Last lecture

Functions of a random variable (Ch 3.8)
* Find CDF/ PDF of g(X) (Ch 3.8.1)
 Examples for

* General

X is Gaussian
 (Case by case

* g iscosine/ tangent



Agenda

Functions of a random variable (Ch 3.8)
 Examples for
* g iscosine/ tangent
* g isstrictly increasing



1. Find support and continuity
Examples — Cosine 2. Fy(0) = [ rec [x (X)X
3. fr=F
Let B = acos®, where @ ~ Uni(—m,m), find f3
e Usefulin DSP

* Fp(c)

* fg(c) =FB,(E'3
: Hintd(cojx )

=—(1- x)%




1. Find support and continuity

Examples — Tangent 2. Fy(0) = [ rec [x (X)X
3. fr=F
LetY = tan®, where © ~ Uni (—2,%), find fy
« Fy(c)

* fy(c) = F/'(c)




Increasing g function

X has support|a, b]
* ¥ =gX)

* g isstrictly increasing

* Y hassupport [g(a), g(b)]| = [A, B]
* Find Fy(c)where A < c¢ <B

* fr(c) =




Creating uniform distribution

LetY = Fy (X)
* Whatis Fy?



Generating a customized RV

If we want to generate (sample) X = g(U~Uni(]0,1])) to fit Fy

« U=FxX)
- FNU)=X
» g = Fy?!, but Fy! may not be a function
* Fx(c1) = Fx(cy) 1
* ForanyF, define

F(c)

c

F~Y(u) = min{c: F(c) = u} L=

F~Y(uy) < ¢y ifand only ifuy < F(cy)
e Fy(c)=P{F'(U)<c}=P{U<F(c)}=F(c)

1 F{:'I.l)




Example — Uniform to Exponential

Find g s.t. g(U)~Exp(A = 1) when U~Uniform([0,1])

F(c)=1—e“=uforc>0
Find g(u) = F~1(u) = cinterms of u

l1—e “=u

c =-=In(1—u)

gw)=F1w=—-m0-u) for0<u<1

Check, ifc = 0

e P{—-In(1—-U)<c} =P{In(1-U) = —c}
=P{1—-U=e"}
=P{U<1—-e“}=F(c)



Example — Uniform to Exponential

Find g s.t. g(U)~Exp(A = 1) when U~Uniform([0,1])
e F(c)=1—e “=uforc=>0
e Find g(u) = F~1(u) in terms of u

e 1—e“=u
e ¢=-In(1-u)
c gw)=Ftw)=—-In(1—-u) for0<uc<i
* Note - g isnotunique
e E.g.Uand1 — U are alluniform, so —Ilnu is also avalid g



Example — Uniform to Dice outcome

Find g s.t. g(U)~{“Fair die distribution”} when U~Uniform([0,1])

. F(i)=%=ufor1§i36

c g =F"1w) |
. g(u)=iwhere%£u£éfor0£u£l



Puzzle — Generate a fair coin toss

How can we generate a fair coin toss result from a biased coin?
* Assume we do not know p
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