University of Illinois Fall 2026

ECE 313: Problem Set 2: Problems and Solutions

Due: Friday, Sep. 18 at 06:59:00 p.m.
Reading: ECFE 813 Course Notes, Section 1.2, 2.1, 2.2

Note on reading: For most sections of the course notes there are short answer questions at
the end of the chapter. We recommend that after reading each section you try answering the short
answer questions. Do not hand these in; answers to the short answer questions are provided in the
appendix of the notes.

Note on turning in homework: Homework is assigned on a weekly basis on Fridays, and is
due by 7 p.m. on the following Friday. You must upload handwritten homework to Gradescope. Al-
ternatively, you can typeset the homework in LaTeX. However, no additional credit will be awarded
to typeset submissions. No late homework will be accepted.

Please write on the top right corner of the first page:

NAME

NETID

SECTION

PROBLEM SET #

Page numbers are encouraged but not required. Five points will be deducted for improper head-
ings. Please assign your uploaded pages to their respective question numbers while submitting
your homework on Gradescope. 5 points will be deducted for incorrectly assigned page
numbers.

1. [Discrete pmf with parameters]
Suppose that the random variable X has the following pmf:

e (B, ifk=—2-1,0,
px (k) = < ¢, if k=m,
0, otherwise.

(a) Given that px(m) = 5px(0), what are the values of the constants ¢; and ¢y so that we
have a valid pmf?

Solution: First note

1

0
px(0) =c; <2) =c = px(m)=cy=5px(0)=>5c.

To make a valid pmf, the total probability must be 1:

px(—2) + px(—=1) + px(0) + px(m) = 1.
Compute each term:

1 1

-2 -1
px(—2)=c <2> =c1-4d=4dec, px(-1)=a <2> =c1-2=2c, px(0)=ci.

Thus
(4e1) 4+ (2¢1) + (1) 2 =Ter + 2 = 1.



Substitute co = 5¢y:

1 5
=12¢c;1 =1 = — .
Tc1 + 5¢1 c1 = 12 C2 12

Find the value of m such that E[X]| = 0, using the constants ¢, co found in part (a).
Solution: Using the support {—2,—1,0,m},

ElX] = (-2)px(=2) + (=1)px(=1) + 0 px(0) + mpx (m).
Substitute px(—2) = 4c1, px(—1) = 2¢1, px(m) = ca:
E[X] = (-2)(4c1) + (—1)(2¢1) + mea = =8¢y — 2¢1 + meg = —10¢q + mes.

With ¢; = % and ¢y = %,

1 5 5 bm
Set E[X]| = 0:
5. m_, sm _ 5 _9
6 12 12~ 6 me=s

With the constants c;, c2 found in part (a), and the value of m found in part (b), find
the variance of the random variable X, i.e., Var(X).

Solution: Since part (b) enforces E[X] = 0, we have
Var(X) = E[X?] — (E[X])? = E[X?).
Compute
EIX?] = (~2)px (—2) + (—1)%px (=1) + 0%px (0) + m?px (m).
Substitute px(—2) = 4c1, px(—1) = 2¢1, px(m) = ca:
E[X?] = 4(4¢1) + 1(2¢1) + m%co = (16 4+ 2)cy + m2ey = 18¢y + m2cy.

With ¢; = %, = %, and m = 2:

1 5 18 20 38 19
X7 8 12+ 12 12+12 12 6
Therefore,
1
Var(X):Eg.

Find P(|X| > 2) and E[|X]], for the values of the constants ci, c2 found in part (a) and
the value of m found in part (b).

Solution: With ¢; = 1—12 and ¢y = %, the probabilities are

4
pX( ) C1 12

1 1

2
—1 = 2 = — = — — e p— 2 — —
, px(=1) =2c 5= px(0) =c1 1’ px(2) = c2

LW

since m = 2.



1) P(|X|>2): Only X = —2 and X = 2 satisfy | X| > 2, so

1 5 4 5 3
P(X|22)=P(X=-2+P(X=2)=g+ 5 =5+5=

2) E[IX]]:
EIX||=2-P(X=-2)+1-P(X=-1)40-P(X =0)+2- P(X =2).

Thus

1 1 ) 2 1 10 4 1 5
—92.-4+1.= e hey
Elix)) =2 3+ 6+2 12 3+6+12 6+6 6 6 3

2. [Mean, Variance, LOTUS]

Consider a random variable X.

(a)

Is it possible for the mean of X to be 10 and the standard deviation 07 If so, construct
a pmf for X that corresponds to these values. If not, prove the impossibility.

Solution: Yes. Standard deviation 0 means Var(X) = 0, which implies X is almost
surely constant. Taking X = 10 with probability 1 gives F[X] = 10 and Var(X) = 0.

Concretely, the pmf is
px(10) = 1, px(z) =0 for z # 10.

Is it possible for the mean of X to be 0, the second moment E[X?] = 1, and the standard
deviation 17 If so, construct a pmf for X that corresponds to these values. If not, prove
the impossibility.

Solution: Yes. Note that

Var(X) = B[X?] — (E[X])?=1-0% =1,

so the standard deviation is indeed /Var(X) = 1.
One valid construction is

so B[X]=1(1)+ 3(-1) =0and E[X?] = J(12) + 3((-1)?) = 1.
Suppose the mean of X is p and the standard deviation is o. Find a formula for the
mean of the random variable Y = 2X?2 4+ 6X — 1 in terms of x4 and o.

Solution: We use linearity of expectation:
E[Y] = E[2X* +6X — 1] = 2E[X?] + 6E[X] — 1.
Given E[X] = pu and 02 = Var(X) = E[X?] — 2, we have
E[X? = o? + u*.

Substitute:
E[Y]=2(0? + p®) + 6 — 1 = 20% + 2u* 4+ 6 — 1.

