿 ≤ 𝐶

𝑛𝛿2
  for any 𝛿

• Prove by Chebyshev ↑
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Example
𝑋1 …𝑋100 are RVs with 𝜇 = 5 an 𝜎2 = 1. 𝑆𝑛 = σ1

𝑛 𝑋𝑛
• Assume 𝐶𝑜𝑣 𝑋𝑖, 𝑋𝑗 ≤ 0.1 if 𝑖 = 𝑗 ± 1
• 𝐶𝑜𝑣 𝑋𝑖, 𝑋𝑗 = 0 if 𝑖 − 𝑗 ≥ 2

• Show 𝑉𝑎𝑟 𝑆100 < 120

• Find upper bound of 𝑃( 𝑆100
100

− 5 ≥ 0.5)

-

2=0.5 Chebyshev.
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Equations – Central Limit Theorem
𝑋1 …𝑋𝑁 independent, identically distributed (i.i.d.) RVs

• Let 𝑆𝑛 = σ1
𝑛 𝑋𝑛, we have lim

𝑛→∞
𝑃 𝑆𝑛−𝑛𝜇

𝑛𝜎2
≤ 𝑐 = Φ(𝑐) for any 𝑐

• For examples, refer to Gaussian approximation



Final Review Survey
• Open text 

• April 30 (Thur)
• Final Remarks 
• Review on topics before midterm II

• May 5 (Tue)
• Review on topics after midterm II

• May 7 (Tue)
• Reading day, no class

#8698199

Thur
⇌



All the rest of this lecture 
will not be in the exam



Expectation Maximization



Motivation
• In many cases, we will face a “                                   ” problem
• Example

• Given location of many bees 𝑥𝑖, estimate their bee hive location 𝜃 
• If 𝑥𝑖~𝑁(𝜃, 𝜎2)

• What if they belong to two hives?

• We need to classify/ separate signals to estimate their parameter
• The estimated parameter can help classify the signals

chickena Egg.
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Application
• Unsupervised learning

• Speech recognition
• Align speech segment to transcriptions

• Image segmentation

• Customer segmentation



Given: Bee locations Estimate: bee colors       and bee hives

But we can estimate        if  we know locations of  both hives    

Intuition

Recall fx(x)=expe
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Given: Bee locations Estimate: bee colors       and bee hives

But we can estimate        if  we know locations of  both hives    

Intuition

Bayes



But we can estimate        if  we know locations of  both hives    

Given: Bee locations Estimate: bee colors       and bee hives

How likely a red bee is here

How likely a bee is here

Intuition



But we can estimate        if  we know locations of  both hives    

Given: Bee locations Estimate: bee colors       and bee hives

Size of  the red hive

Red bee likelihood

Red bee distribution

Blue bee likelihood

Intuition
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But we can estimate        if  we know locations of  both hives    

How do we know hive locations? We start with a guess

Given: Bee locations Estimate: bee colors       and bee hives

That’s our first “chicken”!

Size of  the red hive

Red bee likelihood

Red bee distribution

Blue bee likelihood

Intuition



Basic idea:
1. Initialize                                     with arbitrary values

2. Write out the likelihood function → Somehow need to get 

Algorithms



3. Treat         as a random variable and compute it’s distribution

      How?       Compute the posterior 
      (i.e., probability of  bin given ball color, probability of  bee type given bee location)

4. Treat likelihood as a function of       .  Then, what is average likelihood?    

Basic idea:
1. Initialize                                     with arbitrary values

2. Write out the likelihood function → Somehow need to get 

Algorithms



5. Maximize expected likelihood to get new  
6. Return to step #1 until convergence

7. Return  

Basic idea:
1. Initialize                                     with arbitrary values

2. Write out the likelihood function → Somehow need to get 

3. Treat         as a random variable and compute it’s distribution

      How?       Compute the posterior 
      (i.e., probability of  bin given ball color, probability of  bee type given bee location)

4. Treat likelihood as a function of       .  Then, what is average likelihood?    

Algorithms

over color.
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E-Step : Given estimated hive locations, Calculate bee color 
  
 Given     , estimate  

Visualization



E-Step : Given estimated hive locations, Calculate bee color 
  
 Given     , estimate  

Visualization
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M-Step : Given estimated bee color, Calculate hive locations
  
 Given              , estimate  

E-Step : Given estimated hive locations, Calculate bee color 
  
 Given     , estimate  

Visualization



M-Step : Given estimated bee color, Calculate hive locations
  
 Given              , estimate  

E-Step : Given estimated hive locations, Calculate bee color 
  
 Given     , estimate  

Visualization
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M-Step : Given estimated bee color, Calculate hive locations
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