University of Illinois Fall 2026

ECE 313: Exam I

Monday, October 12, 2026
7:00 p.m. — 8:30 p.m.
1. [20 points]
Suppose that a fair coin is independently tossed three times. Define the following events:
A = {The first and third tosses are heads},
B = {The second and third tosses are heads},
C = {All tosses yield the same outcome}.

(a) (10 pts) Are A, B, and C pairwise independent? Justify your answer.
Solution: The sample space is

Q={HHH HHT,HTH,HTT,THH,THT,TTH,TTT}.

Since the coin is fair and the tosses are independent, all eight outcomes are equally likely.
The three events are

A={HHH HTH},
B={HHH THHY},
C ={HHH,TTT}.

Therefore,

The pairwise intersections are

ANB={HHH},
ANC ={HHH},
BNC ={HHH}.

Hence,
P(ANB)=P(ANC)=P(BNC) = é
However,
11 1
P(A)P(B) = P(A)P(C) = P(B)P(C) = 1116
Since
1 1
87 16

none of the three pairs is independent.
Therefore,

A, B, and C are not pairwise independent.




(b) (10 pts) Are A, B, and C mutually independent? Justify your answer.

Solution: For three events to be mutually independent, they must be pairwise inde-
pendent and satisfy

P(ANBNC) = P(A)P(B)P(C).

From part (a), the three events are not pairwise independent. Therefore, they cannot
be mutually independent.

We can also verify this directly.
Since

ANBNC ={HHH},

we have
1
P(AnBNC) = g

On the other hand,

Thus,
1
i P(A)P(B)P(C).

Therefore,

’A, B, and C are not mutually independent.‘




2. [25 points]
Suppose the random variable X has the pmf

c(d—k), k=1,2,3,
px (k) =< d, k=m,
0, otherwise,

where m ¢ {1,2,3} is an integer.

(a) (5 pts) Given that px(m) = 2px(2), find the constants ¢ and d so that px is a valid
pmf.

Solution: The values on {1,2,3} are
px(1) =3¢,  px(2)=2¢  px@3)=c
The condition gives d = px(m) = 2px(2) = 4c. The total probability must be 1:
1 4 2
3 2 4c=10c=1 = = — d=—=—.
c+2c+c+4c c c 0’ 10 5

So px(1) = 0.3, px(2) = 0.2, px(3) = 0.1, px(m) = 0.4.
(b) (5 pts) Find m such that E[X] = —1.
Solution:

E[X] = 1(0.3) 4+ 2(0.2) + 3(0.1) + m(0.4) = 0.3+ 0.4 4+ 0.3+ 0.4m = 1 + 0.4m.
Setting 1 + 0.4m = —1 gives 0.4m = —2, so
m = —bh.

(Note m = —5 ¢ {1,2,3}, as required.)



(c) (5 pts) Using the values from (a) and (b), find Var(X).
Solution:

E[X?] = 1%(0.3) +2%(0.2) + 3%(0.1) + (—5)*(0.4) = 0.3+ 0.8 + 0.9 + 10 = 12.

Therefore
Var(X) = E[X?] — (E[X])? =12 — (-1)? = 11.

(d) (10 pts) Let Z = (X — 2)%. Find the pmf of Z and compute E[Z] in two ways: directly
from the pmf of Z, and using only E[X] and Var(X).

Solution: Map each value of X:
X=1—7Z=1, X=2—7=0, X=3—2=1, X=-5—7=49.
Combining values of X that map to the same Z,
pz(0) =0.2, pz(1) =0.3+0.1 =04, pz(49) = 0.4, pz(z) = 0 otherwise.

Directly: E[Z] = 0(0.2) + 1(0.4) + 49(0.4) = 0.4 + 19.6 = 20.
Using moments: E[(X — 2)?] = E[X?] — 4E[X] 4+ 4 = 12 + 4 + 4 = 20. Equivalently,

E[(X — 2)?] = Var(X) + (E[X] — 2)? = 11 + (=3)? = 20.

Both methods agree: E[Z] = 20.



3. [25 points]

The number of requests X arriving at a web server in one second is a nonnegative integer-
valued random variable with E[X] = 20 and Var(X) = 16.