3



3. [Gambling with Dice]
You roll a fair die. If you roll an even number 4, you win ¢ dollars. If you roll an odd number,
you lose m dollars. Let X denote the amount of money you win (a negative amount indicates
a loss).

(a) Find the pmf of the random variable X. Note that the pmf will depend on m.
Solution: Since the die is fair,

px(2) =px(4) = px(6) = é, px(—m) = =.

(b) If E[X] =0, find m.
Solution: From the pmf found in part (a),

E[X]:g 4,6 m_, m
6 6 6 2 2
Setting
2—%:0 = m=4.

(c) Fixing the value of m to the value you found in part (b), find Var(X).
Solution:

1 1 1 1
X)=E[XY ] —(E[X])?=6%-=4+4%. 2 +22. - 4+ (—4)?. =
Var(X) (X7 — (E[X])" =6 sT4 T 6+( ) 5= 3"

since E[X] = 0 from part (b).

4. [PMF, Mean and standard deviation]
Suppose two fair dice are rolled independently, so the sample space is 2 = {(¢,7) : 1 < i <
6, and 1 < j < 6}, and all outcomes are equally likely. Let X be the random variable defined
by X (i,7) = 2i — 37, and let Y be the random variable defined by Y (7, j) = max{0,2i — 35}
(Rectified Linear Unit or ReLU).

(a) Derive the pmf of X and sketch it.

Solution: Since the two dice are fair and independent, each outcome (i, j) has proba-

bility 3.

We compute the possible values of X (i,7) = 2i — 35 by fixing j:
j=1:-1,1,3,5,7,9
j=2:-4,-2,0,2,4,6
j=3:-7,-5,-3,-1,1,3
j=4:-10,-8,—-6,—4,—-2,0
j=5:-13,-11,-9,-7,—-5,—-3
j=6:-16,—-14,-12,-10,—8,—6

Counting multiplicities, we obtain:

1
px(k) = 5. k€ {-16,-14,-13,-12,~11,-9,2,4,5,6,7,9},
2 1
k)= —=—, ke{-10,-8,-7,—6,—5,—4,—3,-2,—1,0,1
pX( ) 36 187 6 { O) 87 77 6’ 5’ ) 37 M 707 ’3}’

px (k) =0, otherwise.



The pmf of X is shown in Figure 1.
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Figure 1: The pmf of X (7,j) = 2i — 3j.

(b) Find the mean, E[X], and standard deviation, ox, of X.
Solution: Let I and J denote the outcomes of the first and second die, respectively.
Then X =21 — 3J.
Since I and J are independent and each is uniform on {1,2,3,4,5,6},
C14+243+4+5+6 7

E[I] = E[J] . 5

Therefore,

EML:MH—Bﬂ:QEM—3Mﬂ:J-g—&g:—g

Also,

Var(I) = Var(J) = i’—;

Using independence,

35 35 455
X) = Var(2] — 3J) = 4 Var(I _y. 30 .30 45
Var(X) = Var( 3J) Var(I) + 9 Var(J) 12 +9 5= 1
Hence,

455
ox =+/Var(X) = T~ 6.158.

(c¢) Derive the pmf of Y and sketch it.

Solution: Recall that ¥ = max{0,X}. Thus Y = 0 whenever X < 0, and ¥ = X
whenever X > 0.



From the pmf of X, the positive values of X are 1,2,3,4,5,6,7,9, with counts 2,1,2,1,1,1,1,1,
respectively.
So

P(Y=0)=P(X <0)=1-P(X >0)
2+14+24+1+1+414141 10 26 _13

36 36 36 18
Therefore,
26 13
pr(0)=35= 15
2 1 2 1
]_ = — = — - — = —
py (1) 36— 13’ py(3) 36— 13’
1
py(k) = %7 ke {27475767779}7
py (k) =0, otherwise.

The pmf of Y is shown in Figure 2.
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Figure 2: The pmf of Y (4, j) = max{0,2i — 35}.

(d) Find the mean, E[Y], and standard deviation, oy, of Y.
Solution: Using the pmf of Y,

ElY] =3 kpy (k)
k

26 2 1 2 1 1 1 1 1
=0 et Lo+ 2 g+ 3 g b A e b e B ek T 9 o

2+42+64+4+54+6+7+9 41

36 36




Next,

EY?] =Y Kpy(k)
k

2 1 2 1 1 1 1 1
—12. 2 492, — 132, 2 442, — 452, _ 462, 47241092, —
36 ° 36 7% 36" ‘36> 367" 367 3677 36
_24+44184+16+25+36+49+81 231 77
N 36 36 127
So
Var(Y) = E[Y?] — (E[Y])?
7T (41\? 6635
12 36/  1296°
Hence,

oy =/ Var(Y) =4/ % = 2235 ~ 2.263.

5. [Possible probability assignments]
A random experiment has a sample space Q@ = {a,b,c,d}. Suppose that P({b,c,d}) = 2,
P({a,b}) = %, and P({b,c}) = % Use the axioms of probability to find the probabilities of
the elementary events (P({a}), P({b}), P({c}), and P({d})).
Solution: As a,b,c,d are elements of a sample space, the events {a}, {b}, {c}, {d} are mu-

tually exclusive. We also know that P(Q2) = P({a,b,c,d}) = 1. Then

P({b,c,d}) = P({b}) + P({c}) + P({d}) = ¢ (1)
P({a,b}) = P({a}) + P({b}) = 1% (2)
P({b,c}) = P({b}) + P({¢}) = % (3)

P({a,b,¢,d}) = P({a}) + P({b}) + P({c}) + P({d}) = 1 (4)

Solving these equations gives

Pa) =g P@H=7 PUh=7 PHd)=;





