Last lecture

Joint PDF (Ch 4.3)
* Definition
 Examples
e Uniform distribution
 Conditional distribution

Independent RV (Ch 4.4)
* From event to RV - CDF
* Check using PDF



Agenda

Independent RV (Ch 4.4)
* Product Set
 Examples

Sums of joint RVs (Ch 4.5)
* Motivation
e Examples

More examples on joint RVs (Ch 4.6)
 Max of two RVs
 Buffon’s needle problems



Independent RV
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Let A, B denote a finite union of intervals X 2
* |A| denotes the total length of |A| A - .
~1
The productset A X B = {(u,v):u € A,v € B} pro duct Set

 Thetotalarea|A X B| = |A| X |B|

Swap property: S € R? has the swap property if
* For any pair of points (a, b), (c,d) € S, (a,d) and (c,b) alsoin S
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Proposition - S € R?, S is a product set if and only if it has the swap
property



Properties of independent

« |fX,Y areindependent and jointly continuous type RVs, then

/support of fy y is a product set Suﬂ”Yt JCXT S
= X
gu\[?f’ovt A =R
e Support X, Y are uniformly distributed over setS € IR{Z then X and Y
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Decide whether the if X and Y are independent if = X
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X and Y are independent based if fyy(u, v) is...
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Sums of joint RVs



Motivation

Recall, we learnt if X and Y are independent
e E|IX+Y]|=E|X]+E|Y]
2 2 2
* Oxiy = Ox T+ Oy

What if we know pyy or fyy? = I"Aﬁrm{ or not
 E|X+Y]=E|X]+ E[Y]stillholds
* What’s the sum of your midterm #1 and midterm #2



Sums of Discrete RVs
XtY=%
letS=X+Y ~
¢ ps(k) = ;2 Py (3 k1)

Lo X owt come,

If X and Y are independent, pxy(j,k —j) = px(j)poy(k — )
« ps(k) = Z Fx(;p F\(((C’\D = Fx X Pj‘
 Denoted ajs Gom/o(tdron T




Example

Let X = Bi(n,p) andY = Bi(m,p).S =X +Y.Findpgs(k) if X andY are
iIndependent
Intuitively, X + Y equals “toss a p Head coin W+ ). times”

S~ Br(mn, F)

* Verify with formula
. ps(k) = ?‘=opx(1)py(k J)
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Sums of Continuous RVs Ty
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letS =X+Y
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Examples

Suppose X and Y are independent, X,Y~Uniform|0, 1]. Find the pdf of
S=X+Y P €0, 2]

O fS fX fY fy((-_u)u fX(ll) oSy (W) fy("_”)
What is fy(c—u)? == e SN SO
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Notes on Gaussian

Assume X~N(0,07) ,Y~N(0, o5)
e Sum of two Gaussian of same mean
* Mean keeps the same

2 2 2
¢ O-S —_ O-X + O-Y 2 2
S ~ N(OJ T, +6;/)
 Tedious proofin textbook formula (4.20)
* Buthigh-levelidea... Approximate by Binomials...

Var (Bx) =tap (1) Var (By) = 1y P (1-p)
Var(Bs) = (Nx + V\\() PU'P) = Vor (Bx) + \/MBT)_