(a) (6 pts) Using only the mean, upper bound P(X > 30).
Solution: By Markov’s inequality with a = 30,
E[X] 20 2
P(X > < ——=—=-=0.667.
(X 230) < 30 30 3 0.667
(b) (6 pts) Using the mean and variance, upper bound P(X > 30). Which bound is tighter?
Solution: If X > 30, then X — 20 > 10, so |X — 20| > 10. By Chebyshev’s inequality,
Var(X) 16

P(X > < PlX —-20>10) < ————~ = — = 0.16.
(X >30) < P(IX =20 > 10) <~ 2> = L = 0.16

Chebyshev’s bound is much tighter, since it uses the variance, i.e., the information that
X is concentrated around its mean.



(c) (6 pts) Find a lower bound on P(12 < X < 28).
Solution:

16 1 3
P(12< X <28) = P(IX 20| <8) =1-P(X - 20| 28) > 1~ 5 =1— ="

(d) (7 pts) Let X,, be the average (sample mean) of the request counts over n independent
seconds, each distributed like X. How large must n be to guarantee, by Chebyshev’s
inequality, that P(|X, — 20| > 1) <0.017
Solution: E[X,] = 20 and, by independence, Var(X,,) = # -n-16 = 18, By Chebyshev,

16/n 16

P(1Xy = 20| > 1) < —3

Requiring % < 0.01 gives
n > 1600.



4. [30 points]

A coin is flipped 4 times and the number of heads X is recorded. Under hypothesis Hg the
coin is fair, so X ~ Binomial(4, 1). Under H; the coin is biased, so X ~ Binomial(4, 2)

(a) (10 pts) Complete the likelihood matrix (the table of P(X = k | H;) for k = 0,...,4),

compute the likelihood ratio A(k) = P(X =k | H1)/P(X =k | Hp), and show that any
likelihood ratio test has the form “decide Hy if X > k*.”

Solution: Under Hy: P(X = k | Hp) (:)% Under H;: P(X =k | Hy)
ko 1\4—k k
(W) ()@ = ()

k|lo 1 2 3 4
H,| 16 64 96 64 16
01256 256 256 256 256
H,| L 12 54 108 8l
11256 256 256 256

256
The binomial coefficients cancel in the ratio:

AGR) = (u)3F/256  3*

(k)16 167

Since 3 > 1, A(k) is strictly increasing in k, so {A(k) > n} is always a set of the form
{k > k*} for some integer k*.

(b) (10 pts) Find the ML decision rule and compute peaise alarm and Pmiss-
Solution: ML decides Hy when A(k) > 1, i.e., 3k > 16, i.e.,
In16
> —— ~ 2.52.
~ In3

So the ML rule is: decide Hj if X > 3. (Check from the table: in columns 3,4 the H;
entry is larger; in columns 0, 1,2 the Hy entry is larger.)

64 + 16 )
Pfalse alarm = P(X >3 ‘ HO) = 256 = E = 0.3125,

1412454 67
pmlss:P(X§2|H1):T:%%O262



(c) (10 pts) Suppose the priors are mg = P(Hp) = 0.8 and my = P(H;) = 0.2. Find the
MAP rule and its average error probability p.. Compare with p. for the ML rule under
the same priors.

Solution: MAP decides H; when m P(X =k | H1) > moP(X =k | Hyp), i.e.,

In 64
AR) >0 =4 = 35> 64 <= k> —0 ~3.70.
™ In3
So the MAP rule is: decide Hy if X = 4. For this rule
1 81 175
Prtalse alarm — P(X =4 ’ H()) = E = 00625, Pmiss = P(X S 3 | Hl) = 1—% = 2756 ~ (0.684.

PP = 70 Dralse atarm + 71 Pmiss = 0.8(0.0625) + 0.2 (323) 22 0.050 + 0.137 = 0.187.
For the ML rule,

Pt =0.8 (%) +0.2 (%) ~ 0.250 + 0.052 = 0.302.

The MAP rule has a substantially smaller error probability, as it must, since MAP
minimizes p, for the given priors. (Sanity check: the trivial rule “always decide Hy” has
pe = 71 = 0.2, which is also worse than MAP.)



